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Cauchy’s theorem states that if f(z) is analytic at all points on and inside a closed complex
contour C, then the integral of the function around that contour vanishes:

9Sf(z)dz:0. (1)
C

1 Euler’s integral

Problem: evaluate the following integral:

( in(x)
Ia)= | Z2dx, 0<a<l. (2)
JA X

Solution:
Let’s consider the following integral:
iz

J@)= P dz, 3)

C

where the integration contour C is sketch in Fig. 1.

The integrand in Eq. (3) is an analytic function inside C, therefore
J(a) =0. (4)
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On the other hand,
J(a) =Ji + Ju + Jur + Jiv- (5)

where the subscripts corresponds to integration contours labeled in Fig. 1.
Let’s consider Ji, /i1, Jur, and Jiy separately:
Ji: the integration is along the real axis, soz=x,dz=dx, r <x <R:

Ji =lim lim —dx = J—dx, (6)

r—0 R—>oo

so
I(a) =Im]. (7)
Ji: the integration is counterclockwise along the quarter-circle of radius R, z = Re'?,

dz=iRe'%dO,0<0 < 7

]II — I%im i R(l—a) eiRcosBe—R sin@ei(l—a)G de. (8)

O%wm

I\

iR

Figure 1: Integration con-

tour for Problem 1 11

ir »\\IV

sY
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For the absolute value of J;; we have the following estimates:

2
|]11| _ 1%1_{20 R(l—a)JeiRcosQe—RsinQei(l—a)QdQ (9)
0
:
< I%EI;ORu—a) 'eiRcosee—RsinGei(l—a)Q | de (10)
0
5 ;
= lim R [ ¢ RsinO) 4o < lim R“—mfe—zf@de (11)
R—o0 J R—o0 )
TC ¢ TC
- I%T;,RM_ROJ ”du—ERgroloR“(l—e F)=o, (12)

where we used the inequalities

sin(0)> 20— MO <70, Rein0) ¢ g0 (13)
TC

that are valid within the integration range 0 < 6 < 7, and introduce a new integration

variable u = 2759.

Thus,
Ju=0. (14)

Jur: the integration is along the imaginary axis, so z=iy,dz=idy, r <y <R:

(o)

Ji =lim lim i1~ f—dy_ —etz(1l-a je Yyp™¥dy = —e' 7091 (1 - q). (15)

r—0 R—oco

0

Jiv: the integration is clockwise along the quarter-circle of radius r, z = ret? dz=1ire'?do,
0<0<7:

0
Jiv = lir% i r(l_“)fe”eieei(l_“)edQ ~ —lim i (1%
r—

r—0

1990 =0.  (16)

(e}
pLSE

(SE]
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Combining Eqgs. (4), (5), and (16), we get
Ji=e 21911~ a). (17)

Taking the imaginary part, and using Eq. (7), we obtain

xa

Jo‘osin(x) dx:sin(%(l—a))l“(l—a). (18)
0

For the case o = 1,

J‘sin(x)dx _ limsin(g(l—a))r(l_a):hm E(l—a)T(l—a)
0

X a—1 a—1
T TC TC
= —IlimI'2-a)==I(1)=—. 19
7 dimI(2-a)=35T)=5 (19)

Integral Eq. (19) is known as the Dirichlet integral, after the German mathematician
P. Dirichlet.

For the case a = 0, Eq. (18) gives

Jsin(x)dx:sin(%)l“(l):l. (20)
0
The result Eq. (20) can be understood as follows:

Jsin(x)dx = lim | ¢7*sin(x)dx = lim Im Je_(y_i)x dx
y—0 y—0

0 0 0

= limlml 1 _lzlim 21 =1. (21)

y—0 y—1 y—=0yc+1

2 Fresnel integrals

Problem: Assuming that the value of the Gaussian integral is known,

00_2 \/%
[= | e dx=— (22)
I

2 ’
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evaluate the Fresnel integrals,

C= | cos (xz) dx (23)

I

and -
S = sin(xz) dx. (24)

!

The integrals C and S are named after the Fresnel (French physicist, 1788-1827). They
were first evaluated by Euler in 1781.

YA

Figure 2: Integration con- ¢ L — Rt
tour for Problem 2 “ 11

Iy

sY
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Solution:

Let’s pack C and S together:

F=C+iS :J[cos(x2)+isin(x2)] dxzjeixzdx, (25)
0 0
such that
C =ReF (26)
and
S=ImF. (27)
Consider the integral
J= Jeizz dz, (28)
C

where C is the contour in the complex plane shown in Fig. 2.
Since the integrand in Eq. (28) is analytic inside C,
J=0. (29)

On the other hand,

J=T+Tu+ (30)
where J; is the integral along the positive real axis, Ji; is the integral along the circular arc
or radius R — 00, 0 < 6 < T, and Jyyy is the integral from infinity to the origin along the ray
that makes the angle 6 = T with the real axis.

Let’s consider Jj, /i1, and Jijj separately:

Ji: the integration is along the real axis, so z=x, dz=dx, 0 < x < oo:

]I:J-eizzdz:jeixzdx:F. (31)
0

G

Jii: the integration is along the circular arc of radius R so z = Re'?, dz = iRe'9d0,
z? = R?¢%9 = Rz(cos(29) +isin(26)), 0<o<T:

s

]II — Jeizz dz = I-RJ‘eichos(ZQ)e—R2 sin(26)d9' (32)

Cu 0
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PHYS 2400
For the absolute value of J;; we have the following estimates:
; ;
|]11| _ RJ‘eichos(ZQ)e—Rz sin(20) 49 | < RJ" o1 R?cos(26) ,~R?sin(26) | 49 (33)
0 0
; ; g
= R J ¢~R?sin(260) g — g fe‘RzSin((P) d¢ < g J“e_zfr(i’ d¢ (34)
0 0 0
(35)

R2
gy = T (e Ry
2R2fe du—4R(1 e )<4R’
0

N |

% (36)

where we introduced a new integration variable ¢ = 26, used the inequalities
¢ RZsin() < =3 ¢

sin(cj))z%(p — e <ot

that are valid within the integration range 0 < ¢ < 7, and introduce a new integration

2R?

variable u = .
Thus we obtained that -
K 37
|Tu| < 1R (37)
Therefore,
Jui=0 (38)

INE

J

as R — oo.
% with the real axis so z = re'

Jur: the integration is along the ray making the angle

[T . s
222 =jr?, dz=¢'3dr, 0 < r < c0.

z
0 oo
Jm = J ¢'”dz=¢'% Je‘rz dr = —¢'i Je_rz dr = —¢'t Tn (39)
Cm 00 0
Combining Eqgs. (29), (31), (38), and (39) we obtain:
(40)

F= geiz.
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Finally, the Fresnel’s integrals are:

C:ReP:gcos(n): T

W |

and
S=-ImF = g sin(z) = |Z
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