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Threshold Resonance Effects and the
Phase-Amplitude Approach

Di Shu, Ph.D.

University of Connecticut, 2018

A fundamental aspect of scattering is the appearance of resonances, which ap-
pear in many systems. Although their effect is often lost due to averaging at room
temperatures or higher, they can become dominant features at low or ultralow tem-
peratures, where only a few partial waves contribute to the scattering process. Our
ability to form and manipulate ultracold molecules provides the seed to study in a
precise and controlled fashion the role of single partial waves, and state-to-state pro-
cesses in chemical systems. We explore resonances occurring due to the existence
of a quasi-bound state in the entrance channel of a scattering system and explain
the energy scaling due to these near threshold resonances (NTR) based on the prop-
erties of the Jost functions. We also investigate the threshold resonance effects in
the Efimov systems which have been studied in a variety of context, such as three-
body Coulomb systems and nuclear three-body systems. Numerical schemes based
on Milne’s phase-amplitude approach are formulated to analyze NTR effects. We
present a simple and practical approach to solve the long-standing problem of find-
ing the non-oscillatory solution to Milne’s equation. Our numerical approach also
gives an integral representation of scattering phase shift and allows us to compute

ultra-narrow shape resonances.
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Chapter 1

Introduction

1.1 Radial Equation

In a scattering problem, the scattering wave function \le for a projectile with
momentum p = hk incident on a target in internal eigenstate ¢ can be expanded
onto a complete basis representing the channels. Here, we review the case of non-
reactive processes, where the initial arrangement remains intact after the scattering
event, though the general results are applicable to the reactive case. A more thorough
discussion can be found in several scattering textbooks, such as [1, 2, 3]. We consider

the Hamiltonian

2

H = (p_ + Htarget) + V(T7 8)7 (11)
24

where 7 is the position projectile and s the set of coordinates describing the target,

p is the reduced mass of the projectile and target, and V(r, s) the interaction be-

tween them. Hi,,et dictates the target dynamics, with the eigenstates HiapgetXn(S) =

Enxn(s), and we expand the full wavefunction W,/ (r, s) in the basis {x»},

Ul(r,8) =D tni(r)xa(s), (1.2)

n



where 9, ;(1) are the channel components, and the sum runs over discrete and con-

tinuum states. The asymptotic behavior reads
r—00 ; eik’nr
Uni(1) == 6i€™ " 4 fri—, (1.3)
r
where f,; = f(kn,n < k,i) stands for the scattering amplitude from the initial
channel ¢ with momentum p = hk into the channel n with momentum p,, = hk,.
Applying H onto the expansion (1.2) for W (7, s), and using [ds x},(8)xn(s) =

dmn, one obtains the system of coupled equations [1]

h2v?2
- 2Mr¢m,i + Z and)n,z = (E - Em)wm,% (14)
where
V() = / ds . ()V (r, 8)xn(s) (1.5)

Although there is an infinite set of coupled equations, one restricts the sum in Eq. (1.2)
to a finite number N of discrete terms, provided the collision energy is low enough,
to obtain the close-coupling approximation.

If we label the initial channel ¢ = 1, the solution () of the scattering prob-

lem (1.4) can be rewritten in matrix form

Vi (r) = U(r)ahi(r) + KPepi(r) =0, (1.6)
where 1 is a column with elements 1, ; and K is a diagonal matrix,

1(7) k1 0
P (r) = : , K= : (1.7)
Yna(r) 0 kn



with k, = \/2u(E — E,)/h?, and where U(r) is an N x N matrix with elements
Upnn = %’;an. In general, the entrance channel can be any of i = 1,..., N, leading
to N distinct solutions 1 (7),...,¥n(r), with each column p;(r) describing the

collision problem for initial channel i, and Eq. (1.6) can be rewritten as
V20 — UV + K*W = 0, (1.8)
where W is the matrix

W= (v ) (1.9)

and the columns ; read

4 )

(o

Wi — wz ‘ (1.10)

Un,i

\ 7

1.2 Scattering basic

For simplicity, we consider the case of spinless particles, such that the system
is rotationally invariant. Thus, a partial wave expansion can be employed for the
solutions ;(7) [1],

(20+1)

-1 (1) Pifcosh), (1.11)

NE

Pi(r) =

L

Il
o

where cos@ = 7 - k;. For each ¢ and for each i, the vector (column) 1,121@ (r) satisfies

the radial equation

NG

dr? 72

—U(r)+ K} »pY(r) =0, (1.12)

3



where | is the NV x N unit matrix.
For each angular momentum ¢, we consider N distinct solutions denoted as vectors
(columns) 1,07(12) (r), with 1 <n < N. Each vector @bg) (r) has N components @ZJ%%(T)

obeying the asymptotic behavior
WO T2 Oy [ stk )+ ki f O]

20+1

_ 1
_an

o078, = (=1)t3 /B Sihenr] (113)

where s,(z) = xjy(x) is the Riccati-Bessel function, and C,(k,) is a normalization

constant. The scattering amplitudes fy(fq)l and the elements S', of the S-matrix are

related by
SO — 6 + 20\ kb f19 . (1.14)

It is apparent in Eq. (1.13) that for each vector 'gb,(f)(r) the incident wave is in compo-

nent w%('r) corresponding to channel n. The columns w,(f) (r) form an N x N matrix,

wO(r) = (w00, w0 | (1.15)

and the asymptotic behavior in Eq. (1.13) can be recast in matrix notation,

W) 25 ifs(Kr) + ™ FOK| C(K)

Z'2£+1

= [ (1) e KPS OK 2 C(K), (1.16)

where F¥ and S are the matrices for fy(f,)l and Sy(f?l, and with the diagonal matrices

K = diag{k;} (see Eq. (1.7)), K*'/2 = diag{k;"/*}, C(K) = diag{C;(k;)}, se(Kr) =



diag{s¢(k;r)}, and e* " = diag{e*™*"}. The relationship between the scattering

amplitudes and the S-matrix in Eq. (1.14) can thus be written as

SO _ | 4 9 K/2ZFOKY? (1.17)

The differential cross sections for multi-channel scattering, with and without re-

arrangement [1], take the well known expression:

AOmen

s

Fm o o
= w12 1.18

In general, the exact form of the expression depends on the angular momenta, internal
structure, and the exact interactions entering the Hamiltonian, such as interaction
with external fields, etc. For the simpler rotationally invariant and spinless system

satisfying equations (1.11) and (1.12), we have

Jmn (0 Z (20+1 Pg(COS 9), (1.19)
=0

where @ is the scattering angle. Integrating over angles, and using the properties of the

Legendre polynomials P, one obtains the cross sections for state-to-state transitions,

e Fm

Tl kn;+| (1.20)

which can be rewritten, with the help of Eq. (1.14), as

Tmen(kn) = % (20 + 1) |6y — SO |2 (1.21)
n ¢=0
T o— o
= EZ(%H)\TSM =Y (20+1)al,. (1.22)
" ¢=0 (=0

5



The terms o,(,f)(_n are the contributions corresponding to partial waves ¢, and they are

defined as
T
ol (he) = 25 T () (123

Using the unitarity of the S-matrix, namely 1 =" 158912 = S92 + D metn 155012,

the cross sections for elastic and inelastic scattering read

" (1.24)

P = 0 = T S (2 DjL - 59

inel m = 0))2
o =3 e = EZ(%H)O_ ES1 ) (1.25)
n =0
We note that in the zero-energy limit, the cross sections are given by the s-wave
(¢ = 0) partial wave and can be expressed in terms of a complex scattering length
Un = Qi — i3, [4, 5, 6], namely 08t ~ 47|a,|* and o ~ 47, /k,, which exemplify

the usual Wigner’s threshold regime [5, 6, 7].



Chapter 2

Near Threshold Resonances

2.1 Introduction

A fundamental aspect of scattering is the appearance of resonances, which are
rather ubiquitous, e.g., as shape resonances due to the centrifugal barrier in the en-
trance channel, or Feshbach resonances due to a quasi-bound state in a closed channel.
Although their effect is often lost due to averaging at room temperatures or higher,
they can become dominant features at low or ultralow temperatures, where only a
few partial waves contribute to the scattering process. Since cold molecules were first
predicted [8, 9] and observed experimentally [10, 11], rapid progress has been made
in our ability to form and manipulate ultracold molecules [12, 13], which provides the
seed to study in a precise and controlled fashion [14] the role of single partial waves,
and state-to-state processes [15] in chemical systems. In fact, early experiments on
KRb ultracold molecules [16, 17], which explored quantum-state controlled chemi-
cal reactions using quantum statistics, motivated several studies of chemical systems
under extreme conditions, and particularly the role of resonances in controlling the
outcome. This high level of control over interactions can be realized using Feshbach
resonances [18], or by orienting ultracold molecules [17, 19]. In addition to investiga-
tions of degenerate quantum gases [20, 21], such control also allows studies of exotic
three-body Efimov states [22, 23] or application to quantum information processing

24, 25, 26].



In this chapter we consider resonances occurring due to the existence of a quasi-
bound state in the entrance channel of a scattering system. We first look at a few
examples in single channel scattering, and explain the energy scaling due to these
near threshold resonances (NTR) based on the properties of the Jost functions. We
then employ a three-open channel model to illustrate the effect for higher partial
waves £ up to f-wave (¢ = 3), and we end the discussion with the elastic case, where
additional details are given on how long-range potentials affect the validity of our
results.

The model potentials we are using in this chapter is illustrated in Fig. 2.2. Since
the long range effect is of interest, we use an inverse power tail ~ C,/R* with a hard

wall at short range to analyze the scattering properties,

V(R) = 00, R <= Rwalla
(2.1)

1
V(R) = _Ea R> Rwall'

For low energy scattering it is very convenient to use van der Waals units, namely
Ryaw for length and Eyqw = h?/2uR?,y, for energy, where p is the reduced mass of
the colliding particles. In general, for a potential behaving asymptotically as V(1) ~
—Cyr~®, the van der Waals length scale is Ryqw = (2uC,/ hQ)ﬁ. We will use van

der Waals units throughout this chapter.

2.2 Near Threshold Resonances in Single Channel Scattering
2.2.1 Jost function for finite range potential

Jost functions can be understood as the energy dependent coefficients of regular
solutions in a basis consists of asymptotic solutions. Jost functions encode most of
the information of the two-body interaction; and physical quantities such as phase
shift, cross section, can be expressed in terms of Jost functions. In this subsection,

8
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Figure 2.1. Van der Waals Units in a.u. and Kelvin.

we’ll first investigate the case when the potential is finite, for which Jost functions
are simple and easy to analyze.
The regular solution ¢x(R) is defined by imposing initial-value conditions at

Or|r=0 =0, %|R:0 =1, it can be expanded as [2],

bre(R) = ¢os(R) + K& (R) + K*¢(R) + ... (2.2)

As a function of k, the regular solution is simply a power series of k2. Asymptotically,

the regular solution can be written as,

¢k = Ag(k)jg(]f?“) + B@(k)ﬂg(/{'f’), (23)

and alternatively,
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-2000
0 0.1 0.2 0.3 0.4 0.5

R in Van der Waals Units

Figure 2.2. Model potentials used in this chapter. The potentials consist of two
parts, a hard wall at short range and a long range tail that goes as ~ C,/R®. Since
we use van der Waals units as described in main text, C, is replaced with —1. The
position of the hard wall is the tunable parameter to adjust the resonances.

1

x ikR—1tr —ikR—{
¢k:W[FZ€kR 2 — Fpe ™3], (2.4)

And the Jost Function can be defined as,
F=A—iB. (2.5)

Thus, phase shift §, and cross section o, can be expressed in terms of A(k) and B(k),

10



By
Ay’
sin?(6,) 4w(20+1) B?

— 4n(20 +1 - .
70 = AmRE )T K A+

tan(&) =
(2.6)

With the expansion of the regular solution Eq. (2.2), the derivation of the analytic
form of A,(k) and By(k) is straightforward,

k. 0(Ro) = Ajig(kRo) + Bny(kRp),

JRos! d¢ke| _ d]z A, dBW| (27)
dr "R = Aggla-ro =g R-ro
Solving the linear equations, we obtain,
Ay = g lonond,
W[Jﬁv nell] o (2 8)
Bg(k)) — k,f+lW[j€7¢k,€] R
Wije, neu] ™
Since W js, ng] = —k, and
‘ kR l+1
(2.9)
(25 ) 2 4
kR) = ———— k E* () + ...
kR = 4 ) £ ) + )
A(k) and B(k) can be expanded in the low-k limit as,
Ag(k) = A9 4 APR2 4 AR
(2.10)

By(k) = KB + Bk + BYk + .

