
Chapter 11

Relativity (Kinematics)

11.29. Effectively speed c

If L is the distance between the planets, then L = cT where T = 1year. The time in
the planets’ frame is L/v, so the time on the captain’s watch is L/γv. We therefore
want

cT

γv
= T =⇒

√
1− β2

β
= 1 =⇒ β =

1√
2

=⇒ v =
c√
2

. (602)

Alternatively, in the rocket frame, the length is L/γ, so the time is L/γv, which
agrees with above.

11.30. A passing train

In the ground frame, the train’s length is L′ = L/γ = 15 cs/(5/4) = 12 cs. The time
it takes for the train to pass the person is therefore L′/v = 12 cs/(3c/5) = 20 s.

In the train frame, it takes the person a time t = L/v = 15 cs/(3c/5) = 25 s to pass
the train. But the person’s watch is running slow, so the time elapsed on the watch
is t/γ = 25 s/(5/4) = 20 s, in agreement with the above result.

The general answer to this problem is L/γv. Logically, the two solutions above differ
in that one uses length contraction and the other uses time dilation. Mathematically,
they differ simply in the order in which the divisions by γ and v occur.

11.31. Overtaking a train

B must have proper length γL = (5/3)L if it is to have length L in A’s frame. So in
B’s frame, B has length (5/3)L, and A has length L/γ = (3/5)L. As measured by
B, the distance that A must travel between the moment when the fronts coincide
and the moment when the backs coincide is the difference in the lengths of the trains
(in B’s frame). So A must travel a distance (5/3)L − (3/5)L = (16/15)L. It does
this at speed 4c/5, so the time in B’s frame is (16L/15)/(4c/5) = 4L/3c.

11.32. Walking on a train

(a) The train has length 4L/5 in the ground frame. The distance it travels between
the moment when its front end coincides with the near end of the tunnel and
the moment when its back end coincides with the far end of the tunnel equals
the sum of the lengths of the train and the tunnel, which is 4L/5 + L = 9L/5.
It covers this distance at speed 3L/5, so the time is 3L/c.

(b) The person moves a distance L during this time, so her speed is c/3.

(c) A ground observer sees the person’s watch run slow by a factor γ1/3 = 3/(2
√

2),

so the time on her watch is (3L/c)/γ1/3 = 2
√

2L/c.
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distance is length contracted from what it is in the ground frame, so in the ground
frame it is γ2Lv2/c2. Plugging in v = 4c/5, this equals 16L/9. So in the ground
frame, the tree is 7L/9 to the east of the eastern person. Note that if v = c/

√
2, the

tree would be right at the eastern person.

11.41. Photon, tree, and house

(a) In the ground frame, the front of the train has a head start of L/γ on the
photon. The photon closes this gap at a relative speed of c− v, so the time is
t = (L/γ)/(c− v). The distance the photon travels is therefore

ct =
Lc

γ(c− v)
=

L
√

1− β2

1− β
= L

√
1 + β

1− β
. (611)

So the tree and the house are this far apart in the ground frame.

(b) In the train frame, the above distance is length contracted down to

1

γ
· L

√
1 + β

1− β
= L

√
1− β2

√
1 + β

1− β
= L

(
1 +

v

c

)
. (612)

So the tree and the house are this far apart in the train frame. This means
that the house starts a distance Lv/c beyond the front of the train. Therefore,
the time it takes the house to meet the front of the train is (Lv/c)/v = L/c.
But this equals the time it takes the photon to travel the length L of the train
and hit the front, as we wanted to show.

11.42. Tunnel fraction

In the tunnel frame, things are straightforward. The sum of the distances, vt and
ct, must equal L, so t = L/(c + v). The person therefore travels a distance vt =
Lv/(c + v), which is a fraction f = v/(c + v) along the tunnel.

Now consider the person’s frame. First, let’s assume that in the tunnel frame, clocks
at the ends of the tunnel read zero when the person enters the tunnel and the photon
is simultaneously emitted. Then in the train frame, the start of the process looks
like the situation in Fig. 37. Because the rear clock is ahead, the photon is emitted
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Figure 37

before the tunnel reaches the person (which happens when the clock at the near end
of the tunnel reads zero, which it doesn’t yet).

