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The Gamma and Beta Functions
We will now look at a use of double integrals outside of finding volumes. We will look at two of the most recognized functions in mathematics known as the
Gamma Function and the Beta Function which we define below.

Definition: The Gamma Function is defined as the single variable function  for , and the Beta Function is defined as

the two variable function  for .

The Gamma function is important as it is an extension to the factorial function  for all , and thus, . To show this, let 
. Then:

Now let  and . Then  and , so in applying the technique of integration by parts, we have that:

If we continue onward by applying integration by parts again and again, then we eventually have that:

Another nice property of the Gamma function is that for any , we have that  since (by applying integration by parts again):

Another neat property of the Gamma function is that . This is interesting since our integral does not contain a term that one would naturally

assume for the value  to arise in. Verifying this property is relatively easy once we make an appropriate substitution. Let . Then  and so
we have that:

Now plugging in  and recalling from the Evaluating Double Integrals in Polar Coordinates page that  and so 

, we have that:

Now the Beta function is also a very interesting function in how it relates to the Gamma function. One such property of the Beta function is that 

 for . To show this, we will need to make a substitution for the Beta function. Let . Then .

Now we need to find the bounds of integration. Note that  with  implies that , and  with  implies that , and so:

Now we will proceed to show that :
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Now let . Then the integrals above can be condensed into a double integral as:

Now we will convert the double integral by using polar coordinates. Let  and . Then . Furthermore 

 and so:

Thus we have that  so . As you can see, the use of double integrals came in handy in deriving this fact.
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