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Introduction

We are interested in the numerical solution of the initial value problem (IVP)

d
d_f:f(t,y), a<t<b, y(a)=7y, (1)

We denote the time at the nth time step by ¢, the computed solution at the nth time step
by v,

9n =Y (tn), (2)
and the value of the right hand side of Eq. (1) at the nth time step by f,,,
fu = f(tw n)- (3)
The step size h (assumed to be constant for the sake of simplicity) is
h=t,—t,. (4)

The error that is induced at every time-step, €, is referred to as the local truncation error
(LTE) of the method. The local truncation error is different from the global error g, which is
defined as the absolute value of the difference between the true solution and the computed
solution,

8n = |yexact(tn)_yn|' (5)
In most cases, we do not know the exact solution and hence cannot evaluate the global
error. However, if we neglect roundoff errors, it is reasonable to assume that the global
error at the nth time step is n times the LTE. Since n is proportional to %, g, should be
proportional to ;. A method with € ~ nk*1 is said to be of kth order. This implies that for a
kth order method, the global error scales as k.

Second order Runge-Kutta method

Runge-Kutta (RK) methods is a class of methods that uses the information on the slope at
more than one point to find the solution at the future time step. Let’s derive the second
order RK method where the local truncation error € ~ h>.
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Given the IVP of Eq. (1), the time step h, and the solution y, at the nth time step, we wish
to compute v, in the following form:

Vi1l =Y +ahf(t,v,)+bhf(t,+ahy,+ ph), (6)

where the constants a, f8, 4, and b have to be selected so that the resulting method has a
local truncation error O(h3).

The Taylor series expansion of y(t,.,) about t, correct up to the h? term is as following,

_ _ dy| _h*d% 3
Y(tnp1) =y(ta+h) =y(t,) +h ar . HCEPETS] t +O(h°). (7)
From Eq. (1),
dzy_ddy_d _df Jdfdy Jdf af
Tl T T A Ll T P TR TR A Py 8)
From Egs. (1), (7), and (8)
_ Lpoff L of 3
Yn+1 —yn+hf(tnlyn)+ 2h ot tn,yn+ Zh f(tnryn) 0 tn,yn+O(h ) (9)

On the other hand, the Taylor series expansion of the expression Eq. (6) about t,, correct
up to the h? term is as following,

of

Yn+1 Zyn+(a+b)hf(tn,yn)+bah25 Jf

+bph? N +O(h). (10)

tn'yn

£ ¥Vn

Comparing the terms with identical powers of h in Egs. (9) and (10), gives us the following
system of equations to determine the constants:

a+b = 1,
ab = + (11)
= o
1
ﬁb = Ef(tnlyn)-

There are infinitely many choices of a, b, « and p which satisfy Eq. (11). If we choose
a=b= %, a=1,and g = f(t,,v,) we get the classical second order accurate Runge-Kutta
method (RK2) which is summarized as follows:

hf(tu,Yn)
hf(ty+hy, +ki), (12)

>~
N [
I

1
Vu+l = Yt E(kl + kz)
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If we choose a=0,b=1, a = %, and g = %f(tn,yn) we get the second order accurate
Runge-Kutta method known as midpoint method:

kl = hf(tn’yn)f

h k
ky = hf(ta+ 200+ =), (13)
Vntl = Yntko

Higher order Runge-Kutta methods

Runge-Kutta methods of higher order can be derived in a similar manner.

S
Yner =Yu+h ) bik; (14)

i=1

where k; are given by

ky = f(tnlyn)f
ky = f(ty+ c2h,yu +asky),
ks = f(ty+c3hy, +aziky +aszky),
(15)

s—1
k= f(tutcshy, + ) agik;),
j=1
and
s—1
j=1
The choice of the constants ¢;, a;; and b; uniquely determines a specific Runge-Kutta (RK)

method. A systematical way of presenting those coefficient is called the Butcher’s tableau
(See Table 1).

For example, the two-stage, second-order classical Runge-Kutta methods Eq. (12) is repre-
sented as following;:

0

=] =
N[
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Table 1: The Butcher tableau for the explicit Runge—Kutta method.

0
Cz | dn1
C3 | 431 4a3p
Cs | g1 ds2 as,s—l
bl b2 bs—l bs

whereas the midpoint method (13) is represented as:

For the reference, the fourth order Runge-Kutta method (RK4) is as following:

Its Butcher tableau is:

= O
O NI

hf(ty,vn),
h k
hf(tn + Efyn + ?1)1
h k
hf(tn + E’yn + ?2)1
hf(t,+hv,+ks),
Yy + %(kl + 2ky + 2k3 + ky).
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