In the above equations, A,(Zn) and Bé") are energy independent coefficients and they

depend only on the potential. When there is a resonance or a bound state near

11



threshold, Aéo) becomes vanishingly small and thus brings interesting near threshold
resonance (NTR) effects.
As an example, we computed the Jost functions and cross sections for a finite

potential,

V<R) = 00, R <= Rwally

1
V(R) = — 75, Buan < R < Ro, (2.11)

V(R) =0, R >= Ry,

with Ry = 100Ryqw, ¢ = 0 and Ry, as the tunable parameter for adjusting the
position of resonances. As we increase Ry, the depth of the well decreases and
bound states are pushed up and become resonances. Fig. 2.3 depicts the typical
energy dependence of A(k), B(k) for a short range potential. The numerical result
for the potential (2.11) is shown in Fig. 2.4. In the top panel, A|g_jp-16 =~ Ag is
plotted as a function of the tuning parameter, R.y;, the position of the hard wall;
the value oscillates around zero and when it is vanishingly small, the cross section
has a very different behavior. The blue dots in the upper panel of Fig. 2.4 correspond
to the blue curves in the lower panel and they represent non-resonant cases when
there is no resonance near the threshold; the cross section directly transits from the
high energy regime to the Wigner regime, which is flat. With the presence of near
threshold resonances or quasi-bound states, equivalently A ~ 0, cross sections in
the whole low energy regime are enhanced and a new regime appears between the
high energy and Wigner regimes, shown by the slope of the red curves.

The NTR effect can be understood easily with Eq. (2.10). For the non-resonance
cases where Aﬁo) is far from zero, the leading terms of A,(k) is AEO) and Btgo)k for

By(k), and according to Eq.(2.6), cross section is constant. However, when Aéo) ~ 0,

12
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Figure 2.3. Typical behavior of A(k) and B(k) as function of energy for finite
range potentials. Both A(k) and the cross section tend to a constant for s-wave at
the low-k limit, while B(k) ~ k.

leading terms of A(k) becomes Af)k‘2 while By(k) is independent of A@O) and as a
result cross section goes as k2.
The analysis for finite potentials is simple and similar analysis can be done with

long range potentials, or specifically, potentials with inverse power tails.

2.2.2 Long range potential

When a potential is finite or vanishes very fast, only the energy dependence of
A(k) will be significantly affected NTRs; but for long range potentials, e.g. potentials
in Fig. 2.2, both A,(k) and B,(k) are affected. According to Willner and Gianturco

[27], the single-channel Jost function for a potential which behaves asymptotically

13



(r — 00) as an inverse power (V ~ r~%) has the following k-dependence:

Ai(k) = Ag(k)LAY(k) + By(k) LA (k),
By(k) = By(k)LPB(k) + Ay(k)LPA(k).

A(k) and B(k) are analytic functions,

A(k;) = A0 L A@p2 4 ... 7
B(k) — k2€+1(B(0)+B(2)k2+_”),

(2.12)

(2.13)

where we omit ¢ for simplicity. Note that A(k) and B(k) are of the same form as A(k)

and B(k) for finite range potentials. The functions L(k) in Eq. (2.12) contain the

effect of the long-range tail, and can be expanded as power series (possibly including

log-terms) [27], the coefficients a, b, ¢, d, ¢, d’ in the equations below are numerical

constants independent of C,. For the case when n # 2¢ + 3, the leading terms are

LAY = 1+ aCLk*?log(k) + ...,
LPB — 1+ bC k" 2 log(k) + ...,
LAP — cCL k72 + ¢ CP* K log(k) + ...,

LPA — dC k2 + d'C*k* log(k) + ...

The functions A(k) and B(k) have leading terms,

B(k) — d(Ag + Ak?)Cuk™? + K2 By,

A(k) — (Ag + Ask?) 4 cByC k2ot

(2.14)

(2.15)

where we employ the simpler notation A, = A®) and B, = B®). For the case when

n = ¢+ 3, we have

14



LA 514+ a0,k 2 + ..,

LPB 5 1 +bC k% + ..,

(2.16)
LAP — cC k2 log(k) 4+ dCLk* ™% 4 ...,
LPA — dC k"2 log(k) + d'Cok® 2 + ...
The corresponding A(k) and B(k) behave as
B(k) — d(Ag + Ayk*)Cok®*log k + k* ™ By, 217
2.17

A(k) = (Ag + Agk?) + c¢BoCok** og k.

Again, the parameter Ay is closely related to near threshold resonances and since both
A(k) and B(k) are dependent of Ay, the threshold energy dependence of the cross
section becomes more interesting. We use the same model potentials as described in
Sec. 2.1, except that the potentials now have long range tails up to infinite, instead
of being finite range.

The first column in Fig. 2.5 shows numerical results for the case whenn =4, ¢ = 0.
Despite the long range tail — 1/R™*, the cross section looks very much like that of
the short range potential in Fig. 2.4. According to Eq. (2.15), at ultra-cold limit
A(k) = Ay + Ask?, B(k) =~ Bok + dAgCok?, and consequently, A?(k)+ B%(k) ~ A%+

: B2k An B2
Bik*+2A0 Agk?. With the absence of near threshold resonance, 0 & 5 5r-tm ~ —t
0 0 0

at the low-k limit. When there is a NTR effect, Ag ~ 0 and 0 ~ i—g% ~ 4k—72r,
which also explains the slope between the Wigner and higher energy regimes, the red
curves in Fig. 2.4, since the leading terms of A(k) and B(k) are the same.

When ¢ # 0, NTR will also result in shape resonances as we shall see in the next
example for n = 3,/ = 1. Again, we expand the Jost function in the ultra cold limit
according to Eq. (2.15), A(k) ~ Ag + Ask?, B(k) ~ dAyCok + dAsCLk? + Bok?,
so that A%(k) + B%(k) ~ A% + d>A2C2k* + 2A0Ask? + A2k + 2d*AgAyC2 K4, thus
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o =

A202 k2 . . . .
e ~ 121C2 for the non-resonant case. Eliminating terms with Ao
0 0~

gives us,

127 (BO + AQOQ)QI{PG -~
k2 AZk4 + (By + AsCo)2kS ~

o= (2.18)
which indicates that in the NTR regime the cross section is also constant as in the
Wigner regime, but with a different value, as shown in Fig. 2.5 second column. Unlike
the case when ¢ = 0, a sharp peak appears between the NTR regime and Wigner
regime. This can also be explained with leading terms of A(k) and B(k). In the s-
wave case, the leading term of A%(k)+ B?(k) ~ A2+ Bgk*+2AgAsk? transits from A2
to Bgk? where k ~ Ay, but the leading term of B(k) is always BZk* ~ k*. While in the
p-wave case, the leading term of A%(k)+ B?(k) ~ A2+ d?A3C%k* +2A0Axk? + A3k* +
2d? AgAsC2k* transits from AZ to A2k?, with the transition taking place near k ~
|Ag|z. If A and A, have different signs, the leading term of A2(k) + B2(k) becomes
of the order k% since A?(k) ~ A2k® and B?(k) ~ (Aok + Bok?)? ~ (k*k + Bok?)? ~ kS.
Thus during the transition, denominator decreases significantly, which gives the peak
of shape resonances. When Ay and A; have the same sign, the leading term of
A%(k) + B*(k) during the transition will always be around k* and no peak will be
present. Numerical results for n = 6,/ = 1 shown as the dashed line in the third
column of Fig. 2.5 includes an example with a quasi-bound state near the threshold
instead of NTR. The overall enhancement and NTR regime of the cross section still
persist but the shape resonance peak is absent. Using the same analysis as done in
the cases of n =4,/ =0 and n = 3,¢ = 1, the energy dependence of cross section in
Wigner and N'TR regimes can be easily derived, when no resonance is present, as
By

127 B2KS 914
~ 12n(— 2.1
k? A2+ BRkS USwiLE (2.19)

g =

16



and with the NTR effect, as

127 ng6

2
= W A B 127 [—]". (2.20)

As

Another interesting new regime appears between the NTR regime and the Wigner
regime, for cases such as n = 4,/ = 1 and n = 6,/ = 2, as we shall see next. We

name the new regime the Effective Wigner regime.
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Figure 2.6.  The partial wave contribution to the elastic cross section for the

critical cases ¢ = 1 with @« = 4 and ¢ = 2 with @ = 6. The true Wigner regime
behavior (k**7%) was factored out, to better illustrate the three distinct regimes, but
the k-dependence of o' itself is indicated for each regime.
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Following Eq. (2.15), we obtain the following expansions,

A(k’) ~ A0+A2]€2,

oa
=
2

AgdC k2 + Byk*H!, (2.21)

For ¢ < %52 the dominant term for B(k) is Bok®*™ (just as in the case of a short-
range potential), and the threshold behavior of 0% (including possible NTR effects)
is as shown for n =4,/ =1 and n = 6,/ = 1. However, for ¢ > O‘T’B’, the dominant
term for B(k) will be Agk®~2. Consequently, when Ay is vanishingly small, both A(k)
and B(k) will lose their dominant term simultaneously, and both the denominator
and the numerator in the expression (2.6) for the elastic cross section are now sensitive
to NTR effects. In particular, for any given inverse power «, there will be a partial
wave £ such that both terms (Agk®~% and Bok**!) compete in Eq. (2.21) for B(k) at
low k. In such a case, the corresponding partial-wave contribution to the elastic cross
section can have a rather surprising threshold behavior, as illustrated in Fig. 2.6 for
¢ =1 with o = 4, and for £ = 2 with an o = 6 inverse-power potentials.

Fig. 2.6 shows the threshold behavior of the quantity k5~2%¢¢ast for two critical
cases: £ =1 with a =4, and ¢ = 2 with a = 6. Although one recovers the expected

elast

behavior g°18st ~ k2=6 for k — 0, this true Wigner regime is displaced to exceedingly
low energies, which are practically inaccessible. There is instead an intermediate
regime between the NTR and the true Wigner regimes, which we refer to as the
effective Wigner regime. The appearance of three distinct regimes can be explained

by the low-k behavior of the Jost function in Eq. (2.21). For { = 1 and o = 4, we

have

=
N
2

Ay + Ask?,

B(k) =~ AydCuk* + Bok?, (2.22)
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and using Eq. (2.6), the numerical results in Fig. 2.6 are readily understood. Indeed,
the denominator A? + B? in Eq. (2.6) is dominated by A(k) at low k, and hence
the position of the shape resonance is the value of k& where A(k) vanishes, ks =
|AgA; |2, which marks the transition between the NTR and the effective Wigner
regimes. On the other hand, the transition between the effective and true Wigner
regimes is dictated by the behavior of B(k). Namely, this transition takes place near
the values of k where the two terms in Eq. (2.22) have the same absolute value, i.e.,
ket = |AodCyBy 1\. It is thus clear that k.g approaches the threshold much faster
than k. when Ay — 0, and the true Wigner regime almost disappears into the deep
ultracold regime. Therefore the significant difference between k. and ks opens a
window with abnormal energy scaling between Wigner and NTR regimes. Similarly,

for « = 6 and ¢ = 2, we have

=
N
2

AO + A2k2a

B(k’) =~ A0d06k’4+Bok‘5, (223)

and kg ~ |Ao| approaches the threshold faster than ks ~ |A0\% when Ag — 0, just
as in the previous case.

So far we have discussed the NTR effect when n # 2¢ 4+ 3, and the analysis is
very similar for n = 2¢ + 3, except the terms with £™ log™?(k) could be dominate
and these terms are responsible for the well-known logarithmic energy dependence of

cross section for n = 3,/ = 0.
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Figure 2.7. Results for the case n = 2¢ + 3.

As shown in top panels of Fig. 2.7, cross sections forn =3, =0, n =5/ =1
and n = 7,/ = 2 behave as log®(k), k*log?(k) and k®log?(k) respectively. However,
with a NTR effect, not only a new regime appears, the ”Wigner regime” seems to
lose the logarithmic behavior to become the same as for n # 2¢ + 3. In other words,
the NTR effect reduces the long range effect of the potential. A detailed analysis for
n = 3,¢ = 0 is demonstrated below, it is very similar for the other two cases.

