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In spherical polar coordinates r, θ, ϕ:

u = (ur(r), 0, 0), (2)

f = (0, 0, 0). (3)

Navier-Cauchy equation of equilibrium:

(2µ+λ)
d
dr

(
1
r2

d
dr

(
r2ur

))
= 0. (4)

Integrating Eq. (4):

1
r2

d
dr

(
r2ur

)
= 3A,

d
dr

(
r2ur

)
= 3Ar2, r2ur = Ar3 +B (5)

ur = Ar +
B

r2 . (6)

Elements of strain tensor for radial deformations in spherical coordinates:

urr =
∂ur
∂r

, uθθ = uϕϕ =
ur
r
, uθϕ = urθ = uϕr = 0. (7)

For deformation Eq. (6),

urr = A− 2B
r3 , uθθ = uϕϕ = A+

B

r3 , urr +uθθ +uϕϕ = 3A. (8)
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Hooke’s law:
σrr = 2µurr +λ

(
urr +uθθ +uϕϕ

)
, (9)

σθθ = 2µuθθ +λ
(
urr +uθθ +uϕϕ

)
, (10)

σϕϕ = 2µuϕϕ +λ
(
urr +uθθ +uϕϕ

)
. (11)

For the strain tensor Eq. (8),

σrr = 2µurr + 3λ
(
urr +uθθ +uϕϕ

)
= 2µ

(
A− 2B

r3

)
+ 3λA = (2µ+ 3λ)A−

4Bµ
r3 , (12)

σθθ = 2µuθθ + 3λ
(
urr +uθθ +uϕϕ

)
= 2µ

(
A+

B

r3

)
+ 3λA = (2µ+ 3λ)A+

2Bµ
r3 , (13)

uϕϕ = σθθ = (2µ+ 3λ)A+
2Bµ
r3 . (14)

Boundary conditions:
σrr(b) = 0, σrr(a) = −p. (15)

(2µ+ 3λ)A−
4Bµ
b3 = 0, (16)

(2µ+ 3λ)A−
4Bµ
a3 = −p. (17)

Subtracting Eq. (17) from (16),

4Bµ
( 1
a3 −

1
b3

)
= p, (18)

B =
p

4µ
· 1

1
a3 −

1
b3

=
p

4µ
· a3b3

b3 − a3 . (19)

From Eq. (16),

A =
4Bµ

(2µ+ 3λ)b3 =
p

2µ+ 3λ
· a3

b3 − a3 . (20)

From Eq. (6)

ur(r) = Ar +
B

r2 =
p

2µ+ 3λ
· a3

b3 − a3 r +
p

4µ
· a3b3

b3 − a3
1
r2 = r

p

4µ
a3

b3 − a3

(
4µ

2µ+ 3λ
+
b3

r3

)
. (21)
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