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1 The method of stationary phase

There is an immediate generalization of the Laplace integrals

b
Jf(t)e"""’(”dt 1)

which we obtain by allowing the function ¢(¢) in Eq. (1) to be complex. We may assume
that f(t) is real; if it were complex, f(t) could be decomposed into a sum of its real and
imaginary parts. However, allowing ¢(t) to be complex poses nontrivial problems. We
consider the special case in which ¢(t) is pure imaginary: ¢(t) = iip(t) where 1(t) is real.
The resulting integral

b
I(x) = J F(t)e*¥ D dt (2)

with f(t), ¥(t), a, b, x all real is called a generalized Fourier integral. When ¢(t) = ¢, I(x) is
an ordinary Fourier integral.

The method of stationary phase gives the leading asymptotic behavior of generalized
Fourier integrals having stationary points, ¢’ = 0. This method is similar to Laplace’s
method in that the leading contribution to I(x) comes from a small interval surrounding
the stationary points of .
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To evaluate the integral

F(P)=f€iA”pdu,
0

J = 95 e 4z,
C

where p is real, p > 1, consider

(4)

where the contour C is sketched in Fig. 1. The integrand in Eq. (4) is analytic inside the

contour C, thus | = 0. On the other hand,

T =T +Ji+ T

(5)

where J; is the integral along the positive real axis, J;; is the integral along the circular
arc of the radius R — oo, an Jjj; is the integral (from infinity to the origin) along the ray

making the angle % with the real axis. Notice first that

E(p)=Tr.

Next,
Jir =0.

The proof of Eq. (7) is similar to the proof of Jordan’s lemma.

Finally, on the integration path for J;;;:

z=re?, dz=e2dr, zZF =rPe'2 =irP.

Therefore
0 0
- e - e
Jip=e'? Je A dr = —e'2 je AT dr.
e 0

The last integral can be evaluated by introducing the new integration variable

_1 1 1 1 14
u=MP, r=Xrur, dr==-Arur du.

p

r 1. -1 ( 1_ 1.1 (1 _1 (1
Je‘”pdr:—/\ ;Je_”ué "du==2 !1’1“(—):/\ 1171“(—+1).
J p ) p p p
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Combining Eqgs. (5), (7), (9), (11), we obtain:

o

~ o 1 (1
je’A”pdu:eZZPA PF(—+1). (12)
5 p
Similarly,
~ R AN S |
Je_’A”pdu:e 25 ) pr(—+1). (13)
5 p
For the important particular case p = 2:
Jemzdu = eHTATE T (14)
0
YA
V5
) _ pif
Figure 1: The integration con- % Z z = Re
tour for Eq. (4). N
2p
0 Z =X R il

Example 1. Find the leading term of the asymptotics of the following integral for
A — oo:

4
I(A):jcos(/\sinhz(x)) V1 +x2dx. (15)
-3
Since only small |x|, such that |x| ~ \/LX < 1 are important,
sinhx ~ x, (16)
cos (A sinhz(x)) ~ cos(AxZ) (17)
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Vi+x2~1. (18)

4 00
I(A) ~ReJ~ei/\x2 dx~ReJ‘ei’\"2 dx. (19)
-3 —00

2 2 , U u 1
uw=Ax* — x=—= — x=— — dx=—du (20)
A VA VA
1 ) TC i Tt
I(A)~Re—fe’” du = —Re(e’z): — (21)
Vil A 21
Vre's
I\ = f cos ()\ sinhz(:r)) V1+22de
1.00 \ =3 \ \ \

0.90
Figure 3: Asymptotics Eq. (21) 080 |-
(solid line) compared to numeri-
cally evaluated Eq. (15) (dashed <
line) for2< A <12.
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Example 2. Find the leading term of the asymptotics of the Bessel function Jy(x) for
X — oo:

Jo(x) = % cos(xcos6) de. (22)

o
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Recall that the Bessel function Jy(x) is a solution of the following second order linear
differential equation:
xy”+y +xy=0. (23)

Equation (23) belongs to the type that can be solved using Laplace method for ordinary
differential equations. Using the same notations that we used in the relevant handout, we
have here:

a;=0,b,=1,a1=1,b;=0,ap=0, by =1. (24)
P(t)EZ“ntHZf; Q(t)EantnzlthZ, (25)
P(t) tdt 1 (d(1+¢?) .