Using Eq. (2.17), A(k) and B(k) can be expanded as, A(k) ~ Ag+cBoCqk*log(k),
B(k) = dAyC,klog(k)+Bok. Inthe Wigner regime, A(k) ~ Ag, B(k) ~ dAyC,klog(k)
and in turn o ~a 47C?(log k)?. When Ay is vanishingly small, A?(k)+ B*(k) ~ Bak?
and B(k) ~ Bk, so the cross section has an energy dependence of ~ k=2 shown as the
NTR regime in the lower panels of Fig. 2.7. As we lower the energy and move grad-
ually from the NTR regime towards the Wigner regime, A2 becomes dominant with
k ~ |Ao/By|, and dA¢Cyklog(k) becomes dominate where k ~ exp[—|By/(dAoCy)l],
which is much smaller than |Ay/By| when Ay is small. Therefore, before the cross
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section reaches the real Wigner regime where k& ~ dAyC,klog(k) dominates in the
expansion of B(k), B(k) ~ Bok, A%*(k) + B?*(k) ~ A%, which gives a constant cross
section in finite range potential case. Again the abnormal new regime can be inter-
preted as due to the large difference between kg and ke, as in the case of n =4, =1
and n = 6,0 = 2.

For high partial waves, B(k) in Eq. (2.12) will be dominated by the anomalous
term LPA(K)A(k) ~ dC,k*~2(Ay + Ask?). Thus, irrespective of Ay being small or

large, we have

elast dcakaig(AO + A2k2) i ~ k2a76

T ¢—high "~ Ay + Ak ) (2.24)

which is valid for ¢ > C“T_?’ The threshold behavior is no longer affected by a shape
resonance, and the Wigner regime covers the entire domain of low energy, see bottom
panel in Fig. 2.10. If the resonance becomes bound (just below the threshold) the

spike disappears, and there are no resonant effects whatsoever.

2.3 Near Threshold Resonances in Multi-Channel Scattering
2.3.1 Jost function formula

Jost functions are useful in the analysis of single channel scattering and also give
insight into multi-channel problems as we shall see in this section. For N coupled
channels, the regular solution ®(r) is defined as an N x N matrix obeying Eq. (1.12).
The components gzﬁ%)n satisfy the boundary condition gzﬁ%)n (1) ~ Spnrt asr — 0; more
specifically, assuming the potential elements U,,,(r) are less singular than =2 at the
origin, we impose the initial condition

SO (1) 7 G s¢(kmr ). (2.25)

mn
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The asymptotic behavior of ¢%)n can be written as

&0, (r) =5 sy(knr) AL, + co(kmr) BY),, (2.26)
where s¢(z) = xji(x) ~ sin(z — £€%) and c/(z) = —2ye(r) ~ cos(x — (F) are the

Riccati-Bessel and Riccati-Neumann functions, respectively. We recast Eq. (2.26) in

terms of the free-particle solutions ¢, + is; ~ e 47/2) namely
o0 (r) 1225 L [(A0, — iBO ) ilhmr—tx/2
mn 2 mn mn
— (AL, + B, et tbmr=tm/2] (2.27)
it 0 —ik ¢ (0% +ik
= = [Tone™™ " = (=1 Tretr], (2.28)
and we identify the Jost matrix elements,
TJH =A0 —iB"). (2.29)

We now rewrite the asymptotic behavior (2.28) in matrix form,

v [efiKrJZ o (—1)Z€iKTJZ], (230>

which we multiply by iJ,'C(K) on the right, and compare with Eq. (1.16) to find

the physical solution,

v = i‘@® 7, 1C(K), (2.31)

and the S-matrix,

SO —K"2gr g K2 (2.32)
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In the formalism presented here we assumed that neither the target nor the pro-
jectile have any internal rotational degrees of freedom, in order to focus on the orbital
angular momentum ¢ of the relative motion, which is responsible for the shape reso-

nances that will produce NTR effects.

2.3.2 Numerical results
2.3.2.1 Model potentials

For a systematic investigation of near-threshold shape resonances in high partial
waves, we employ a simple model which incorporates the key ingredients of coupled-
channel scattering. This will allow for easy tuning of NTRs. We shall illustrate the

effects of NTRs on cross sections for partial waves s, p, d, f.
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Figure 2.8. Upper panel: coupling potentials used in our three-channel model,
see Eq. (2.34). Lower panel: diagonal potentials, see Eq. (2.33). The inset shows
the effective potential in the entrance channel, including the centrifugal term, for
(=0,1,2,3.
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Fig. 2.8 depicts the potentials V,,,,, used in our model. There are three channels

all open) with identical attractive diagonal potentials V,,,(r) = —Cgs /7%, and a hard
(all op gonal p :

wall is placed at short range. The position ry of the hard wall was tuned for each

partial wave to bring a shape resonance near the threshold of the entrance channel

n = 1, just as in the single channel case in Sec. 2.2. We also use the van der Waals

units as described in Sec. 2.1. Using the dimensionless variable x = r/R.qw, the

diagonal potentials read

Vnn(I) +00, r <Tp,

—T ", r>Ty,

and the off-diagonal couplings (which are all identical) are given by

Vam(z) 0007
EvdW - 1 -+ 621710'

The channel threshold energies F,, are

0, n=1,

E, B
Fogw = —100, n =2,
—200, n=3,

(2.33)

(2.34)

(2.35)

with n = 1 being the entrance channel. The locations of the hard wall for each partial

wave ( are
’
0.42402677, =0,
ro ] 0.37845091, (=1,
Ruaw 0.34646173, (=2,
| 0.32219300, t=3,

(2.36)



adjusted in order to bring a shape resonance near the threshold of the entrance
channel (n = 1) for each of the partial waves (¢ = ¢, < 3) studied here . Except for

the entrance channel, we used ¢5 = /3 = 0 in channels n = 2, 3.
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2.3.2.2

Numerical results of inelastic cross sections

(=}

1

2Hrrr| LU AL AL AL AL ML AL AL ML AL AL L L AL R

HLLLI mm‘ HMLLLI HHUJ HUlI.I HHLLLI mm‘ HMLLLI HHUJ HML‘ HHLLLI mm‘ HMLLLI HHUJ HUlI.I 1
-16 13 -10 -7 4 -
0 10 10 10 10 10

lmw UL IRALLL AL L AL AL AL I ALY AL L AL AL AL HL

—_—

k K

oo ol ol o ool ol vovd o ol v oo vl ed veued

10”10”1000 10° 107 0

SSRELL BRRLLL BRRELL BURLILL BRI BRI BRELLL BRRELL BRI B

=2

—_
(=]

v vl vd vl el vl vl ol ol 3

107 10° 10° 0’
T 17 HHTI

UBURRALLL B | T T T

—_

R | R |

[=3

k

TTTTTTTTTTTT

TEEEETTT BRI
-2 -1 0
10 10

Ll

10

sl

10°
E/E

11 lHHlI 11 lHHlI
-6 5 4
0 10 10

Figure 2.9. Energy dependence of the partial inelastic cross sections for ¢ = 0, 1, 2, 3.
Red and black curves correspond to final channels f = 2 and f = 3, respectively.
Full lines for shape resonance just above the threshold, dashed lines for quasi-bound
resonances just below the threshold.
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We computed o—}“j‘?’ for ¢ = 0,1,2,3, for final channels f = 2,3, and the results
shown in Fig. 2.9 demonstrate that the partial inelastic cross sections for both final
channels follow the same behavior, except for their different overall magnitudes. As
indicated in each panel in Fig. 2.9, the various power-laws displayed by a}nilgé)(k) for
both the Wigner and NTR regimes are in agreement with Eq. (2.59) and (2.59) for
¢ =0 and ¢ > 1, respectively. The full curves in Fig. 2.9 correspond to the case of
a shape resonance just above the threshold, while the dashed curves correspond to
the case of a quasi-bound state lying just bellow the threshold. In the former case,
the sharp resonant peaks mark the transition between the Wigner and NTR regimes;
the narrow widths of the shape resonances are mostly due to slow tunneling through
the centrifugal barrier. In the latter case, the transition between the two regimes is
rather gradual, as shown by the dashed curves in Fig. 2.9. The absolute value of the
binding energy of the quasi-bound resonance corresponds to the transition between

the Wigner and NTR regimes.

2.3.2.3 Numerical results of elastic cross sections

While the threshold behavior (including both NTR and Wigner regimes) of the
inelastic cross sections is unaffected by the long-range nature of the diagonal poten-
tial in the entrance channel, the elastic cross section at low energy can be altered
significantly.

Indeed, for single-channel scattering it is well known that the low-energy behavior
of the phase-shift §, in partial wave ¢ depends on the asymptotic behavior of the
potential; e.g., if V(r) ~ r~® when r — oo, we have the threshold behavior §,(k) ~
ko2 for £ > 23 while the “normal” behavior d;(k) ~ k2! is only valid for £ < 23.

Accordingly, the threshold behavior for the partial elastic cross section is o§l2t(k) ~
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k20=6 for ¢ > o=3

-2, and o™ (k) ~ kA for ¢ < O‘T_g However, if a shape resonance is

very close to the threshold, it can affect the low energy behavior in a surprising way.
Fig. 2.10 shows the partial elastic cross sections for our three-channel model. For
= (0 and ¢ = 1, we find the “normal” behavior for both the Wigner and NTR regimes,
see Egs. (2.61) and (2.63). For ¢ = 2 the behavior o8®t ~ k8 in Fig. 2.10 also follows
Eq. (2.63), even though Wigner’s threshold law dictates 0§ ~ k2*=6 = kS for ¢ > g
(recall that o = 6 is the inverse power for our diagonal potential). The unexpected
behavior o§#t ~ k8 for £ = 2 in Fig. 2.10 can be understood in terms of the single-
channel Jost function for a potential behaving asymptotically as an inverse power,
V(r) ~r~*, As described in the previous Sec. 2.2.

For ¢ = 3 (bottom panel in Fig. 2.10), the Wigner regime behavior is the expected
one for a long-range potential, but the NTR regime behavior is surprisingly the same
as Wigner’s law. Hence, the two regimes can no longer be considered as distinct
energy domains, and the contribution of partial wave ¢ = 3 to the scattering process
is practically unaffected by the very sharp resonance.

As is well known, inter-atomic potentials do not behave asymptotically as a single
inverse power term, V' ~ r~% but instead they have a long-range expansion containing
several such terms, e.g., V(r) ~ —% — & _ % Although this general (and more
realistic) case can be easily tackled numerically, it is less amenable to a theoretical
approach. Indeed, threshold behavior has been studied mostly for the simplified case
of long-range interaction of the type V(r) = C,/r® [27, 28, 29, 30]. Typically, the
term with the lowest inverse power is dominant and will dictate threshold behavior;
thus we expect our analysis will remain valid in the general case. However, in the
unusual case when Cj is exceedingly small, threshold behavior may be affected by an

interplay between two or more terms in the asymptotic expansion of V' (r).
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2.3.3 Multi-channel NTR effects explained with Jost function
In order to explain the appearance of the NTR regime we make use of the prop-
erties of the S-matrix, which in turn is expressed in Eq. (2.32) in terms of the Jost

function. The inverse of the Jost matrix in Eq. (2.32) can be written explicitly,

B 1
~ det(J)

) T
T (o)) (2.37)
with [Cof(J)]" the transpose of the cofactor matrix of J, and det(J) the determi-
)

nant of J. Thus, we rewrite the matrix element S}(fi) for the partial cross section o/ ;

in Eq. (1.23) as

k%kf%
- £ * T
kik
_ Riki S
C det(T) & GG

where the partial-wave superscript (¢) was omitted, and C;; = [Cof(J)];; are the

cofactors of J. Eq. (2.29) yields j;‘j = Jtj + 2iBy;, and we have
ST 50 = Y TGy +20Y ) ByyC,
J J J
= (Sfi det(J) + 21 Z ijCij, (238)
J

where we used the properties of a determinant in terms of cofactors. The matrix

element Sy; now reads

1 _1
2 2

Kk
R I} A BCs
Sy =051+ 2 gog 7y 2 BaCn

which yields the element TY; of the T-matrix,

Ty = —2i 1" By,Ci;.
= ik s
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Thus, the partial cross section ' . in Eq. (1.23) reads

f«i

2

> BriCij

det(J) (2:39)

Ofei = %|sz'|2 = drkgk;”

Assuming a resonance exists and is due to a quasi-bound state in the entrance

channel, 7, we separate its contribution and write the determinant as

det(T) =Y TnCin = Cis(Tii + Jis), (2.40)
where

P S A (2.41)

Jzz — C“ n#l m-in ¢ ‘

The denominator |det(J)|* in Eq. (2.39) can now be written as
| det(T)|* = |Cul*| DI, D = Tii + i - (2.42)

