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The Liouville theorem states that if a function f (z) is analytic for all finite z and is bounded
at infinity then f (z) is a constant.

Consider a circular contour, CR, of radius R:

z = Reiφ, 0 ≤ φ < 2π, dz = iReiφdφ. (1)

We take two arbitrary points, z1 and z2, inside the contour. The analyticity of f (z) means
that

f (z1) =
1

2πi

∮
z=Reiφ

f (z)dz
z − z1

=
R

2π

2π∫
0

f (z)dφ
z − z1

(2)

and

f (z2) =
1

2πi

∮
z=Reiφ

f (z)dz
z − z2

=
R

2π

2π∫
0

f (z)dφ
z − z2

. (3)

Here we keep using the notation z = z(φ) = Reiφ to simplify the expressions.

The difference between the values of the function f (z) at z1 and z2 is as follows:

f (z1)− f (z2) =
R

2π

2π∫
0

f (z)
[

1
z − z1

− 1
z − z2

]
dφ =

R
2π

2π∫
0

f (z)
z

[
1

1− z1
z

− 1
1− z2

z

]
dφ. (4)

We can estimate the absolute value of this difference by taking the limit R→∞. Let M be
the finite bound of f (z):

|f (z) | ≤M, as |z| →∞. (5)
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Then, ∣∣∣∣∣ f (z1)− f (z2)
∣∣∣∣∣ =

R
2π

∣∣∣∣∣∣∣∣
2π∫
0

f (z)
z

[
1

1− z1
z

− 1
1− z2

z

]
dφ

∣∣∣∣∣∣∣∣ (6)

≤ R
2π

2π∫
0

∣∣∣∣∣f (z)
z

∣∣∣∣∣
∣∣∣∣∣∣ 1
1− z1

z

− 1
1− z2

z

∣∣∣∣∣∣ dφ (7)

≤ M
2π

2π∫
0

∣∣∣∣∣∣ 1
1− z1

z

− 1
1− z2

z

∣∣∣∣∣∣ dφ. (8)

Here we used the relations ∣∣∣∣∣∣∣∣∣
b∫
a

F(φ)dφ

∣∣∣∣∣∣∣∣∣ ≤
b∫
a

∣∣∣∣∣ F(φ)
∣∣∣∣∣ dφ (9)

and ∣∣∣∣∣f (z)
z

∣∣∣∣∣ =
|f (z)|
|z|
≤ M

R
. (10)

In the limit R→∞,
∣∣∣ z1,2

z

∣∣∣≪ 1 and 1
1− z1,2

z

≈ 1 + z1,2
z . Hence,

lim
R→∞

∣∣∣∣f (z1)− f (z2)
∣∣∣∣ ≤ M

2π
lim
R→∞

2π∫
0

∣∣∣∣∣∣ 1
1− z1

z

− 1
1− z2

z

∣∣∣∣∣∣ dφ (11)

≈ M
2π

lim
R→∞

2π∫
0

∣∣∣∣z1 − z2

z

∣∣∣∣ dφ ≤ lim
R→∞

∣∣∣∣z1 − z2

∣∣∣∣MR = 0. (12)

Thus
f (z1) = f (z2) (13)

for all z1 and z2, i.e.
f (z) = const (14)
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