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In this note we evaluate Gaussian integral,

) i
IgEJedeZTl (1)
0
and Fresnel integrals,
~ N
I.= | cos(x?)dx=——— 2
= (x?) 5 (2)
and -
r ) \/E
I.= | sin(x?)dx = ~—, 3
o= | (x?) Wi (3)

using differentiation under the integral sign.

The two parts of this note can be read independently.

Gaussian integral

Consider the following integral

~ e_x2(1+y2)
J(x) = fwdy- (4)
0
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We know its values for x = 0:

J(0) = j dy = arctan(oco) = %,
0

and for x = oo:

J(e0) =0
The derivative of J(x),
% = —2xje_x2(l+y2)dy =—2¢" je_(xy)z d(xp)

0 0

= 2% f e du

0

_x2

= —2e Ig.

Integrating Eq. (7) with respect to x from 0 to co, we obtain:

[S¢]

J(e0) = J(0) = 21, j e*dx =212,

0
or, using Eq. (5) and Eq. (6),
I? = M _I
8 2 4’
i.e.
PO L
8 2

Fresnel’s integrals

Consider the following integrals:
 cos x2(1+v?)
et = | ey,
I+vp

0
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o0

sm 2(1+
= j y) dy.
1+7y?
0
We know their values for x = 0:
( dy s
= J o2 = arctan(oco) = >
0
s(0)=0,
and for x = oo
c(o0) =5(c0) =0
The derivative of ¢(x),
de ( (2 2 _ ( ) 2
I —2stm(x (1+y )) dy = —Zstm(x +(xp) )dy
0 0
OPO [ee]
= —2sin(x?) | cos(xp)*d(xy) -2 cos(x Jsm
0 0
Or? o
= —2sin(x?) | cos(u)>du —2 cos(x?) J sin(u?)du
0 0

0
—2sin(x?)I. - 2 cos(x?) L.

Similarly,
ds

=2 cos(x?) 1, - 2 sin(x?) L.

Integrating Eqs. (16), (17) with respect to x from 0 to co, we obtain:

(o0 ZICJ51n )dx — ZISJ-cos ydx =-41.1,,
0 0

s(oc0)—s(0) = 2ICfcos(x )dx — ZIsjsin(x )dx =212 -21I2.
0

0
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Using the boundary conditions Egs. (13)-(15), c(c0) —¢(0) = =7, s(c0) —5(0) = 0, therefore

Il=5, L=L (20)
Finally,
IL=I= ﬂ. (21)
242
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