We emphasize that the cofactor Cj; includes all but the entrance channel and, based
on the assumption that the resonance is in the entrance channel, Cy;(k;) is a well-
behaved function almost independent of k; as k; — 0 [31]. We shall see that the
effect of the resonance is accounted for in D(k;), mostly via the J;; contribution. For
clarity, we label the entrance channel defining the threshold for the scattering energy
by ¢ = 1, and simply adopt the notation k; = k; and ¢; = ¢;, such that the partial
cross section reads

2
> BriChj

CiD

3

Ofe1 = 47Tl€f]€1_ (243)

To understand the behavior of os,; at small values of ki, we examine the ;-
dependence of B,,, (k1) and C,,,(k1). The latter is in turn expressed using A,,, (k1)
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and B,,,, (k1) obtained from Eq. (2.25) and (2.26). If neither subscript corresponds to

the initial channel, we find

m#1 Apn = AD + AQ K2 4+
= (2.44)

n+#1 By = B9 + B&2 + ..,
where AL} and B are the coefficients of the power series. For m = n = 1, we have

. , (2.45)
By =k (BY + Bk + ..,
while for n = 1 and m # 1, we find
Ay = K (AY) + AZ k2 ), 2.46)
By = K2H(BY) + BOK + ..,
and if m =1 and n # 1, we have
A = k7071 (A0 4 AP g2 ),
1 1 ( 1n 1n V1 ) (247>
By, =k (BY + BPk2 ).
We obtain the following behavior in leading order
B k,2£1+1 )
1 ~ Ry
Bp o~ k0Tt Ci ~ C9 = const
n ' and o 1;) (2.48)
El el
Blj ~ k]. Cl_] ~ Clj kl +17
Bg; ~ const )

where f # 1 and j # 1. Note that both Cﬁ)) and Cg) are complex valued constants.
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2.3.3.1 Jost function analysis for inelastic cross sections
For f # 1, Eq. (2.48) yields }; By;Cy; ~ kit and using the fact that ks reaches
a finite value as k; — 0, we obtain

201+2 201—1
kl kl

inel(£1) ~ k k_3 ~ 92 4
N N T AR (2:49)

Thus, the threshold behavior of the cross sections will be dictated by D(k;). We
denote k = k; and ¢ = ¢, to simplify notation, and we now focus our attention on

D(k). From Egs. (2.42) and (2.29) we have
D(k) = A1y — iBu + ju,

with j;; = C' Zn#(Aln — 1B1,)C1y, see Eq. (2.41). Using the leading terms in
Eq. (2.47) together with C; ~ C\Y = constant, and Cinp & Cfg;lk”l given in
Eq. (2.48), we write

: 1 -1 (4O 4 2 4@

n = WZ[k <Aln+kA1n+"')
11 n#l

ikt (Bﬁ? +12B? 4+ . )] COpt

. Zgﬁj (A9 + 1242 +..)

n#1 Y11
. 0 2
_Zk2€+1 <B§n) + k2B§n) + .. )] ’
= jo+jok” — ik (go + g2k?) +. ... (2.50)

The complex numbers js = > A%:BC;?B/C;? and gs = >, Bifjcf,?/cf? have

small magnitudes. Using Eq. (2.45), we obtain
D(k) = [(Ao +jo) + (A2 +jo)k* + .. ]

—?:]{32“_1 [(BO + g()) + (BQ + g2)k2 + .. ] s (251)
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where we employed the simpler notation A; = Ag‘? and By = Bﬁ)

. The exact form
of D(k) depends on the value of ¢, and for this reason we consider £ = 0 and ¢ > 1
separately.

e £ =0 — For s-wave we have
D(k) = [(Ao+jo) + (As+jo)k? + ... ]
—ik [(Bo + go) + (B + g2)k* + ... ],
= Do+ Dik + Dok® + Dsk® + ...,

where D(] = Ao —|—j0, D= —i(Bo +g0), Dy = (AQ +j2), D3 = —i(BQ +g2>, and so on.

The expansion of |D]? takes the form
|D(K)[? ~ Ao+ Ak + Agk? + ..., (2.52)

with Ag = |Do|?, Ay = D{Dy + DyD;, Ay = |Dy|* + DiDy + DoDj, etc. The
denominator | D|? will exhibit the Wigner or NTR scaling depending on the magnitude
of Ay. If |Ag| is large, then |Dy| is also large and A is the dominant term in Eq. (2.52)
at low k. However, if A is vanishingly small, and since jo is also small, there will
be a range of k where Ay is not the dominant contribution, and since A; is also
proportional to Dy, the dominant term will be Ay & |D;|? (since both DyDj; and
D{ Dy are also small). This condition gives the NTR scaling for a given range of k.
To better distinguish the Wigner and NTR regimes, A; can be omitted in Eq. (2.52)
since it only plays a minor role in the transition between the two regimes. Hence,
Eq. (2.49) reads

—1
inel __ mel(f:O) k

Oyp—o = Uf(—l ~ m (253)

From Egs. (2.43) and (2.49) it follows that this k-scaling is the same for any exit
channel f # 1, although the overall magnitude is channel specific. The appearance
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of the NTR scaling depends of the relative strength of Ay and A,. From Eq. (2.53),

we have

el k1, Wigner: k< \/]Ao/A,]

ginel , (2.54)
k=3 NTR: k> \/[Ag/A]

e £ >1— We first consider the p-wave (¢ = 1) case. From Eq. (2.51) we have

D(k) = [(Ao+]o) + (As+j)k” +...]
—ik® [(Bo + o) + (B2 + g2)k” + ... ],

= Do+ Dsk?* + D3k® + Dyk* + .. .,

where Dy = Ag+jo and Dy = (As+j2) as before, Dy = Ay+j4, and D3 = —i(By+go)

which is similar to D; in the ¢ = 0 case. The expansion of |D|* reads
|D(k’)|2 ~ A[} —+ AQkQ + A3k3 —+ A4]€4 —+ ... s (255)

with Ag = |Dof2, Ay = DDy + DoD3, Ay = DiDy + DyDi, and Ay = |[Dyf? +
D{Dy + DyDj. Again, when A (and hence Dy) is large, Ag is the dominant term
in Eq. (2.55) for small k, corresponding to the Wigner regime. But when Ay and jo
are small, then Dy is small, and there will be a range of k for which Ay, Ay and Aj
are small compared to Ay ~ |D,|?. Similar to £ = 0 case, Ay and A3 play a minor
role in the transition between the Wigner (with Ay dominant) and NTR (with Ay

dominant) regimes, and can be omitted for clarity, which yields

ID(K)|? ~ Ao + Agk* + ... (2.56)
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For ¢ =2, Eq. (2.51) yields in a similar way

D(k) = [(Ao+]o) + (Ao +J2)k” + ... ]
—ik® [(Bo + go) + (B2 + g2)k* + ... ],

= Do+ Dok?* + Dyk* + Dsk® .. .,

with Dy, Dy, Dy as given above, and D5 = —i(By + go) similar to D; in the £ = 0

case. The expansion of |D|? becomes
|D(k)|? = Ag + Agk® + Ayk* + ..., (2.57)

with Ag, Ag, Ay the same as for £ = 1. There is no k? term, which holds for ¢ > 2 in
general. Again, A, plays only a minor role, and the same expression (2.56) for |D|?
can therefore be used for all ¢ > 1. Finally, combining Eqs. (2.49) and (2.56), we

obtain

. k/,2£fl
inel __ 11161(@7’&0) ~

0'5750 = Uf<—1 m (258)

As mentioned above for ¢ = 0, the k-dependence in Eq. (2.58) is the same for all
exit channels f # 1, with the cross section for each channel having its specific overall
magnitude. The appearance of the NTR scaling depends of the relative magnitude
of Ag and Ay,

inel k%il? Wigner: k< |AOAZI|1/47
R (2.59)
k*=5, NTR: k> [AgAL VA,

In summary, the NTR regime appears when Dy ~ A is vanishingly small. The
transition between the Wigner and NTR regimes takes place near k ~ |DyD; | ~
|AgBy!| for £ =0, or near k =~ |DyDy*|"/? ~ |AgAy* |2 for £ > 0.
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2.3.3.2 Jost function analysis for elastic cross sections
Under the assumption that the interactions are short-range, one can also apply

Eq. (2.48) for the elastic cross section, such that Eq. (2.43) yields

O_elast N ﬁ k4é+2 N k4£ |
U R D(R)E T ID(R))?

(2.60)

The denominator |D(k)|? is the same as in Eq. (2.49), and only the numerator differs.

Thus, for £ = 0 we have

elast 1

Tp—p ™~ Ao+ 2D, (2.61)

leading to

1 const, Wigner: k < /|A¢/As],
O_;):a(s)t ~ (262)

k=2, NTR: k> \/|Ao/As.
For ¢ > 1, we obtain

40
elast k

~—— 2.

which yields

E¥  Wigner: k< |Ag/Ag|V4,
O_elastN & | 0/ 4| (264)

140
k=4 NTR: k> Ao/ A4V

We note that the NTR regime for ¢ scales as the Wigner regime for /—1; in particular,

for £ = 1, the NTR regime behavior is 0®* ~ k¥ = constant.
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Chapter 3
Near Threshold Effects in Efimov Systems

Three-body problems have been studied in a variety of context, such as three-body
Coulomb systems [32, 33, 34], and nuclear three-body systems [35, 36, 37]. Efimov
predicted that a system with three particles may have a large number of trimer states
even when the dimer potential does not posses any bound states [38, 39, 40]. The
existence of the Efimov trimer states requires the two-body scattering length a to be
much larger than the characteristic range of the two-body interaction Ry. Ultracold
gases are ideal candidates for studying Efimov physics since the scattering length a
can be tuned using Feshbach resonances. When a — —o0, an Efimov state near the
three-body threshold will give a resonant enhancement for the recombination rate
K3. This enhancement has been experimentally observed as atom loss for a variety
of systems [22, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54]. When a — +o0,
a similar enhancement has been observed for the vibrational relaxation rate K. for
collisions between atoms and loosely bound dimers [49, 55, 56, 51, 48]. Resonant peaks
for atom loss rates have also been observed for pure ultracold atom gases with a > 0
[57, 58, 42], and an avalanche mechanism has been proposed as an explanation in
terms of molecule-atom threshold resonances [42, 57|, though other experiments have
been conducted pointing to different conclusion [59, 60]. For a — +o00, interference
minima as a signature of Efimov states in three atom loss rates have also been observed

[58, 42, 57, 43, 61].
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Efimov physics has been studied mostly in the zero energy limit, e.g., the recom-
bination and relaxation rates near zero temperature, and only recently the energy
dependence of these quantities has received attention [62, 63, 64, 65, 66, 67]. In this
chapter, we investigate the energy dependence of the three body recombination rate
K3 and relaxation rate K., paying special attention to the threshold behavior of
K3(F) for a < 0 and K,q(E) for a > 0 when an Efimov state is near the threshold.
We also explore the behavior of K3(E) for a > 0 for specific values of a leading to

large suppression effects.

3.1 Model Potential and Jost Function Approach

We present our study of the Efimov effect for the case of identical bosons, BBB,
where B denotes a neutral bosonic atom in its ground state. Our findings are however
also applicable to other systems (such as mixtures of the type BBX) which have a
similar attractive Efimov potential. In addition, we only consider the case of total
angular momentum J = 0, which is sufficient at low energy where contributions of
higher J values are strongly suppressed.

Although the long range Efimov states seem counterintuitive, their appearance can
be explained by the attractive 1/R? behavior of the lowest adiabatic hyperspherical
potential for Ry < R < |a|, where R is the hyperradius, and a and R, are the
two-body scattering length and characteristic interaction range, respectively. The

attractive Efimov potential takes the form [68]

sg+1/4

VEf(R) = - R2 )

(3.1)

where sy = 1.00624 is a universal constant. Following [68], the appropriate reduced

mass is implicitly included in Vg¢(R); the same is true throughout this chapter for
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all potentials. According to Efimov [38], when a — =00, the number of three-
body Efimov states is proportional to In(|a|/Rp), and is independent of the sign of
a. However, the lowest adiabatic hyperspherical potential depends on the sign of a.
Specifically, when a < 0, the Efimov potential correlates in the asymptotic region
R > |a| to the repulsive potential

Viey(R) = —geﬁ(fgf v (32)
with log = %, which is the lowest three-body continuum channel. Again, V4, contains
the reduced mass. In this case, the three-body recombination rate K5 exhibits a res-
onant enhancement when an Efimov state is near the three-body breakup threshold.
When a > 0, the effect of the Efimov states on the three-body loss rates is quite
different, which is due to the fact that the Efimov potential correlates to the weakly
bound dimer channel. Following Esry et al. [68], we employ a simplified model which

captures the essential physics of the Efimov effect.

