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1 The method of stationary phase

There is an immediate generalization of the Laplace integrals

b
Jf(t)e"""’(”dt 1)

which we obtain by allowing the function ¢(¢) in Eq. (1) to be complex. We may assume
that f(t) is real; if it were complex, f(t) could be decomposed into a sum of its real and
imaginary parts. However, allowing ¢(t) to be complex poses nontrivial problems. We
consider the special case in which ¢(t) is pure imaginary: ¢(t) = iip(t) where 1(t) is real.
The resulting integral

b
I(x) = J F(t)e*¥ D dt (2)

with f(t), ¥(t), a, b, x all real is called a generalized Fourier integral. When ¢(t) = ¢, I(x) is
an ordinary Fourier integral.

The method of stationary phase gives the leading asymptotic behavior of generalized
Fourier integrals having stationary points, ¢’ = 0. This method is similar to Laplace’s
method in that the leading contribution to I(x) comes from a small interval surrounding
the stationary points of .
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1.1 Contributions from stationary points

To evaluate the integral
F:JuqeiA”p du, (3)
0
where A, p, and g arereal, A >0, p >1, g > 0, consider the following contour integral,

J= SB 29e1¥ dz, (4)
C

where the integration contour C is sketched in Fig. 1. The integrand in Eq. (4) is analytic
inside the contour C, thus J = 0. On the other hand,

J=Jr+ T+ (5)

where J; is the integral along the positive real axis, J;; is the integral along the circular
arc of the radius R — oo, an Jjj; is the integral (from infinity to the origin) along the ray
making the angle Z’T—p with the real axis. Notice first that

F=]r. (6)

Next,
Jir =0. (7)
The proof of Eq. (7) is similar to the proof of Jordan’s lemma.

Finally, on the integration path for Jj;:

iz in it g g idk
z=re?, dz=e%dr, zZP=rPe'2=irP, z1=r9e"%, (8)
Therefore
0 00
i(g+1)4% “ArP i(g+1)2% —ArP
Jir = eIt jrqe AP g = '@t 1)2p Jrqe A" qr, (9)
00 0

The last integral can be evaluated by introducing the new integration variable

_1 1 1 -1 14 _4 4
u=MP, r=Xrur, dr=—=-XrPur du, r=X rPur. (10)
14
Thus,
1 _4911 g+l _ 1 . _a+t 1
Jrqe_/”pdr:—/\ g Je_”qu "du=-1""5 F(&) (11)
. p . p p
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Combining Eqgs. (5), (7), (9), (11), we obtain:

J”qeiw du = lei(q“);’)\_q:’lr(ﬂ)- (12)
P p
0
Similarly,
. . e +1
J”qe‘u“”du = le‘l‘q“’zm‘qpf(q - ) (13)
p p
0
For the important particular case p =2, g = 0:
J-eii/\”zdu —e*if )2 g (14)
0
YA
g%«e
) _ p,if
Figure 1: The integration con- % Z O z = Re
tour for Eq. (4). N
2p
0 Z =X R >

1.2 Examples
Example 1. Find the leading term of the asymptotics of the following integral for

A — oo:

5
I(A) = Jcos(Asinhz(x)) V1 + x?2 e_% dx. (15)
—4

Since only small |x|, such that |x| ~ \/LX < 1 are important,

sinhx ~ x, (16)
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cos (sinh? (x))
o

cos (sinh? (4x))
o

cos (sinh? (9x))
o

Figure 2: The graphs of the oscillating factor, cos(/\sinhz(x)) in Eq. (15),for A =1, 4, 9.
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cos (/\ sinhz(x)) ~ COS (/\xz)

2

V1+x2e 5 ~1.

