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A circular wire loop of resistance R and radius a has its center at a distance d (dy > a)
from a long straight wire. The wire is in the plane of the loop. (See Fig. 1.) The current in
the long wire is changing, I = I(¢). What is the current in the loop?

Figure 1: A long straight wire carrying cur-
rent I(t) and a circular wire loop with the - -
center distance d; from the wire. The wire is
in the plane of the loop

<——dy—>

The magnitude of the emf induced in the loop is

do d
€= E' = ajBndA

, (1)

where @ is the magnetic flux through the loop,

O = JBndA, (2)

B,, is the component of the magnetic field perpenducular to the plane of the loop; the
integration is over the area of the loop. The magnetic field produced by the wire at a
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distance d from the wire,

_ Mol
"2md’ (3)
At a point inside the loop,
d=dy+rcosf (4)
and
dA =rdrdo, (5)
so that the flux through the loop is
21t a drdo I a
]l_ rar _Ho
27 J‘J‘d0+rc059_ 27 ch)(r)rdr, (6)
0 0
where
21 40
= | ——. 7
(1) fd0+rc056 7)
0
Change the integration variable:
z=¢'9, dé?:%, c059:1(2+1). (8)
1z 2 z
In the z-plane the integration contour is the unit circle |z| = 1.
2i dz
p(r)=-— é —_— (9)
r 22 4+2% Lz +1

|z|=1

The poles of the integrand are given by the roots of the quadratic polynomial in the
denominator:

d
22+2702+1:0. (10)
2
d d
Zin,out:_TOi (TO) -1 (11)

Since the loop is not crossing the wire, dy >a >r, i.e. d— > 1. Therefore both z;, and z,,;
are real. Since z;,z,,; = 1, only one root, the one with the smaller absolute value, is inside

the integration contour:
2
d d
Zip = —— + (—0) ~1. (12)

r r
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YA
2= e
Figure 2: Integration con-
tour for Eq. (9). The poles
of the integrand, z;, and “out Fin .
Zout, are shown for d—ro = % 0 1 &
2i 1
(r) = 2mi (——)Res( ,Z2=2 ) (13)
¢ r (Z_Zin)(z_zout) "
4 1 2 1 2
_m 1 _om - == (14)
T Ziy = Zout r \/(dTO)Z—l \/dg_r2
I ( ( rd
CD:’/ILJ‘qb(r)rdr:yOIJL. (15)
0 0 0o~ "
Noting that
Loy Lo o
rdr_zd(r )—_Ed(do_r ) (16)
and introducing new integration variable
u=di-r?* di-a’*<u<dl (17)
aq
=d2
'1/101 du 4= 2
O =— — = ypl = pol [do—+Jd§ —a?]. 18
3 Nm pol Vu wd? a2 Hol | 4o 0~ 4 (18)

2_ 2
dj—a

We can check the result by looking at the limit a < d;. We expect the flux to be approxi-

mately ,
pol 5 pola
~ = ) 19
27'(610 Ta Zdo ( )
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Now, if we expand the square root in Equation (18), we get

a\’ 1{a® pola?
DO =ppldg|1 -1+ |=poldy|1 -1+ ||= 2
polde (&) |~ d(’[ +2(do)l 24, 20

as expected.

Finally, the current in the loop is

I =

| S

(do—w/dg—az) %. (21)

€
R
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