3.1.1 Single-channel model for a < 0

For a < 0, the entrance channel is the lowest three-body continuum channel, and
all other channels corresponding to the three-body continuum can be ignored since
their hyperspherical adiabatic potentials are entirely repulsive; their contribution will
be highly suppressed at low energy . We assume that the dimer has deeply bound
states, which is typical for atom—atom potentials, and we shall use a single channel
model to analyze the three-body recombination. The recombination channels cor-
responding to the deeply bound dimer states are taken into account a posteriori,
as explained in this section. The fact that the coupling of the entrance channel to
the recombination channels takes place at short range (R < Ry) allows for a single-
channel model of the multi-channel problem that reproduces qualitatively the energy
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dependence of K3 [62]. To extract K3(FE) from the single-channel results, we use an
approach based on the Jost function, as opposed to the wave function as used by [62].

Namely, we obtain the single-channel regular solution ¢ (R) by numerically solving

w(R) = [Vi(R) — k*]¢n(R), (3.3)

where V) is the potential curve shown in Fig. 3.1. Note that for Ry < R < |al,
Vi(R) = Vge(R) and for R > |a|, Vi(R) = V,sy(R). Equation (3.3) is supplemented
with the initial condition ¢r(Ry) = sinyy and ¢} (Rog) = cospy, where the phase
o accounts for the contribution of the short range region. As shown in the inset in
Fig. 3.1, the parameter ¢ can be adjusted to obtain agreement with the experimental
results for the value of a; of the two-body scattering length corresponding the ap-
pearance of first Efimov state. However, in the remainder of this chapter, we employ
the simple choice ¢y = 0 which corresponds to a hard wall at R = Ry = Ryqw. The
two-body van der Waals length Rqw is the characteristic length scale for the short
range region, with Ryqw = (212Cs/h?)/*, where iy is the two-body reduced mass
and Cg the dispersion coefficient for the van der Waals interaction (—Cg/R®) between
two neutral ground state atoms. Ryqw and the corresponding van der Waals energy
Eiaw = h?/2ua R2 4y are used as units in Fig. 3.1.

We extract the Jost function,

J (k) = A(k) —iB(k), (3.4)

from the asymptotic (R — oo) behavior k%t *1¢, (R) ~ A(k)jo . (kR)+ B(k)ng (kR),
where jy . and ng, are the Riccati-Bessel spherical functions. Note that V(R) and
k are real, and thus ¢y, A(k) and B(k) are also real. The physical solution ), which
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Figure 3.1. Lowest hyperspherical potential for a = —5R,qw. Solid line: smooth
approximation for the realistic hyperspherical potential Vi(R) in Eq. (3.3). The
shaded area represents the short range region 0 < R < Ry, taken into account via the
phase ¢q appearing as a parameter for the initial condition at Ry = Ryqw for Eq. (3.3).
Dotted line: approximate potential (discontinuous at R = |a|) used in Sec. 3.2.1. The
inset shows the ¢y dependence of the scattering length a; corresponding to the ap-
pearance of the first Efimov state. Also shown are three experimental results for Cs,
K and Li [68] illustrating how ¢ can be adjusted to match experiments.
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behaves asymptotically as 1x(R) ~ £[h,_(kR) — %hzﬁ (kR)], where hf = ny + ijy,

can be expressed as [1]

kfeg+1

Ur = T

Pk (3.5)
For very low k, the regular solution is independent of k at short range, ¢x(R) =~ ¢o(R).

Thus, at short range, we have

kzgeff'i'l

Qﬁk(}%”short range ~ m

¢o(R), (3.6)
Returning to the multi-channel problem, and noting that the coupling of the entrance
channel to the deeply bound states of the dimer takes place at short range, the
entrance channel component v, 5, of the full wave function can be approximated by
the single-channel solution (3.5), i.e.,

kzeﬁ‘-f—l

Vg & Yy = m@- (3.7)
Since the couplings are restricted to short range, the single channel result in Eq. (3.6)
can be used to obtain the k dependence of the full solution of the coupled-channel
problem [31]. Indeed, the k-dependence in Eq. (3.6) will be imprinted via the cou-
plings to all other components of the wave function. We emphasize that, although the
entrance-channel component has the k-dependence in Eq. (3.6) only at short range,
the other components obey this k-dependence for all R,

k.feﬁr—i-l

Yn g ~ mgn(k'rn R), (3.8)
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where g,,(k,, R) is the radial wave function for channel n with momentum k,,. Recall-
ing that only outgoing waves are allowed in the dimer channels n, the corresponding

asymptotic (R — oo) behavior of 1, is

k )
Gak(R) ~ 4| =Sua () F. (3.9)

Together with Eq. (3.8) and substituting 2/.s + 1 = 4, it leads to the k-dependence

of the S-matrix element,

5.0 ~ (3.10)

Finally, the total three-body recombination rate [69], K3 ~ >, 41 |Sn1 [, reads

1 1

R~ 17 0E = 20+ B )

(3.11)

Thus, the k-dependence of the rate K3 is dictated by the k-dependence of the Jost

function.

3.1.2 Single-channel model for relaxation (a > 0)

As shown in Fig. 3.2 for the case a > 0, there exists a loosely bound dimer state
(channel 2, slightly below the three-body breakup threshold) which correlates to the
Efimov potential, while the lowest three-body continuum channel is purely repulsive
(channel 1). In channel 2, the three-body system corresponds to an extended weakly
bound Feshbach molecule interacting with an atom. Since decay into more deeply
bound and compact dimers takes place due to short-range couplings, a single-channel
model similar to the case a < 0 described in Sec. 3.1.1 above is warranted for the rate
of the vibrational relaxation rate K., which will thus be expressed in terms of the
single channel Jost function.
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In this case, we have an atom—dimer scattering problem with relative angular
momentum ¢, so that one simply replaces feg by £ in Egs. (3.7) and (3.8), leading to
, p20+1
|Spi(K)[" ~ s (3.12)
| T (k)2
We are interested in £ = 0 (ultracold regime), so that, o = 753 ;1Ss(k)[?, the
cross section for this inelastic process gives the relaxation rate K, = vyqo (with the

relative velocity vy o< k) in terms of the S-matrix as [69]

1
Kia(k) ~ I3 Z ’Sfi|27 (3.13)
f#i

Here, ¢ and f correspond to the entrance (shallow) dimer state, and final (deeply
bound) dimer states respectively. The S-matrix is given in term of the Jost function

by Eq. (3.12) with £ = 0, i.e.,

k

|Spi(k)|? ~ T

(3.14)

Combining the two equations above, we find the k-dependence of the relaxation rate,

1 1

Kealh) ~ 17 00E = 20+ B

(3.15)

3.1.3 Two-channel model for a > 0
As discussed above for a > 0, and as illustrated in Fig. 3.2, there exists a loosely
bound dimer state (channel 2) correlated to the Efimov potential, while the lowest

three-body continuum channel being purely repulsive (channel 1). Therefore, to in-

49



vestigate the three-body recombination for the formation of Feshbach molecules, we

adopt a model that only includes these two channels:

o = [Vin— k’%](ﬁl + [V.Or + OrV.| 92,
5 = [Vas — k3l¢2 — [VeOR + OrVC] 01

(3.16)

According to [68], the coupling between channel 1 and channel 2 is significant only

near R = a. Thus we employ a simple form for the coupling,

) 001 i <ﬁ%> . R, < R<R,, s
0, otherwise,

with R, = 0.5a, R, = 1.5a. Note that the scaling V.(R) ~ a~! follows the realistic
coupling, and the value 0.01 for the coefficient controlling the strength of the coupling
in Eq. (3.17), chosen arbitrarily, can be adjusted to match experimental data for a
particular system [68]. In the region Ry < R < a we have

s?2—1/4
Rz

sg+1/4

‘/11(R) ~ R2 )

where s; = 4.4653 and Vgr is the Efimov potential in Eq. (3.1). In the asymptotic

region R > |al,

Eeff(geff + 1)

28 ) Vao(R) ~ Ey, (3.19)

Vii(R) =~
where Ej, o —1/a? is the binding energy of the shallow dimer. In the region near
R = a, V11(R) and Vay(R) are connected smoothly between the inner and outer regions
using high order polynomials; namely, we ensure their continuity and the continuity
of their first and second derivatives.
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Figure 3.2. Schematic representation of the potentials used in the two channel
model, see Eqs. (3.16,3.17). Red curve: hyperspherical potential for channel 1. Black
curve: hypershperical potential for channel 2 corresponding to the shallow dimer
state. Blue curve: coupling potential V. which is non-zero only near R = a. The
shaded area represents the short range region.
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3.2 Numerical Results for NTRs in Efimov Systems
3.2.1 Single channel results for a < 0

Using the model described in Sec. 3.1.1, we carefully tune the two-body scattering
length a such that there is an Efimov state extremely close to the threshold. Here,
since there is only one channel corresponding to the three free atoms, the threshold
refers to it (see Fig. 3.1). In Fig. 3.3, we show results for the first five Efimov
states. Although arbitrary units are used for the three-body recombination rate K3
in Fig. 3.3, one could introduce a multiplicative parameter on the right hand side of
Egs. (3.10) and (3.11) to adjust the overall magnitude of K3 to match experimental
values. In Fig. 3.3(a), the black curve corresponds to aj /Ryaw = —29.865651 and
displays the first Efimov state as a shape resonance located at very low energy, while
the red and blue curves correspond to a = 2a; and a = aj /2 respectively. We found
that the resonant behavior manifests itself only for values of @ within one percent of
ay . For values of a outside of this narrow window, the behavior is similar to that
shown by the red and blue curves, which we call non-resonant. Although the sharp
peak at very low energy is striking, this near threshold resonance (NTR) produces a
resonant enhancement for a much wider energy range. More specifically, Fig. 3.3(a)
shows that in the resonant case most of the low energy regime is characterized by a
new type of behavior; namely, k*Kj is constant for energies between the peak and
vertical dashed line at £ = E;, which we refer to as the NTR regime.

For the subsequent Efimov states corresponding to a, with n = 2,3,4,5, an
oscillatory regime develops [62] in the energy range E, < E < E; between the two
vertical dashed lines, as shown in Fig. 3.3(b)—(e). Ey = Eyqw denotes the energy scale
associated with short-range physics, while £, = E_ - with E, = (Ryaw/ a)?Eyqw the
energy scale given by the centrifugal barrier near R = |a| in Fig. 3.1. With increasing

la|, a new Efimov state will appear for each critical value a,,, and we confirm the well
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known result a, ;/a; = e™*. Our results also confirm that as |a| increases, more
oscillations appear at lower energies (reflecting the number of bound states), while
the oscillations at higher energy remain unchanged [62], as shown in Fig. 3.3, and
summarized in Fig. 3.4.

Although the results in Figs. 3.3 and 3.4 were obtained using the smooth po-
tential shown in Fig. 3.1, the oscillatory behavior can be explained by writing the
wavefunction corresponding to the step potential in Fig. 3.1 in terms of Bessel func-
tions. For Ry < R < |a| the regular solution defined in Sec.3.1.1 can be written as

linear combination of Bessel functions of imaginary order,

J(kR) = \/@sech (220) Re[ Juoy (KR)],

(3.20)
i(kR) = y/™Lsech (%2) Re[Vi,, (kR)).
Using the small argument behavior [70] near R ~ Ry,
J(kR) ~ tOSkR ? cos|so In( kR — Vs
(1) ~ (445 coslso () =] o)

A(kR) ~ (££) sinfso In(47) = 75,

TS0

where ,, = arg[['(1 +isg)] and ¢y = tanh("52). Thus the suitable linear combination

for the regular solution is

1

o) = ()" ((coslsn () = v (k)

(3.22)
— ty ! sin[sg In(%e) — 'yso]fz(k:R)> .