5 1)
I(1) =~ Re I M dx ~ Re j e dx.
—4 —00

u? u 1
w=x! - x*==— 5 x=— — dx=-—du
A VA p)
1 ) TC T TC
I(/\):Re—J-el” du = —Re(e’z): -
\/X_oo A 27
yre'4

0.50

Figure 3: Asymptotics Eq. (21)

(solid line) compared to numeri- 0.45 -
cally evaluated Eq. (15) (dashed =
line) for 5 < A < 20. 0.40 1

0.35 1

0.30 1
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Example 2. Find the leading term of the asymptotics of the Bessel function Jy(x) for
X — oo:

(SE

Jo(x) = % Jcos (xcos0)deo. (22)

(S

Recall that the Bessel function Jj(x) is a solution of the following second order linear
differential equation:
xy”+y" +xy=0. (23)

Equation (23) belongs to the type that can be solved using Laplace method for ordinary
differential equations. Using the same notations that we used in the relevant handout, we
have here:

a2:0, bz:]., 01:1, blzol gO:O’ b():]- (24)
P()=) at"=t Q)= ) byt"=1+1, (25)
n n
P(t) tdt 1 (d(1+t?) N
S5 4= =— | ———=In(1+¢ 26
jQ(t) J‘1+t2 ZJ 1+ t2 n(1+ )" (26)

Thus

e o[ S0y

The contour integral over yet unspecified contour C,

y(x) = Je"t (1 + tz)_% dt, (28)

C

is therefore a solution of Eq. (23) if the function

1
e QHZ () =™ (1+12)’ (29)
takes on the same values at the ends of the integration contour C.

Lets chose contour C as the one connecting the points t; = —i and t; = i. The values of the
function Eq. (29) are equal (and equals to 0) as required.

Therefore,

y(x) = Je’“ (1 + tz)_% dt (30)
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is the solution of the Bessel equation Eq. (23). Let’s change the integration variable as
following:

1
B
t=-icos, 0<0<mw, dt=isin0db (1+t2) P —. (31)
sin6@
Thus,
TC TC 7;
p(x) ~ je_ixcose de = Jcos(xcos 0)do = fcos(xcos 0)do, (32)
0 0 “z

which is (up to a multiplicative constant) integral Eq. (22).

0.8 1

0.6

Figure 4: Asymptotics Eq. (35) 0.4
(solid line) compared to numeri-
cally evaluated Eq. (22) (dashed
line) for 1 < x < 20.

0.2

Jo(x)

0.0 1

—-0.2 1

—0.4

2.5 5.0 7.5 10.0 12.5 15.0 175 20.0
X

Returning to the original problem, let’s rewrite integral Eq. (22) in the exponential form:

NI

Jo(x) = %Rejeixcosedf). (33)

B

The stationary point of the phase factor is at 6 = 0. Only small 6 contribute to the integral.
Therefore.
92
cosO ~1 -5 (34)
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Jo(x) ~ %Ree e T d9\~—\/7Ree eif d( g@)}

E —00
2

= %\/gRe[ei"\/%e_iZ] = \/gcos(x—%) (35)

Example 3. Find the leading term of the asymptotics of the Airy function, Ai(x), for
X — —oo:

Ai(x) = 71{ Jcos (kx + k—s) dk (36)
0

Recall that the Airy function Ai(x) is a solution of the following second order linear
differential equation:
v’ —xy=0. (37)

For x < 0 lets rewrite Eq. (36) as follows:

1 1 -
- —Refe Hibe5) g —Reje"i’(k)dk, (38)
T i
0 0
where we introduced the notation
k3
B(k) = —klxl + (39)

The position of the stationary point of the phase factor is determined from the relation

i_‘lf =—|x|+k*=0, (40)

i.e.
ko = \/m (41)

We have a case a moving stationary point. Let’s introduce a new integration variable, u:

w=2k k=x?u, dk=|x2du, klx|=xPu, k°=|x]7u. (42)
3 u3
o0 = -+ ). (43)
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The position of the stationary point is now a constant:

d
£:|x|3(—1+u2):0 - up=1. (44)
The Taylor expansion of ¢(u) in the vicinity of u is:
2 3 3 2
pu) = —3lxl2 +x2 (u - 1)" (45)
23 Co
Ai(x) = L Re e‘1§|x|2|x|5Jel"dz(“—”zdu . (46)
T
0
[ TR G i
Je”xl =17y ~ Jezm Vdv = Vrr|x|5e' 5. (47)
0 —00
Therefore,
Ai(x) = lRe \/Elxl_ie_i%b"%ei% = lel_i cos(zlxlg - z) (48)
Vie \r 3 4)

