CAUCHY'S INTEGRAL THEOREM: EXAMPLES
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Last modified: February 15, 2023

Cauchy’s theorem states that if f(z) is analytic at all points on and inside a closed complex
contour C, then the integral of the function around that contour vanishes:

9Sf(z)dz:0. (1)
C

1 A trigonometric integral

Problem: Show that

(S5

[(a)?
I2a)

Jcos(aqb) [cosp]* P d¢p = 2%B(a, a) = 2°

(S B

Solution:

Recall the definition of Beta function,

1
B(a, B) = fx“_l (1-x)P1dx, (3)
0
and consider the integral:
]:96[2(1_2)]“—1dz:0, a>1, (4)
C
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where the integration is over closed contour shown in Fig. 1.
Since the integrand in Eq. (4) is analytic inside C,
J=0. (5)
On the other hand,
J=nh+]uw (6)

where ] is the integral along the segment of the positive real axis, 0 < x < 1; Ji is the

integral along the circular arc or radius R = 5 L centered at z = %

Along the real axis z = x, dz = dx, thus

1
J (1-x)*"1dx = B(a, a). (7)
0
Along the semi-circular arc
1 1 ; 1 ; ; 0
z:§+§e16:5elg(e“§+el§):elgcos—, (8)
where 0 < 0 <7, and
1 1; .0 . 0
loz==——¢% = _jei%sin 2. (9)
2 2 2
Hence,
i . 0 i g .
z(1—z):—ze’9cos§s1n§:—Eelesme. (10)
A
=1 (1 + e“’)
1
Figure 1: Integration con-
tour for Problem 1 C
I -
0 z=x 1 T
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dz:%eiede. (11)
Therefore,
. a 7-( n
Ji= —(%l) J-eiae (sin@)*1do = —27%¢ 24 J ¢'? (sin0)* "' do, (12)
0 0
where we used that .
—i=e'2, (13)

Combining Eqgs. (5), (6), (7), and (12) we obtain:

TC
2_“e_igafei“9 (sin6)*"'d6 = B(a, ). (14)

0

Transforming the expression on the left as following:

J‘e""‘(e_g)(sin@)o‘_1 do = : ei“(e_g)[cos(e—%)r_l de (15)
0 0
= | e *®?[cosp]*dop (16)
%\
= cos(a¢)[cos p]* ' de (17)

(SR

finally obtain the relation:

us

Jcos(ad)) [cosp]* P d¢p = 2%B(a, a) = 2° L

(18)

NI
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2 Euler’s log-sine integral.

Problem: Show that

TC

Jlog(sinx) dx = —-mlog2. (19)
0

Integral Eq. (19), is called Euler’s log-sine integral. It was first evaluated (by Euler) in
1769.

Solution:

We start by integrating the function f(z),

f(2) =log (1 -e**), (20)

along the rectangular contour C with the corners at 0, 7, t+iR, iR, indented at the corners
when necessary (see Fig. 2), and letting R — oo.

]:gglog(l—eZiz)dz. (21)
C
On the one hand, the integrand in Eq. (21) is an analytic function inside C, therefore
J=0. (22)
On the other hand,
J=Ti+Ju+Ju+ v +Iv + v (23)

where the subscripts corresponds to integration contours labeled in Fig. 2.

Consider first the integrals Ji; and Jy. The integrand f(z) is a periodic function with the
period 7,

f(z)=f(z+m). (24)
Indeed,

f(z+m) = log(l - ezi(“”)) = log(l - eZizezni) = log(l — eZiZ) = f(2). (25)

Therefore in Jjj and Jiy we have equal integrands but we are integrating in the opposite
directions. Therefore,

Ju=-Tw, (26)
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YA

iR 111 T+iR

Figure 2: Integration con-

tour for Problem 2
v I
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or
Jiu+Jiv =0.

Next, observe that f(z) — 0 as y = Im(z) — +oo:

£(2) = log (1 - e26+19)) = log (1 - ¢¥%e ) ~ —e2%e — 0.

Therefore,
Jim =0.

Next, let’s show that
Jv = hmJ‘ log 212 =0.

Indeed, z=re'?, dz=ire?d0,0<0 < %:

SR}

Jv =i ling rflog(l —eZi’eiG) ¢d0 ~i lim r
r—

r—0

(e}
—

0

Similarly we can show that
Jvi=0

Combining Eqs (22), (23), (27), (29), (30), and (32), we get that

T

N Zflog(l —ezix)dx:O.

0

Rewriting the integrand in Eq. (33) as following,

log (1 - eZi") = log [eix (e_ix - eix)]

1

= log2+i (x - %) +log(sin x),

we obtain
TC

J[10g2 +1 (x— %)+ log(sinx)] dx =0,

0
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log lZ(—i)eix (e”‘;—e‘”‘)l = 10g(2 ¢!(x-3) sinx)

(27)

(28)

(29)

(31)

(32)

(33)
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or
T

jlog(sin x)dx = -1 log 2.
0

3 Another Euler integral

Problem: evaluate the following integral:

_ I sizix)

Solution:

Let’s consider the following integral:

J(a) = ‘;—adz,
C

where the integration contour C is sketch in Fig. 3.

The integrand in Eq. (38) is an analytic function inside C, therefore

J(a) =0.

On the other hand,
J(a) =i+ Ju + Jm + Jiv.

where the subscripts corresponds to integration contours labeled in Fig. 3.

