Physics 2400 HW 6 Due: Thu Mar 31, 2016
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Question: 1 2 3 4 5 6 Total
Points: 10 25 15 10 10 10 80
Score:

Isolated singularities in the complex plane.

1. Consider the following function of the complex variable z

1= atemap o (1)

(a) (2 points) Characterize the singularity at z = 1.

O Simple pole
O Second order pole
O Essential singularity
O The function is analytic at z = ¢
(b) (4 points) Characterize the singularity at z = 5.
O Simple pole
O Second order pole
O Essential singularity
O The function is analytic at z = 5
(c) (4 points) Characterize the singularity at z = 0.
O Simple pole
O Second order pole
O Essential singularity

O The function is analytic at z = 0

Sumation of series

2. (25 points) Evaluate the following two sums reducing them to contour integral(s):

00 0 2

1 n
S(a) = Z nt + at’ T(a) = Z nt + at’

n=—oo n=—oo
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where a is a positive parameter.

Sketch the integration contour(s). Indicate the position(s) of the pole(s) of the integrand.
Compare your answer with the result produced by a computer algebra system.

Hint: (a) obtain the sum for T'(a) + ia®S(a) and separate the real and the imaginary parts of
your answer. (b) Use a computer algebra system to separate the parts.

Operators

N — d

3. (15 points) Evaluate the following expression:

4. (10 points) Recall that shift (aka translation) operator T = eP has the following property:

~

Tf(x) = fl+1).

Which of the expressions below (there may be more than one) are equal to f(x + 6)?
O 67f(x)

O 372 f(x)

O 273 f(x)

0 T°f(x)

o (72) f()

o (7%) ()

O All of the above

O None of the above

Euler-MacLaurin summation formula

Recall that
S ) = S fmem= [ f)et 5 (N +m)+ fm) +
o (PN 4 m) = i) = o (F7(N +m) = () + .
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5. (10 points) Evaluate the following sum using the first two terms in Euler-MacLaurin formula.

o

1

nms nlog(n)

S:

N

6. (10 points) Evaluate the following product:

oo

2

o= ”nl/”.
n=1

Hint: Use Euler-MacLaurin summation formula to evaluate log(«). Consider only the integral
term of the expression.
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