—dt = == | ———=In(1+¢ 26
JQ(t) J1+t2 2J 1+1t2 n(1+6)". (26)

Thus

L
o UQ dt) (1+¢2)°. (27)

The contour integral over yet unspecified contour C,

y(x) = je’“(l + tz)_% dt, (28)

C

is therefore a solution of Eq. (23) if the function

1
eQ(tZ(t) =¥ (1+17)° (29)
takes on the same values at the ends of the integration contour C.

Lets chose contour C as the one connecting the points t; = —i and t; = i. The values of the
function Eq. (29) are equal (and equals to 0) as required.
Therefore,

1

p(x) = Jexf(1 + t2)‘7 dt (30)
is the solution of the Bessel equation Eq. (23). Let’s change the integration variable as

following:

1
1
t=-icosf, 0<O<m dt=isin0dd (1+°) 7 =——. (31)
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Thus,

T

y(x) ~ je_ixcose deo = Jcos(xcos 0)do =

0

which is (up to a multiplicative constant) integral Eq. (22

Figure 4: Asymptotics Eq. (35)
(solid line) compared to numeri-
cally evaluated Eq. (22) (dashed
line) for 1 < x < 20.

T

0

cos(xcos6) do, (32)

|
(ST ﬁ,\,m

)

/2
J cos(Acos(z)) da
—m/2

3=
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Returning to the original problem, let’s rewrite integral Eq. (22) in the exponential form:

1

Jo(x) = —Re

(S B

(33)

J eixcosGdG.

(B

The stationary point of the phase factor is at 6 = 0. Only small 6 contribute to the integral.

Therefore.
92
cosO~1-— > (34)
7 0
1 ' - x02 1 /2 . x
Jo(x) ~ —Ree’xje_lgde ~ —\/jRee”‘ j e"Zezd(\/EG)
T T VX 2
_% —00
1 /2 - 2
= — —Re(e”“\/%e_lz): ,/—cos(x—z) (35)
TN X X 4
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Example 3. Find the leading term of the asymptotics of the Airy function, Ai(x), for
X — —oo:
3

Ai(x) = %fcos (kx + k—) dk (36)
0

Recall that the Airy function Ai(x) is a solution of the following second order linear
differential equation:

v’ —xp=0. (37)
For x < 0 lets rewrite Eq. (36) as follows:

1 X 1 .
_ —ReJe (Hst5) g —ReJ—e"i’(k)dk, (38)
T T
0 0
where we introduced the notation
k3
¢(k)=—kIXI+§ (39)

The position of the stationary point of the phase factor is determined from the relation

d
d(lic) —|x|+ k? = (40)

i.e.
ko = \/m (41)

We have a case a moving stationary point. Let’s introduce a new integration variable, u

u=2k k=|x2u, dk=|x2du, klx|=|xPu, k°=|x]7u’. (42)
3 u’
0= 1ol (- ). (43)
The position of the stationary point is now a constant:
d
d—f:|x|§(—1+u2):0 —  ug=1. (44)

The Taylor expansion of ¢(u) in the vicinity of u is:
2 3 3 2
Blu) =l + = 1)2 (45)
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o

() = LRe|e i b [ Py
Ai(x) = ERe e 3 x|z | M du . (46)
0

(o] 0 3 '
J i3 (=12 g, J‘enxmzdv =l iett (47)
0 —00

Therefore,

1 23 n 2
Ai(x) = —Re [\/mxrie—l%'xlzeu] - T|x| cos(3|x|3 - %) (48)

o0 3
Ai(z) = 2 [ cos (k;t + %) dk
0.80 | v

0.60 -
Figure 5: Asymptotics Eq. (48) 0.40 -

(solid line) compared to numeri- __ (59 [ /\ A /\ A A
cally evaluated Eq. (36) (dashed = 0.00
line) for -15<x <0. 0.20 | v \/ \/ \/ \/ v |

-0.40 -

Ai(

-0.60 | | | | | |

2 Integration by parts

If ¢(t) in the integral Eq. (2) has no stationary point, 1’(¢t) = 0, in the integration range
[a,b], the method of stationary phase is not applicable. In this case a simple integration by
parts gives the leading asymptotic behavior.