Let’s consider J;, Jij, Ji1, and Jiy separately:

Ji: the integration is along the real axis, so z=x,dz=dx, r <x <R:

et o [
SO
I(a) =Im]J.
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Ji: the integration is counterclockwise along the quarter-circle of radius R, z = Re'?,
dz=iRe'%dO,0<0 < 7

7
]H — I%im iR(l—a)JeiRcosee—R sin@ei(l—a)e do. (43)
0

iR

Figure 3: Integration con-

tour for Problem 3 1T

=Y
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For the absolute value of J;; we have the following estimates:

2
|]11| _ 1%1_{20 R(l—a)JeiRcosQe—RsinQei(l—a)QdQ (44)
0
:
< I%EI;ORu—a) 'eiRcosee—RsinGei(l—a)Q | de (45)
0
3 3
= lim R [ ¢ RsinO) 49 < lim R“‘“’fe—ffede (46)
R—co0 J R—co )
TC ¢ TC
= I%Lr)r;oRla—ROJ ”du—ERl_r)roloR“(l—eR)zo, (47)

where we used the inequalities

n(g)z 20 — OB, RO )
Tt

that are valid within the integration range 0 < 6 < 7, and introduce a new integration

variable u = 2759.

Thus,
Ju=0. (49)

Jur: the integration is along the imaginary axis, so z=iy,dz=idy, r <y <R:

r

-3 . i
Ji = 11rr6 I%Im jil-a f;Tdy = —e’z(l‘“)Je_yy_“ dy = - 27911 - a). (50)
r—0 R—oo
R 0

Jiv: the integration is clockwise along the quarter-circle of radius r, z = ret? dz=1ire'?do,
0<0<7:

0
Jiv = lir% i r(l_“)fe”eieei(l_“)edQ ~ —lim i (1%
r—

r—0

e1-9949 =0.  (51)

(e}
pLSE

(SE]

Page 9 of 13



PHYS 2400 Cauchy’s integral theorem: examples Spring semester 2023

Combining Eqgs. (39), (40), and (51), we get
Ji=e 20071 — ).

Taking the imaginary part, and using Eq. (42), we obtain

fsin(x) dx = sin(%(l - a)) I1-a).
0

xO{

For the case o =1,

X a—1 a—1

J S0 45 = tim sin(§(1 - a)) [(1-a) ~ lim Z(1-a)[(1-a) = 7 lim I (2-a) =
0

4 Fresnel integrals

Problem: Assuming that the value of the Gaussian integral is known,

evaluate the Fresnel integrals,

and

Tt Tt
=I'(l)=—.
2 D) 2

(54)

(55)

(56)

The integrals C and S are named after the Fresnel (French physicist, 1788-1827). They

were first evaluated by Euler in 1781.
Solution:

Let’s pack C and S together:
F=C+iS = J[cos(x2)+ icos(xz)] dx = feixz dx,
0 0
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such that
C=ReF (58)
and
S=ImF. (59)
Consider the integral
] = fﬁ dz, (60)
C
where C is the contour in the complex plane shown in Fig. 4.
Since the integrand in Eq. (60) is analytic inside C,
J=0. (61)
On the other hand,
J=J1+Ju+ ] (62)

where J; is the integral along the positive real axis, Jj is the integral along the circular arc
or radius R — 0, 0 <6 < 7, and Jyyy is the integral from infinity to the origin along the ray
that makes the angle 6 = T with the real axis.

Let’s consider Jj, Ji;, and Jyj; separately:

Ji: the integration is along the real axis, so z=x,dz =dx, 0 < x < c0:

A

Figure 4: Integration con- <©

tour for Problem 4

2z = Re?
II
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]Izjeizzdz:Jeixzdx:P. (63)
0

G

Jir: the integration is along the circular arc of radius R so z = Re'?, dz = iRe'9d0,
z? = R?e%9 = Rz(cos(29) +isin(29)), 0<O6<T:

R

]H — J\eiz2 dz = iRJeichos(ZQ)e—stinQG) de. (64)

For the absolute value of J;; we have the following estimates:

I

1 3
|]II' RJ‘eiR2 cos(29)e—R2 sin(20) do | < RJ" eiRZ cos(29)e—R2 sin(20) doe (65)
0

0
1 7 7 X
= RJe‘RZSin(w) do = g fe—stin(¢) d¢ < %J“e_zﬁ(i’ d¢ (66)
0 0 0
R2
- Rm e‘”duzi(l—e_R2)<£ (67)
2 2R? 4R 4R’
0

where we introduced a new integration variable ¢ = 26, used the inequalities
. . 2
sin(¢) > g@ .y esind) i, R%sin(g) o e_%(p, (68)
e

that are valid within the integration range 0 < ¢ < 7, and introduce a new integration

variable u = 271{2 .
Thus we obtained that -
< —. 69
|]11 | iR (69)
Therefore,
Ju=0 (70)
as R — oo.
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Jur: the integration is along the ray making the angle 7 with the real axis so z = re't,

. .
22=r2e'2 =ir?,dz=¢'sdr, 0 < r < co.

0 )
: T e ; TC
Ji = Jezzz dz:el4J.e_’2dr —614Je_r2 dr =-¢ g (71)
) 0

Cm

R

Combining Eqgs. (61), (63), (70), and (71) we obtain:

F= Vr e, (72)
2
Finally, the Fresnel’s integrals are:
\r T T
= = — — | = J— 7
C =ReF ) cos(4) 3 (73)
and

S —ImF:gsin(%): g (74)
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