0.6

Figure 5: Asymptotics Eq. (48) ]

(solid line) compared to numeri- 0]
cally evaluated Eq. (36) (dashed 2

line) for -15<x <0. 0.0
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2 Integration by parts

If i(t) in the integral Eq. (2) has no stationary point, ¢’(¢) = 0, in the integration range
[a,b], the method of stationary phase is not applicable. In this case a simple integration by
parts gives the leading asymptotic behavior.

— Z.X ) IX
I(x)—ff (0 fow i)
f( 1x1p - ( ) sz/)
= lp( ) ) dt. (49)

The integral on the right vanishes more rapidly than 1/x (Riemann-Lebesgue lemma).
Therefore,

1 f(t) b
I[(x) ~ — = e (50)
x|,
as x — oo.
Example 1.
1 1 ixt
t
I(x):f cos(x )dt:ReJ ¢ dr. (51)
o L+t o 1+t
Integrating the last integral by parts, we obtain
1 ixt 1 ix 1 ixt
1 1 ; 1 1
J Codi=— | ——d(e")=~[5 -1 +,—f 4 (52)
o 1+t ixJo 1+t ix\ 2 ix Jo (141¢)?

The last term on the right is ~ x2 (see below), therefore the leading term in the approxi-
mation of Eq. (51) when x — oo is

I(x)zRe{,l(i—l)} _ sinx) (53)

ix\ 2 2x

We can continue the integration by parts of the integral in the right hand side of Eq. (52):

1 ixt 1 ix 1 ixt
e 1 1 . 1 (e 2 e
— dt=— d(e)=z —|—-1]+= —dt. 54
JO (1+1)2 ixjo (1+1)2 (<) ix( 4 )+ixJ; TENE (54)

1 ixt ix 1 ixt
e 1 /e 1 (e 2 e
dt=——-1|-—=|—-1]-— ——dt. 55
L 1+t x(2 ) x2(4 ) xZJO(1+t)3 (53)
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The last term in the right hand side of Eq. (55) is of order x> and can be neglected,
therefore

Figure 6: Asymptotics Eq. (53)
(dashed line) and Eq. (56) (solid
line) compared to numerically
evaluated Eq. (51) (dotted line)
for 8 <x <20. 0-007

1(x)

Integration by parts can be a powerful tool even if a stationary point of the integrand is in
the integration range but the contribution tho the integral from the integral end points is
not small.

Example 2.
1

I(x) = Jcos(xtz)dt. (57)
0
The main term in the asymptotics as x — oo is due to the stationary point at t = 0.

ReJe”“zd -3 . (58)
2x
0

The approximation Eq. (58) is compared to the numerically evaluated integral Eq. (57)
in Fig. 7. Although the numerical values of the approximation are close to the exact
calculations, the important qualitative feature — small oscillations — is missing.
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To do better, let’s rewrite Eq. (57) as following:

[Se) [S0]

I(x) =Re Jeithdt—Jeithdt . (59)
0 1

The first integral in Eq. (59) is exactly the main term of the stationary phase approximation
Eq. (58). After integrating by parts in the second integral in Eq. (58), we obtain:

© _ *x d ez‘xt2 ixt2
Refe’thdt:ReJ ( )zRee

2ixt 2ixt

t=00

sin x
2x

(60)

1 1 t=1

1 [t sinx
I(x)~ =] — . 61
O~ 3\ 2 * 2 (61)

The approximation Eq. (61) is compared to the numerically evaluated integral Eq. (57) in
Fig. 7.

Therefore,

Figure 7: Asymptotics Eq. (58) 0.25 1
(dashed line) and Eq. (61) (solid

line) compared to the numeri-  _ ;]
cally evaluated integral Eq. (57) ~
(dotted line) for 4 < x < 60.
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