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In this note we evaluate Gaussian integral,

fo= [ a= Y, 1)
0
and Fresnel integrals,
\r
I.= | cos(x?)dx == 2
: Of (%) ar= 2% )
and -
: Vi
I, = | sin(x?)dx= =, 3
5 Oj (%) ar= % g

using differentiation under the integral sign.

The two parts of this note can be read independently.
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Gaussian integral

Consider the following integral

~ e_x2(1+y2)
= 4
0= | @
0
We know its values for x = 0:
( dy T
J(0) = j T3y7 arctan(oco) = > (5)
0
and for x = oo:
J(e0) =0 (6)
The derivative of J(x),
% = —2xfe‘x2(1+3’2)dy =—2¢% Je_(xy)z d(xp)
0 0
= 2% J. e du
0
= 27, (7)

Integrating Eq. (7) with respect to x from 0 to co, we obtain:
.2
J(c0) = J(0) = —ZIgje “dx=-212, (8)
0

or, using Eq. (5) and Eq. (6),

Rt g
i.e.
I, = g (10)
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Fresnel’s integrals

Consider the following integrals:

We know their values

and for x = oo:

The derivative of ¢(x),

E
dx

Similarly,

c><’sin(xz(l +y2))
s(x) =J 7 dy.
) 1+vy
for x =0:
c(0) = J 1iy > = arctan(co) = %,
; y

s(0)=0,

c(00) =5(c0) =0

—2xjsin(x2(1 +y2)) dy = —Zstin (x2 + (xy)z) dy
0 0
~2sin(x?) | cos(xp)*d(xy) - 2 cos(x?) J sin(xy)? d(xp)
0 0
—2 sin(x?)
0
—2sin(x?)I. — 2 cos(x?) .

2 o0
cos(u)>du -2 cos(xz)jsin(u2)du
0

ds .
I 2 cos(x?)I. — 2 sin(x?) L.
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Integrating Eqs. (16), (17) with respect to x from 0 to oo, we obtain:

c(c0) —c(0) = —ZICJsin(xz)dx— ZISJcos(xZ)dx = —4I.1I, (18)
0 0
s(c0) —5(0) = ZICJcos(xZ)dx - 215Jsin(x2)dx =212-212. (19)
0 0

Using the boundary conditions Egs. (13)-(15), c(c0) = ¢(0) = =5, s(c0) —5(0) = 0, therefore

Il=5, L=I (20)
Finally,
N
[ =1 =Y 21
c S 2\/5 ( )
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