2

For R > |a|, as mentioned in Sec. 3.1.1, the regular solution can be written as a linear

combination of the Riccati—Bessel functions

ket (R) = A(k)jo. (kR) + B(k)ng, (kR). (3.23)
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By matching at R = |al, i.e., equating the expressions in Eq. (3.22) and Eq. (3.23)

and their derivatives, and using the behavior at large argument [70] near R = |a],

J(kR) ~ cos(kR — %), (3.24)
n(kR) ~ sin(kR — %),

we obtain
— 2 ( £ 3 kRoy _
Alk) =k <Sot0> lsm[so In(52) — vs,)5 (3.25)
2
B(k) = k* (218)" cosfso In(“50) — ),

where 75, = arg[['(1 + isg)] and ¢, = tanh(%2). Therefore, inside the oscillatory

regime, the three-body recombination rate reads,

1 Sgto 1
kKt Ro to + (1 — to) sin®[sp In(EH) — 1"

K;3(k) (3.26)
Note that the amplitude of the oscillatory term, 1 — ¢t ~ 0.081, is much smaller
than the background term ¢y ~ 0.92, which makes it difficult to discern the difference
between the NTR regime and the oscillatory regime in Fig. 3.3. For k < |a|™!, the
Jost function can be expanded as a power series, A(k) ~ Ay + Axk? + O(k?) and
B(k) ~ k*1T1(By + Bok® 4+ ...) = Bok* + O(k®) (since leg = 3/2) [31]. Using

Eq. (3.11), we obtained a simple expression of the three-body recombination rate,

1
(Ao + Ask?)? + B2kS

K (k) ~ (3.27)

In the Wigner regime, Aj is dominant, and the zero energy limit of K3 is a constant.

For the resonant case Ay is very small, which restricts the Wigner regime to the
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extreme ultracold. Thus when & increases, the Ask? term quickly becomes dominant

and K3(k) reads,

1

Kol ) ~ g
2

(3.28)
which corresponds to the flat NTR regime shown in Fig. 3.4 for k*K3. Note that
the transition between Wigner and NTR regimes takes place near kxtr = /| Ao/Asl,
which can be estimated from the simple parametrizations Ag(a) < a—a,, and Ay(a) ~

AQ(Gi

) = const. in the narrow window of values of a near a,,. Fig. 3.4(a) and Fig. 3.3

show the Efimov states as shape resonances, which correspond to the case when Ag
and A, have opposite sign, such that A(k) = 0 at kytr. Note that the very small
but finite term BZk® in Eq. (3.27) will prevent K3 from diverging. In Fig. 3.4(b),
the Efimov states are bound just below the three-body threshold, which corresponds
to the case when Ay and A, have the same sign. Thus BZk® can be neglected in
Eq. (3.27), and the transition between the Wigner and NTR regimes is smooth. We
emphasize that the K3 ~ k=* behavior in the NTR regime is accidentally identical
to the background k-dependence in the oscillatory regime in Eq. (3.26), though the

exact values are offset as depicted in Fig. 3.4.

3.2.2 Single channel results for a > 0

When a > 0, the Efimov potential correlates with the weakly bound dimer channel,
defining the scattering threshold £ = 0. We expect that a near threshold Efimov state
will strongly affect the Feshbach-molecule-atom collisions, resulting in vibrational
relaxation into deeply bound dimer states. Here we analyze the vibrational relaxation
rate using the single-channel model described in Section 3.1.2 | with the vibrational

relaxation rate given by Eq. (3.15),
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Figure 3.3. Three-body recombination rates for a < 0. Black curves: resonant
cases for the first five Efimov states (the values of a ~ a; are indicated). Red and
blue curves: non-resonant cases corresponding to a = 2a;; and a = a,, /2 respectively.
The dashed vertical line at Ey = E,qw marks the energy scale associated with short
range physics. The dashed vertical lines at E, = E,- o< 1/(a;,)* mark the boundary
between the NTR and oscillatory regimes.
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Figure 3.4. Three-body recombination rates for a < 0. Black curves: resonant
cases for the first five Efimov states (the values of @ ~ a;, are indicated). Red and
blue curves: non-resonant cases corresponding to a = 2a,, and a = a,, /2 respectively.
The dashed vertical line at Ey = E,qw marks the energy scale associated with short
range physics. The dashed vertical lines at E, = E,- o< 1/(a,)* mark the boundary
between the NTR and oscillatory regimes.
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1

Krel(k> ~ |J(k‘)|2

(3.29)
Note that J (k) is the single channel Jost function corresponding to the lower potential
curve in Fig. 3.2.

For energies higher than the binding energy of the shallow dimer state, E, ~
—1/a?, but lower than the short range energy scale Ey ~ 1/R2, ie., a”! < k < Ry,
using Eq. (3.22) again, but this time matching it with the asymptotic form of ¢5(R)

for £ = 0, namely

kop(R) = A(k) sin(kR) + B(k) cos(kR) , (3.30)
we obtain
A(k) = R(’to (cos soIn(Ee) — ~, ]

—= sm[so In

(5 - %0]) (3.31)
Blk) = —vF (f)? ( 5o In(E82) — 5,

) — 7))

+— sin[sq In(%

and thus, K,q(k) reads,

1 Soto 1
Ko~ — . 3.32
A Ro 3+ (1 —1¢3) sin?[sg ln(—kg”o) — Ysol ( )

The overall k! behavior of the relaxation rate in Eq. (3.32) was already mentioned in
Ref. [62], where however no oscillatory behavior was found. In our case, we do obtain
an oscillatory behavior for K, (k) similar to that of K3(k). As shown in Fig. 3.5,

this oscillatory behavior resembles the oscillations in Fig. 3.3. The dashed curves in
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Fig. 3.5 correspond to non-resonant cases, while the solid curves show the resonant
cases for the first three Efimov states near the threshold.

For k < a™!, A(k) and B(k) can be written as a power series: A(k) ~ Ag+ Ask?+
O(k*) and B(k) = k***Y(By + Bok? +...) ~ Bok + O(k?) (with £ = 0). As a result

the relaxation rate reads

1
(Ao + Ask?)2 + Bk

Kra(k) ~ (3.33)
Ay is very small for the resonant case and thus the competition between Ay and BZk?
gives the Wigner and NTR regimes. In the Wigner regime, Ay is dominant and K,q
is a constant when k goes to zero, while in the NTR regime K¢ ~ 1/Bgk? since BZk?
becomes dominant in the denominator of Eq. (3.33) as we increase k. In contrast
to Eq. (3.27), the Ayk? term no longer plays a significant role and we omit it from
Eq. (3.33); indeed, A2k* is a higher order term which can be neglected, while the
cross term 2A4pAsk? can be combined with BZk? which is equivalent to altering By

very slightly. Hence we obtain

1

Boalk) ~ e

(3.34)

This equation captures the transition between the Wigner and NTR regimes. The
transition is smooth whether or not the Efimov state is just above or below the

threshold.

3.2.3 Two channel results for a > 0

When the atom-atom scattering length a is positive and large, there is a shallow
dimer state just below the threshold, and we use the 2-channel model introduced in
Sec. 3.1.3 to compute the three-body recombination rate for the process B+ B+ B —
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Figure 3.5. Black curves: vibrational relaxation rate for three values of a = a; as
indicated, corresponding to the first, second and third Efimov state near the threshold,
with ai = 11.45 Ryaw, a5 = 260.0 Ryqw, and a3 = 5902.0 R.qw, respectively .
Red curves: relaxation rate for the non-resonant cases with a = 3a;, for each curve,
respectively.
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B + Bs(shallow). As is well known [40], the zero energy limit of the three-body
recombination rate K3 is a log-periodic function of the dimer scattering length a, as
shown in Fig. 3.6(a). Each maximum in Fig. 3.6(a) corresponds to an Efimov state
at the dimer-atom threshold [40], which does not affect the energy dependence of K.
However, each minimum in Fig. 3.6(a) corresponds to a critical value of a for which the
energy dependence of K3 is dramatically modified as shown in Fig. 3.6(b). The dashed
line in Fig. 3.6(b) corresponds to a non-critical case, when Kj3(k) follows Wigner’s
threshold law for & < a™'. The other three curves in Fig. 3.6(b) correspond to the
three minima in Fig. 3.6(a), for which the three-body recombination rate displays a
strongly suppressed behavior K3(k) ~ k?* for kxts < k < a™!, that we label the Near
Threshold Suppression (or NTS) regime.

The numerical solution for the 2-channel model is obtained as follows. The regular
matrix solution @ is initialized at R = Ry using boundary conditions corresponding
to a hard wall, ®(Ry) = 0 and ®'(Ry) = I, where I is the 2 x 2 unit matrix. After
propagation, and recalling that ¢ = l.g for channel 1, and ¢ = 0 for channel 2, the

regular solution is matched to asymptotic solutions,

Pk = fA 4 gB, (3.35)

where k! = diag(ki™™ k) and f and g are diagonal matrices containing the single
channel asymptotic solutions f1 = js,(k1R), g1 = ne,(k1R), fa = sin(keR) and
g2 = cos(kaR). The matrices A and B are the real and imaginary parts of the Jost
matrix J = A — iB. The expression of the S-matrix in terms of the Jost matrix

reads

N ky o 1 n [ ko Aoz By — Ag1 By
521 = (j j )21 = ]{?1 det(J) . (3.36)
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Using the power series of the Jost matrix elements when k& < a™!, we obtain

Co + Cok?
Sor(ky) = KFP———="L 3.37
21( 1) 1D0+D2k% ( )
Recalling Eq. (3.11), we find
1 Cy + Cok? |?
Ky~ Ly = | Cot Gkt |
s k;l'S”‘ ‘D0+D2k% (3:38)

For the values of a corresponding to the strongly suppressed NTS cases shown in
Fig. 3.6(b), the Efimov states are not near the threshold. This implies that the
S-matrix does not exhibit a resonant structure, i.e., it has no nearby pole, or equiva-
lently, det(J) # 0 or simply Dy # 0 in the limit k&; — 0. Hence the low k; behavior of
the three-body recombination rate K3 is determined by the competition between Cj
and Cok? in Eq. (3.38). In the Wigner regime, Cj is dominant and thus K3 is nearly
constant. Note that normally, the Wigner regime behavior is valid for k; < a1,
while in the N'TS case () is vanishingly small and the Wigner regime is restricted to
k1 < knts = \/m. As Fig. 3.6(b) clearly shows, there is a new type of behavior
for knts < k1 < a™!, where Cok? in Eq. (3.37) is dominant, and thus K3 ~ ki. Note

that the NT'S regime is essentially an effective Wigner regime defined in Chap?2.

62



T LB | T LR | T T oIy T T T T T1rT

1(3/514 (arb. u.)

Ll

T ||||||1 T ||||||1 T |||||1 T ||||||1 T ||||||1 T ||||||1 T ||||||1 T |||||1 T ||||||1 T ||||||1 ||||||1 T ||||||1 T |||||1 T ||||||1 T ||||||1 TTTT
Wigner regime
1012:____&’____?%_ _____________ _
10°
5 10
o
—
< 10"
%
10—12
107"
. (b)
| @=26027901956R = d
10 _I ||||||‘ 1 ||||||‘ 1 |||IIJ 1 ||||||‘ 1 |||||IJ 1 ||||||‘ 1 ||||||‘ 1 |||IIJ 1 ||||||‘ 1 ||||||‘ ||||||J 1 ||||||‘ 1 |||IIJ 1 ||||||‘ 1 ||||||‘ IIII
107" 107" 107" 107 107" 10™"
E/EVdW

Figure 3.6. (a) K3 in the limit £ — 0 as function of a. The positions a, of the
minima are indicated and their values are given in the lower panel. (b) Dashed line:
K3(F) for non-critical case, which displays only the Wigner regime behavior at low
energy. Solid lines: first three critical cases corresponding to the minima in the upper
panel. The minima of K3(FE) appearing at energies between F/FEqw = 107* and
E/FE.qw = 1 are due to destructive interference as explained in Ref. [63].
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Chapter 4

Phase-Amplitude Approach for Two-body
Scattering, Single-Channel without
Barrier

4.1 Introduction for Milne’s Equation

The phase—amplitude approach for Schrédinger’s radial (or one-dimensional) equa-
tion was pioneered by Milne [71], and has since been used extensively in atomic and
molecular physics [72, 73, 74, 75, 76, 77, 78, 79, 80, 81, 82, 83, 84|, in chemical physics
[85, 86], and in other areas of physics [87, 88, 89, 90, 91, 92, 93, 94, 95, 96, 97]. Al-
though it was originally intended for tackling bound states, the phase—amplitude
method is also applicable for scattering problems; indeed, Milne’s approach is espe-
cially suitable in the framework of many-channel quantum defect theory [98, 99, 77,
100] because it makes it possible to construct optimal reference functions in each
scattering channel.