J-bf(t)eixlp lxj ¢ lep ))

L f() | 1 (M) ixp(t)
1x1/)()e ) J 3t \ w0 e dt. (49)

The integral on the right vanishes more rapidly than 1/x (Riemann-Lebesgue lemma).
Therefore,

I(x)

b
~1f lxlp

ix /()
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as X — o9.

Example 1.

1 1 Jixt
I(x):J; COS(’”)dt:ReJO " ar (51)

I+t I+t
Integrating the last integral by parts, we obtain

1 ixt 1 ix 1 ixt
1 1 ; 1 1
[ = =S )i [ gt )
o 1+t ix Jo 1+t ix\ 2 ix Jo (1+1)?

The last term on the right is ~ x72 (see below), therefore the leading term in the approxi-
mation of Eq. (51) when x — oo is

1 (e sin(x)
I(x)Res —|—=—-1]¢ = . 53
) e{ix( 2 )} 2x (53)
We can continue the integration by parts of the integral in the right hand side of Eq. (52):
1 ixt 1 ix 1 ixt
1 1 ; 1 2
[t T LA
o (1+1)? ix Jo (1+1¢)2 ix\ 4 ix J)o (1+1)3
Thus, : .
plXt 1 [l 1 [ei* 2 plxt
dt=—(=—-1|]-=(|=-1]-= | ———at. 55
L1+t ix(2 ) x2(4 ) xz_l;(1+t)3 (53)
The last term in the right hand side of Eq. (55) is of order x~3 and can be neglected,
therefore
1 (e 1 (e _sin(x) 1 [cos(x)
”"“Re{a(?‘l)‘ﬁ(z”)}— 2x E(T : a

Integration by parts can be a powerful tool even if a stationary point of the integrand is in
the integration range but the contribution tho the integral from the integral end points is
not small.

Example 2.

1
I(x) = J‘cos(xtz)dt. (57)
0
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1
I( ) I cos lt) dt
0.08 1 ‘ %, ‘

0.06 -
Figure 6: Asymptotics Eq. (53)

(dashed line) and Eq. (56) (solid

line) compared to numerically =
evaluated Eq. (51) (dotted line) = 0.00
for 8 <x < 20. -0.02
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T

The main term in the asymptotics as x — oo is due to the stationary point at t = 0.

[ee]

ReJe’xtzdt % (58)
0

The approximation Eq. (58) is compared to the numerically evaluated integral Eq. (57)
in Fig. 7. Although the numerical values of the approximation are close to the exact
calculations, the important qualitative feature — small oscillations — is missing.

To do better, let’s rewrite Eq. (57) as following:

[ee] (o)

I(x) = Re Jeixtzdt—Jeithdt . (59)

0 1

The first integral in Eq. (59) is exactly the main term of the stationary phase approximation
Eq. (58). After integrating by parts in the second integral in Eq. (58), we obtain:

@ x ixt? i
Re et 4t = Re d(e ) ~ Re e
2ixt 2ixt

1 1

, .
I(x) ~ = [ 4 38X (61)
2V 2x 2x

The approximation Eq. (61) is compared to the numerically evaluated integral Eq. (57) in
Fig. 7.

t=o0 A
sin x
- (60)
1 2x

Therefore,
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1
y(x) = [cos (zk?) dk
0.25 \ L T \

Figure 7: Asymptotics Eq. (58) 020
(solid line) and Eq. (61) (dashed
line) compared to the numeri- 3
cally evaluated integral Eq. (57) 0.10
(dotted line) for 10 < x < 100.
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