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Runge-Kutta midpoint method

1. (50 points) Consider the Initial Value Problem (IVP) for a first order differential
equation:

dy
dt

= f (t,y), a ≤ t ≤ b, y(a) = α. (1)

A Runge-Kutta method for solving Eq. (1), known as midpoint method, is the following
algorithm:

k1 = hf (ti , yi),

k2 = hf (ti +
h
2
, yi +

k1

2
), (2)

yi+1 = yi + k2,

where i = 1, . . . ,n− 1, ti = a+ (i − 1)h, h is the integration step, h = (b − a)/(n− 1).

The goal of this assignment is to implement the midpoint algorithm and conduct
numerical experiments to investigate its convergence.

(a) Accept the assignment in GitHub Classroom, launch the codespace, open the
template of the notebook for the assignment, midpoint.ipynb.

(b) Use Markdown to fill in the blanks in the introductory part of the notebook.

(c) Write a function myrkmid(fun, a, b, n, y1) that accepts as the arguments
the function of two variables, fun(t, y) (the right-hand side of Eq. (1)), the
integration limits a and b, the number of nodes n to use, and the initial value
y(a) = y1. The function should implement the Runge-Kutta midpoint method,
and returns two vectors, t and y, where ti = a+ (i − 1)h and yi = y(ti), i = 1, . . . ,n is
the solution of the IVP at t = ti .

(d) Consider the IVP,
dy
dt

= y, 0 ≤ t ≤ 5, y(0) = 1, (3)

with the exact solution
yex(t) = et. (4)

Solve IVP Eq. (3) using your function myrkmid for n = 16. On the same figure plot
your numerical solutions and the exact solution Eq. (4). Provide the legend, grid,
title, axes labels for your graph.

The expected graph is shown in Fig. 1.
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Figure 1: Expected graph in Problem 1(c).

(e) Solve IVP Eq. (3) using your function myrkmid for n = 8,16, . . . , 2048,4096, i.e.
n(l) = 2l+3, l = 1, . . . ,9.

Find the global errors of your solutions defined as the errors of solutions at the
right hand end of the integration range:

∆(hn(l)) =
∣∣∣yn(l) − yex(b)

∣∣∣ . (5)

Plot ∆ vs. the integration step h. By visual inspection determine the order of
accuracy of the midpoint Runge-Kutta method. ((Use the appropriate style of
plot axes.) Provide the legend, grid, title, axes labels for your graph.

The expected graph is shown in Fig. 2.

Describe your reasoning and the result of your numerical experiment.
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Figure 2: Expected graph in Problem 1(e).
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Numerical integration

2. (15 points) Sine integral is one of the special mathematical functions defined as
follows:

Si(x) =

x∫
0

sin(t)
t

dt

Write a function, mysinint(x) that implements the sine integral. Your mysinint(x)
must in turn call a Simpson’s quadrature. Use the code for Simpson’s quadrature that
you wrote for HW3. Plot the graph of mysinint(x) for 1 ≤ x ≤ 3π using 100 data
points. Use 101 points for Simpson’s integration. Be careful to avoid the division by
zero in the integrand of mysinint(x).

The expected graph is shown in Fig. 3.
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Figure 3: Expected graph in Problem 2.

3. (5 points) Clean the cells of all your jupyter notebook, save and close the notebook.
Delete unneeded notebooks if you created any (e.g. Untitled.ipynb). Commit all
your code changes, including changes to Project.toml and Manifest.toml files. Push
your commits to the assignment’s GitHub repository.
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