Physics 2400 Midterm I Sample March 3, 2016

Show all your work and indicate your reasoning in order to receive the credit. Present your answers
in low-entropy form. Write your name on the problems page and enclose it together with your
solutions.

Name:

Date:

Question: 1 2 3 4 5 Total
Points: 10 10 10 10 20 60

Score:

Gamma function. Leibniz’s rule.
1. (10 points) Find the value of x that minimizes the value of the following integral

x+1

I(x):flnr(u)du.

X

Complex algebra.

2. (10 points) Explain what is wrong with the following “proof™:

1= VIi= DD = YD) =ii=-1

Derivative of complex functions. Cauchy-Riemann equations.

3. (a) (5 points) Can the following two real functions, u(x,y) and v(x,y), be the real and
imaginary parts of an analytic function f(z)? Explain.

u(x,y) =xcosy, v(x,y)=ysinx.

(b) (5 points) Can the following function, u(x, y), be a real part of an analytic function inside
a unit circle in the complex plane? Explain.

u(x,y) = X2+ yz

Hint: do not try to find the imaginary part, v(x, y).
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4. (10 points) Use Cauchy-Riemann equations to find the analytic function f(z), z = x+1iy, such
that its real part is as following:

Re f(z) =u(x,y) = x + vy,

and
f(0) =0.

Express the result for f(z) as a function of z only.

Cauchy integral theorem.

5. (20 points) Show that

cos ¢ (cos p)' @ — 1d¢ = 2B(a, @),

|
N %Nlﬁ

(where B(x, y) is Euler’s Beta function) by considering the integral

Jo = 9€ [z(1-2)]"""dg,
C

where the contour C (see Fig. 1) a union of the segment of the real axis 0 < x < 1 and the
semicircular arc
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Consider the case a > 1.
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Figure 1: Integration contour for Problem 5.
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