The virtues of Milne’s approach stem from the fact that phases and amplitudes are
quantities which are well behaved in the energy domain, even across channel thresh-
olds. Moreover, the phase—amplitude method allows for highly efficient numerical
implementations, because the direct computation of highly oscillatory wave functions
can be avoided entirely; instead, any solution of the radial equation is evaluated ac-
curately in terms of the amplitude and phase functions, which have a simple radial

dependence.
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We consider the radial Schrodinger equation for a spherically symmetric potential

V<R)7

"= U, U=2u(Veg — E), (4.1)

where Vg(R) = V(R) + 62(2;12) is the effective potential, p is the reduced mass of
the two particles undergoing scattering, and £ > 0 is the energy in the center-of-
mass frame. Atomic units are used throughout. According to Milne [71], the general

solution ¢ of the radial equation (4.1) can be expressed in terms of an amplitude y

and a phase 6,
Y(R) = cy(R)sin[0(R) + 6o, (4.2)

where ¢ and 6, are arbitrary constants. The amplitude satisfies the nonlinear equation

2

q
y'=Uy+ et (4.3)

and the phase 0(R) is constructed by integrating

. q
9 — 7 (4.4)

In the equations above, ¢ is arbitrary; the only restriction is ¢> > 0 in the amplitude

Eq. (4.3).

4.2 Envelope Equation and its Basic Properties
We emphasize that the amplitude and phase appearing in Milne’s parametriza-
tion (4.2) are not unique; indeed, any solution y of Eq. (4.3) together with the asso-
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ciated phase 6 will give a valid representation of . This undermines the advantage
of Milne’s method in numerical applications, because the general solution y(R) of
Milne’s nonlinear equation may have an oscillatory behavior in classically allowed
regions, and the unique smooth amplitude is very difficult to find [74, 101, 102]. In
order to overcome the difficulties and fully take advantage of the phase-amplitude
parametrization, some of the important properties of Milne’s equation are essential.

In this section, its most important properties are presented.

4.2.1 Envelope equation
Despite this difficulty, Milne’s nonlinear Eq. (4.3) has long been used for compu-
tational work. We remark that an equivalent formulation based on a linear equation

exists [103, 104],
p" =4Up 42U p, (4.5)
but it remained overlooked in the physics community until recently [105].
We present here two different derivations of the envelope Eq. (4.5). The first

derivation is very brief; namely, we substitute y = \/p in Eq. (4.3) and find

pr=2Up+ = [5(0) +2¢°] .

|

Next, we multiply both sides by p to obtain

1
po" =2Up" +5(0)° + 20, (4.6)
which is still a nonlinear equation. However, we now take the derivatives of both
sides,
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pp/l/ :4Uppl+2U/ 2’

and we divide by p to finally obtain Eq. (4.5).
The second approach is similar to Milne’s derivation [71] of Eq. (4.3). Namely, we
consider two solutions (¢ and x) of the radial Schrédinger Eq. (4.1), and try to find

a differential equation for their product

P = ox.

Making use of Eq. (4.1) for ¢ and x, we obtain

p"=2Up+2¢'\,

and we now evaluate its derivative,

p" =2U"'p+2Up" 42U (px" + ¢'x),

where we recognize p' = ¢x’ + ¢, and we find again the envelope Eq. (4.5),

p" = 4Up" + 2U'p.

Although Eq. (4.5) is of third order, its linearity makes it much more convenient
than Milne’s nonlinear Eq. (4.3). However, finding the non-oscillatory solution is still
a difficult task. To overcome this obstacle, we devised a computational strategy for
scattering problems (F > 0) which yields the smooth envelope in the asymptotic
region, see Sec. 4.2.4, and an optimization scheme for searching the non-oscillatory
solution in any classically allowed region Sec. 5.2.
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4.2.2 Constraint for the envelope equation

The parameter ¢ appears explicitly in Milne’s nonlinear Eq. (4.3). However, ¢ is
absent from the envelope Eq. (4.5), even though it is used when integrating Eq. (4.16)
to obtain the phase 6. This creates some ambiguity, which stems from the fact
Eq. (4.3) is a second order differential equation, while the Eq. (4.5) is of third order.
We now try to dispel the ambiguity and show that the two equations are equivalent.
We first remark that although ¢ does not appear in Eq. (4.5), it should be assumed

implicitly; indeed, if we recast Eq. (4.6) in the form

1

1 1" 2 /\2 2
Z i = 4.
5 PP Up 4(,0) q-, (4.7)

the expression on the left hand side can be interpreted as an invariant of the envelope
Eq. (4.5), and any solution p will also obey Eq. (4.7) with a particular value of ¢*.
Recall that the equation above is equivalent with Milne’s Eq. (4.3), which can thus
be regarded as a constraint for the envelope equation. Indeed, as we discuss below,
Eq. (4.7) should be used to enforce the correct initial conditions for p, such that they
correspond to a fixed value for gq.

To fully clarify the equivalence of Eqgs. (4.3) and (4.5), let us compare the sets of
initial conditions required in each case. When we initialize p at R = Ry, the following

quantities are given

p(Ro),  p(Ro),  p"(Ro),

which can be used in the constraint Eq. (4.7) evaluated at R = Ry to obtain the value

of q. Conversely, if ¢ is considered given, we have

p(RO)7 p,(RO)7 q= ﬁxed,
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which we commonly employ in practice. Eq. (4.7) is now used to obtain p”(Rjy),
and thus initialize the solution of the envelope equation. Equivalently, for Milne’s

amplitude equation we consider the quantities as given

y(R0)7 yl(RO)a q= fixed.

Moreover, the families of solutions for different values of ¢ are all equivalent. Indeed,
if y; is a solution of Eq. (4.3) for a given parameter ¢, then y, = (go /ql)%yl is a
solution for ¢o. Similarly, we have py/q2 = p1/q1, and 6, = 0. Varying the parameter
q is entirely redundant, as the phase # remains unchanged, therefore justifying the
convenient choice ¢ = k used throughout this chapter.

Finally, we make use of the constraint in Eq. (4.7) to show that the choice ¢ = k
is consistent with the initial condition p = 1 at R = oo, which gives a convenient
normalization for the envelope. Indeed, when R — oo, we have Veg(R) — 0 and thus

U(R) = U(cc) = —k? and U’ ~ 0, while for the envelope we have

and using U(oo) = —k?, we find the parameter ¢,

q = kp(co).
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Conversely, if one prefers to choose a certain value for ¢, the equation above yields
p(00) = q/k. However, as shown above, the normalization constant p(co) is irrelevant;

indeed, we have

which ensures
0'(R) ~ k, when R — oo,

and thus the phase function suitable for scattering problems has the desired behavior:
0(R) ~ kR, when R — o0.

4.2.3 Proof of the linear independence of ¢?, 2, ¢x
The product of any two solutions (¢, x) of the radial equation obeys the envelope
equation, and thus ¢* and x? are also valid solutions. We recall that Milne [71]

derived his nonlinear equation for the amplitude y starting with the ansatz

Y= VEE

and it was later observed by Pinney [106] that the general solution can be written as

y = vV ag? + bx? + 2cox.

The equation above reads as a simple linear combination, when expressed in terms

of the envelope:

p = ad® + bx? + 2cox. (4.8)
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Assuming ¢ and y are linearly independent, we now show that the triplet {¢?, x?, ¢x}
is a basis in the three-dimensional space spaned by the solutions of Eq. (4.5). In order
to prove that {¢?, x?, ¢x} are linear independent solutions of Eq. (4.5), we will show
that their linear combination vanishes if and only if a = b = c = 0.

Using Eq. (4.8), we substitute the expressions of p, p/ and p” in terms of ¢ and x

in Eq. (4.6), which yields after a straightforward but tedious manipulation,
W?2(ab — ¢*) = ¢°, (4.9)

where W = ¢’ —¢'x is the Wronskian of ¢ and y. Moreover, as shown in our previous
section, any solution of the envelope equation obeys the invrariant/constraint:

1 " 2 1

Z —Up?— Z()? = o2

5P = Up” = ()" =4

Thus, if the linear comibation in Eq. (4.8) vanishes, the invariant yields ¢ = 0.
However, due to the linear independence of ¢ and x, we have W # 0, and Eq. (4.9)

yields
ab = c*.

We now consider the two possible cases: ¢ = 0 and ¢ # 0. In the trivial case
(¢ = 0) we have ab = 0, i.e., either a = 0 or b = 0. Hence, p = 0 in Eq. (4.8) will
imply the vanishing of the remaining coefficient (b or a, respectively). When ¢ # 0,

we substitute ¢ = sgn(c)(ab)? in Eq. (4.8), and obtain

p = +¢?
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where 1) is the linear combination

W = |a|2¢ % sgn(c)[b] 2 x.

The algebraic sign (£) in the two expressions above is sgn(a) = sgn(b). If p = 0,
we have ¢ = 0, which implies a = b = 0, because ¢ and y are linearly independent.
This contradicts the assumption ¢? = ab # 0 in the second case, which completes our

proof. Thus, Eq. (4.8) does represent the general solution of the envelope equation.

4.2.4 The mapping z =1/R

Phase-amplitude approaches are useful in numerical applications only if the so-
lutions p and 6 are well behaved. Specifically, the envelope should behave in a non-
oscillatory fashion, which in turn ensures the smoothness of the phase function. In
practice, there is considerable difficulty in finding the smooth envelope [74, 101], be-
cause the general solution of the envelope equation has an oscillatory behavior, as
mentioned in Sec. 4.2. In this section, a novel computational strategy for obtaining
the smooth envelope in the asymptotic region is presented. We emphasize that finding
the unique, smooth solution is critically important for the efficiency and accuracy of
numerical schemes for using the phase—amplitude method in general.

For clarity, we assume that V(R) vanishes faster than R™' asymptotically. As
discussed in Sec. 4.3.1 (see also Sec. 4.2.2), we employ the initial condition p = 1 at
R = oo when solving Eq. (4.5). However, rather than using the radial variable, it is
highly advantageous to reformulate the envelope equation by mapping the asymptotic
radial domain onto a finite interval. We developed a convenient and efficient numerical

implementation based on a simple change of variable,
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which allows to take fully into account the long-range tail of any potential. Thus, the
infinite radial interval Ry < R < oo is now mapped on a compact interval, x; > x > 0,
with z; = R%' The boundary Ry, i.e., the size of the interval [0, 2], will be chosen
to ensure the desired level of accuracy.

We now regard the envelope as an z-dependent function, and we present the

computational approach for finding the smooth solution of the envelope equation

1

= as the independent

inside the interval [0, z4]. First, we rewrite Eq. (4.5) using z =

variable,
2D 4 6235 + 6a2p — AU — 2Up = 0, (4.10)

where dots above symbols denote derivatives with respect to x, e.g., p = dp/dzx.

Recall that U = 2uVer — k*. Next, we define
u = p,

and we regard it as the unknown function. Making use of the initial condition p =1

at r = 0, we write
plx) =1 —l—/xdtu(t),
0
which we substitute in the last term of Eq. (4.10) to obtain
<4k2 — 8uVig + 2 D2 + 623D, + 622 — 4m'/eﬁs$)u = 4V (4.11)

The operators D, and S, read

Dyu=1="2 - .
2 =0 = Spu /Odtu(t)
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We solve Eq. (4.11) using a spectral Chebyshev method [107, 108, 109, 110, 111,
112], i.e., we employ a small number of Chebyshev polynomials T),(x) with n =
0,1,2,..., N—1, which are mapped onto the interval [0, z1]. We expand the unknown
function u(z) in the Chebyshev basis, and the operators D, and S, are represented as
finite (N x N) matrices [109, 110]. Thus, Eq. (4.11) becomes a simple linear systemn,

MA = B, (4.12)

where the column A contains the Chebyshev coefficients of our unknown function,

u(z) = Z AT, (x),

B contains the Chebyshev coefficients for the expansion

N-1

4N%H(x> = Z BnTn(x)a

n=0

and M is the matrix of the operator in Eq. (4.11),
M = 4k* — 8uVog + 2*D? + 623D, + 627 — 4Ves S,

Although the operator M is singular, its associated matrix (M) in the finite Cheby-
shev basis is well conditioned and yields highly accurate solutions; indeed, the matrix
M does admit an inverse, and the solution of Eq. (4.12) reads A = M'B. Fig. 4.1
depicts the error Ap = |p(N)($1) — p(Nmax) (:El)| for the envelope evaluated at x; = 0.04.
We varied the size of the Chebyshev basis from N = 5 to Nyax = 200, as shown in
Fig. 4.1, which makes it readily apparent that the convergence with respect to N is
robust. The smooth envelope is thus obtained as the unique solution; indeed, all the
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other solutions oscillate infinitely fast near x = 0 (R — 00) and they are eliminated
simply because highly oscillatory behavior cannot be accommodated by the finite
number of polynomials.

We emphasize that the linearity of the envelope equation is crucially important for
the feasibility of the approach presented here. Finally, the solution obtained inside
the interval [0, x;] can now be used to initialize the propagation for z > z, i.e.,

R < R;.

