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1 The case of the integrand depending on a parameter

d
dt


b∫
a

f (x, t)dx

 =

b∫
a

(
∂
∂t

f (x, t)
)

dx, (1)

where

I(t) =

b∫
a

f (x, t)dx, (2)

a, b are fixed parameters.

Indeed, considering the definition of the derivative as the limit,

dI
dt

= lim
∆t→0

I(t +∆t)− I(t)
∆t

, (3)

and expanding f (x, t +∆t) into Taylor series,

f (x, t +∆t) = f (x, t) +
∂f

∂t
∆t +O

(
∆t2

)
. (4)
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I(t +∆t)− I(t) =

b∫
a

f (x, t +∆t)dx −
b∫
a

f (x, t)dx =

b∫
a

[
f (x, t +∆t)− f (x, t)

]
dx

=

b∫
a

[
∂f

∂t
∆t +O

(
∆t2

)]
dx =


b∫
a

(
∂f

∂t

)
dx

 ∆t +O
(
∆t2

)
. (5)

Substituting Eq. (5) into Eq. (3), and taking the limit ∆t→ 0, we obtain Eq. (1).

Figure 1: I(t) (gray back-
ground), I(t +∆t) (hatched
background), and their dif-
ference in Eq. (5).
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2 Case of the integration range depending on a parameter

d
dt


b(t)∫
a(t)

f (x)dx

 = f
(
b(t)

) db
dt
− f

(
a(t)

) da
dt

, (6)

where

I(t) =

b(t)∫
a(t)

f (x)dx. (7)
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dI
dt

= lim
∆t→0

I(t +∆t)− I(t)
∆t

(8)

I(t +∆t) =

b(t+∆t)∫
a(t+∆t)

f (x)dx. (9)

I(t +∆t)− I(t) =

b(t+∆t)∫
a(t+∆t)

f (x)dx −
b(t)∫
a(t)

f (x)dx =

b(t+∆t)∫
b(t)

f (x)dx −
a(t+∆t)∫
a(t)

f (x)dx

=
(
b(t +∆t)− b(t)

)
f
(
b(t)

)
−
(
a(t +∆t)− a(t)

)
f
(
a(t)

)
+O

(
∆t2

)
=

[
f
(
b(t)

) db
dt
− f

(
a(t)

) da
dt

]
∆t +O

(
∆t2

)
, (10)

where we used that a(t +∆t)− a(t) = da
dt∆t +O

(
∆t2

)
and similar for b.

Combining Eq. (10) and Eq. (8), and taking the limit ∆t→ 0, we obtain Eq. (6).

Figure 2: I(t) (gray back-
ground), I(t +∆t) (hatched
background), and their dif-
ference in Eq. (10).
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3 General case

d
dt


b(t)∫
a(t)

f (x, t)dx

 =

b(t)∫
a(t)

(
∂
∂t

f (x, t)
)

dx+ f
(
b(t)

) db
dt
− f

(
a(t)

) da
dt

(11)

Figure 3: I(t) (gray back-
ground), I(t +∆t) (hatched
background), and their dif-
ference.
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