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When evaluating integrals using complex variables, we often need to show that

I%im 2(z)dz =0, (1)

Cr

where the integration contour Cy is a semicircular arc of radius R in the upper half-plane,
z=Re'?, 0<6 <m, A>0is a real parameter, and g(z) is an analytic function (except
possibly for a finite number of poles).

This is true if g(z) decreases ~ # (or faster) as z — oco. Indeed, on a circular arc

dz=iRe'?do, 0<6<m. (2)

The absolute value of the integral,

J-g(z)dz = iRjng(Reie)dG SRJR g(Reie)'dG (3)
0 0
Cr
m (" 1
< REL do ~ —. (4)

Therefore, the absolute value of the integral and hence the integral itself are 0 as R — oo.
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Jordans Lemma extends this result for a special form of g(z),
g(2)=f(z)e":, A>0, (5)

from functions satisfying f(z) = O(#) to any function satisfying f(z) — 0 as |z| — oo. For
A <0, the same conclusion holds for the semicircular contour Cg in the lower half-plane.

Indeed,

Jf(z) ei/\z dz = in”f(Reie) ei(/\Rcos(Q)+0) e_ARSin(G)dQ. (6)
Cr 0
Therefore,
J\f(z) ei/\z izl = iRJ‘T‘f(ReiG) ei(ARcos(6)+6)e—/\Rsin(Q)dG (7)
Cr 0
. an f(ReiG)ei(ARcos(9)+9)e—/\Rsin(9) de (8)
0
n . .
_ RJ f(ReZQ)‘ o~ Rsin(0) 39 (9)
0
T
. M
< RM(R)J e‘ARS‘n(G)dGSRM(R)/\lR: T A(R), (10)
0
where we used that (see Fig. 1)
. 3 3 ;
Je—/\Rsin(G)de _ 2Je—ARsin(9)d9S2J6—AR2”9d6:lJ.e_Z/\fed(z/\RQ) (11)
AR T
0 0 0 0
AR
U —u T -AR T(
- du=—(1- < —. 12
ARJe u=qg(l-e")< 17 (12)
0
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Figure 1: Illustration of the
inequality sin(60) > % for

0<6<E.
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