What is the distance from the near end of the tunnel to the person at this time?
The left clock must advance by Lv/c2 by the time it reaches him. This takes a time
of γ(Lv/c2) in the person’s frame, due to time dilation. The tunnel therefore travels
a distance v(γLv/c2) during this time. So this is the initial distance between the
near end of the tunnel and the person.

The total distance the photon travels to reach the person is the length of the train
(which is L/γ) plus the above distance, which gives

L

γ
+

γLv2

c2
= γL

(
1

γ2
+

v2

c2

)
= γL

((
1− v2

c2

)
+

v2

c2

)
= γL. (613)

(If you imagine the person holding a long ruler, you can also derive this result via a
length contraction argument.) The total time of the process in the person’s frame
is therefore γL/c. During this time, the tunnel travels a distance v(γL/c). The
length of the tunnel that is beyond the person is therefore γLv/c − γLv2/c2 (that
is, the distance traveled minus the initial distance from the tunnel to the person).
The fraction of the tunnel that is beyond the person is therefore

f =
γLβ − γLβ2

L/γ
= γ2(β − β2) =

β(1− β)

1− β2
=

β

1 + β
=

v

c + v
, (614)

in agreement with the result obtained by working in the tunnel frame.
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γ(Lv/c2) in the ground frame for the front clock to advance to zero. So the
time separation between the events is γLv/c2, in agreement with above.

During this time, the front of the train travels a distance v(γLv/c2). Since the
train has length L/γ, the total separation between the events in the ground
frame is

L

γ
+

γLv2

c2
= γL

(
1

γ2
+

v2

c2

)
= γL

((
1− v2

c2

)
+

v2

c2

)
= γL, (626)

in agreement with above.

Train frame: In the train frame, the ground is length contracted as it rushes
by. So if two people stand a proper distance γL away from each other on the
ground, then they will match up with the ends of the train when they pass
it. Assuming that things are timed right, the events will happen right at the
people. Therefore, the separation is γL in the ground frame.

A clock at the trailing person is Lgv/c2 ahead of the clock at the leading
person, where Lg is the distance in the ground frame, which we just found to
be γL. So the readings on the clocks differ by γLv/c2.

11.49. Some γ’s

The velocity-addition formula gives the speed as (u ± v)/(1 ± uv), where we have
dropped the c’s. The γ factor associated with this speed is

γ =
1√

1−
(

u±v
1±uv

)2
=

1± uv√
(1− u2)(1− v2)

= γuγv(1± uv). (627)

11.50. Slanted time dilation

Since the x speed in the original frame is zero, the transverse velocity addition
formula gives the vertical speed in your frame as u/γv. And the horizontal speed is

simply v. So the speed of the clock with respect to you is
√

v2 + (u/γv)2. The γ
factor associated with this speed is (dropping the c’s)

γ =
1√

1− v2 − (u/γv)2
=

1√
1− v2 − u2(1− v2)

=
1√

1− u2
√

1− v2
= γuγv.

(628)

11.51. Pythagorean triples

The relativistic addition or subtraction is

a
h
± b

h

1± ab
h2

=
(a± b)h

h2 ± ab
. (629)

The numerator and denominator are two lengths in a Pythagorean triple, because

(h2 ± ab)2 −
(
(a± b)h

)2
= h4 + a2b2 − (a2 + b2)h2 = a2b2, (630)

where we have used the given information that a2 + b2 = h2. So the other leg is ab,
for both the addition and subtraction cases. The associated γ factor is

γ =
1√

1−
(

(a±b)h

h2±ab

)2
=

h2 ± ab

ab
. (631)

(You can show that this is consistent with the result of Exercise 11.49.) As an exam-
ple, the initial triple (3, 4, 5) gives the addition and subtraction triples, (35, 12, 37)
with γ = 37/12, and (5, 12, 13) with γ = 13/12.