4.3 Integral Representation
4.3.1 Integral representation for the full phase shift

We now derive an expression for §, which does not rely on the explicit evaluation
of wave functions; instead, the phase shift will be extracted from an R-dependent
phase function. We emphasize that the true value of d, will be obtained, despite the
modulo 7 ambiguity inherent in its customary definition.

We first introduce the envelope function

p= f2 +92, (413)

with f and g exact solutions of the radial Eq. (4.1) obeying the asymptotic behavior,

f(R) 2% sin(kR — (), (4.14)
g(R) 22 cos(kR — (T). (4.15)

The phase function 6 is constructed by integrating
k
0=—=-. (4.16)

We remark that 0(R) is defined up to an integration constant, which can be chosen
freely.
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As shown by Milne [71], the general solution of the radial Eq. (4.1) can be repre-

sented exactly in terms of p and 6. In particular, the physical solution reads

(R) = /p(R) sinf8(R) — 6(0)]. (4.17)

Note that ¢ (R) vanishes explicitly at R = 0, while Egs. (4.14), and (4.15) ensure a

very simple asymptotic behavior for p and 6,

p(R) — 1, (4.18)
6(R) 2% kR + const. (4.19)

We now define the reduced phase
0(R) = 0(R) — kR, (4.20)

and use Egs. (4.18), and (4.19) to find the asymptotic behavior of Milne’s parametriza-

tion (4.17),
W(R) E22% gin[kR + 6(c0) — 6(0)),
which is identical to the asymptotic behavior of 1)
G(R) 2% sin(kR — €2 + §y), (4.21)

where k = /2uF is the momentum for the relative motion (in a.u.). Consequently,

we obtain

dp — 0% = (o0) — 6(0). (4.22)
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Making use of Eq. (4.20) we have #(0) = (0), and Eqs. (4.16) and (4.20) yield

0 = % — k. Hence, Eq. (4.22) can be recast as an integral representation,

o — €2 = 6(c0) - 0(0),

= k/ooodr {ﬁ - 1}. (4.23)

We remark that the reduced phase §(R) defined in Eq. (4.20) cannot be regarded as
the nontrivial phase contribution, as it also includes the Bessel contribution (due to

the centrifugal term). Therefore, strictly speaking, the equation above yields the full
phase shift (6, — (7).
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Figure 4.2. Upper: effective potential (for ¢ = 475) as a function of x =

0.1
x=1/R (a.u.)
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given in Eq. (4.47). The values of R are indicated at the top. The horizontal dashed
line marks the energy E. Middle: thin line (gray) for the wave function, thick line
(red) for the envelope. Lower: reduced phase 0(x).
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The advantage of the phase—amplitude method combined with the change of vari-

1

able x = =

is readily apparent in Fig. 4.2, where we show the x-dependence of the re-
duced phase 0(z) and the envelope p(z) along with [)|? for £ = 475 and E = 0.002 a.u.,
for the potential energy used in Sec. 4.4.2, see Eq. (4.47). Note that the wave function
in Fig. 4.2 was evaluated numerically using Eq. (4.17), i.e., ¢ = \/psin(d — Or—o).

When the potential has a repulsive wall at short range, the formulation of the

phase—amplitude approach based on the change of variable x = % can be employed

for the entire radial domain, as shown in Fig. 4.2. Indeed, the repulsive wall makes

it possible to stop the inward propagation at R,,;, > 0, which corresponds to a finite

1
Rmin ’

value Tmax = We remark that, when the inward propagation of the reduced
phase 6 approaches the repulsive wall, it is convenient to convert it to the full phase
0 using Eq. (4.20) at a point Ry just outside the inner wall; for the remainder of the
radial domain (R < Ry), one should propagate A(R) instead of (R), because the
former converges much faster than the latter. Indeed, if Vog — +00 when R — 0, we

have p — oo and ¢ — 0, while # — —k. In other words, 6(0) should be computed

as

6(0) = kRo + k/:dr % - k/: %, (4.24)

which is independent of Ry. We remark that the integration need not extend fully to
R =0, because R, is chosen inside the repulsive wall to ensure the contribution of
the interval 0 < R < Ry, is entirely negligible. Consequently, the radial domain can
be safely restricted to Ry, < R < oo, which is mapped onto the compact interval

Tmax > 2 > 0.
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4.3.2 Generalization to potentials with a Coulomb term
So far, we assumed that the potential V' (R) vanishes faster than R~! asymptot-
ically. In this section we consider the general case when V(R) contains a Coulomb

term,

Vo(R) = Z;%ZQ : (4.25)

with Z; 5 the electric charges of the two colliding particles. The remainder (V — V()
of the interaction potential is responsible for the phase shift §,, which is obtained

from the well known asymptotic behavior
G(R) 2% sin [kR — CIn(2kR) + 1 — (5 + 6], (4.26)

where 7, = arg (€ + 1 +i%) is the Coulomb phase shift [113], and C' = pZ,Z,. Fol-
lowing the same steps as in the previous section, we use again Milne’s parametriza-
tion (4.17) for the physical wave function, namely ¢ (R) = \/p(R)sin[0(R) — 6(0)],

with the phase 6 behaving asymptotically as

R—o00
—

O(R) kR — € In(2kR) + const, (4.27)

which is the generalized version of Eq. (4.19). Accordingly, the reduced phase is again

defined such that it is finite asymptotically,
O(R) = 0(R) — kR + C1n(2kR), (4.28)

and thus the full phase shift reads

5o — 0% + 1 = B(c0) — 0(0), (4.29)
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which is the general form of Eq. (4.22).

In the Coulomb case, an integral representation can only be written if we divide
the radial domain in two intervals. Indeed, unlike the previous section, 8 now diverges
logarithmically when R — 0. Thus, we shall employ #(R) for R < R, and A(R) for
R > Ry, with Ry fixed arbitrarily. Specifically, we have

Ro gy

O(Ry) — 0(0) — k/o ot
B(oo) — 0(Ry) — k/oodr{i—wﬁ}.

Ro

Adding the two equations above, and making use of Eq. (4.28) at R = Ry, we find
=15 +n = 60(c0)—0(0),

— k/ORodr {% - 1} + £ 1n(2kRy),
+ k;/oodr {L—1+£], (4.30)

Ro

which represents the generalization of Eq. (4.23). Indeed, in the absence of the
Coulomb term, i.e., setting C' = 0 in the equations above, we have 1, = 0, and we
recover the results of Sec. 4.3.1. We emphasize that the expression in Eq. (4.30) is
independent of Ry, which we illustrate with numerical results in Sec. 4.4.1. Finally,
we remark that Eqs. (4.23, 4.30) yield the true value of §, unambiguously (not modulo

7), and in the case of a purely Coulombic potential, Eq. (4.30) yields the true value

of M-

4.3.3 Envelope and phase functions
In order to use the approach outlined above in numerical applications, it is nec-
essary to devise a reliable method for computing the envelope directly, rather than

using Eq. (4.13). As shown in Sec. 4.2.1, p obeys a linear differential equation,

Pl —4Up —2U'p = 0. (4.31)
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Therefore, we now regard the envelope p = f?+¢? in Eq. (4.13) as a particular solution
of Eq. (4.5). Namely, we impose the asymptotic boundary condition p(R) — 1, which
makes the solution unique. As we shall see in Sec. 4.2.4, we initialize the envelope at
R = oo and propagate it inward; accordingly, we also propagate the reduced phase 0
inward from R = oo.

Recall that Eq. (4.16) allows for an integration constant to be chosen freely when
constructing the phase 8(R) or f(R). The integration constant can be fixed, e.g., by
setting the value of 6(0), or the value of (c0). We prefer the latter, which is suitable

when employing the inward propagation mentioned above; specifically, we choose

and thus Eq. (4.22) reads
5, = (% — 6(0). (4.32)

The reduced phase is constructed by direct integration; in the absence of a Coulomb

interaction term, we have

O(R) = k / NG (4.33)

R PT)’

where p denotes the reduced envelope

p=p—1

In the Coulomb case we make use of §'(r) = ﬁ —k+ £, see Egs. (4.16) and (4.28),

and thus the reduced phase reads
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0(R) = k/oodr [1 - - %] : (4.34)

In order to show that the integral above is well defined and yields a reduced phase
obeying é(oo) = 0, and also to justify that the full phase #(R) has the asymptotic

behavior (4.27), we write the envelope as an asymptotic series,

p(R) =1+ %. (4.35)

n>1

Assuming the potential has the long-range behavior
V(R)—Zﬁ with Cy = C = puZ,Z
- Rna 1= = MLy 4,

we substitute the ansatz (4.35) in Eq. (4.5), and we obtain the coefficients b,. In
particular, for n = 1 we have b; = C'/k?, and thus the asymptotic behavior of the
envelope reads
C by
R~1+———+—=
p(R) + 2R + R2 +
Substituting the result above in Eq. (4.16) yields ¢’ ~ k — -5 + O(3;), which upon
integration confirms Eq. (4.27), while the reduced phase in Eq. (4.34) has the asymp-
totic behavior
51 52 R—o0

9(R)z§+§+---—>o,

where the coefficients b, are expressed in terms of by, e.g., by = by — b2,
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For computational purposes, it is advantageous to employ the reduced envelope
p=p—1-%. (4.36)
Thus, we recast Eq. (4.34) in terms of p,

~ o 1 - 2

0(R) = / ar—— (1= &) st - (£)°] (4.37)
r o p(T)

The full phase shift in Eq. (4.30) can now be expressed in a form suitable for compu-

tation,

6 — L5 +mn=—0(0),

_ Cln i
~ ok /0 S~ Ry + £ In(2hRo) — 6(Ry) (4.38)

We emphasize that 6 should be computed using Eq. (4.37), because the integrand
in Eq. (4.34) suffers from cancellation at large r. Thus, in the asymptotic region, p
should be obtained directly, rather than p itself; namely, we substitute p = p+ 1 +
C/k?R in Eq. (4.5) which becomes an equation for p. The numerical approach for
solving the envelope equation is described in Sec. 4.2.4, where we show that the entire
asymptotic region can be treated in a numerically exact fashion by mapping it onto

a finite interval and using a spectral Chebyshev method.

4.3.4 Two-envelope formula for phase shifts

We now derive a formula involving two scattering potentials; if one of them is
used as a reference case, this two-envelope integral representation makes it possible
to compute the phase shift d, directly. Recall that the simple integral representations
(4.23) and (4.30) yield the full phase shift (including Bessel and Coulomb contribu-
tions). As shown in Sec. 4.4.2, accurate values of 0, at high ¢ cannot be obtained
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using Eq. (4.23). Thus, in this section we formulate a two-envelope approach which
can be used to compute accurate phase shifts for all partial waves. For the sake of
generality, we consider two different potentials V7 and V5, each containing the same
Coulomb interaction term (if present). For a given scattering energy, E > 0, and
a partial wave ¢, we make use of Eq. (4.29) for each potential, and we employ the

convenient choice 6 (00) = fy(c0) to find

6 — 8" = 0,(0) — 6(0), (4.39)

Using 0] , = k/p1,2, see Eq. (4.16), the phase difference above can be recast as an

integral,

52 — 6D =k /0 dr[p;m - pir) . (4.40)
Although both 6, o(R) diverge when R — oo, the integral above is finite because the
phase difference 6; (R) — 05(R) = 0;(R) — 6(R) vanishes asymptotically. Note that in
the asymptotic region we have p; =~ py, which can also hold in the inner region if V; ~
V,. Thus, Eq. (4.40) will suffer from catastrophic cancellation, rendering it unsuitable
for numerical applications. Nevertheless, we show next that a computationally robust
integral representation based on the two-envelope approach can be formulated.

We choose V] = Vi as a reference potential (with the corresponding effective
potential including both the centrifugal and Coulomb terms, see below), while V, =
V = Vit + V is the full interaction potential. The reduced envelope and phase are

now defined relative to the corresponding reference quantities,

,6 = P — Pref,

>

— 0 — O (4.41)
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We employ a nontrivial reference problem by setting

((+1) 2C

_ 2 _

Uref(R) =—k"+ T + ?, C = ,LLleQ, (442)
and we use of Eqgs. (4.39) and (4.40) with U; = U, given above and Uy = U =
Uret + Q/LV. Thus, the Bessel phase shift (—¢%) and the Coulomb phase shift 7, are

2

both eliminated, and the phase shift §, reads

54 - _é(0)7

[, i)
= k[ ()’ (4.43)

The reference envelope is the solution of Eq. (4.5),
/11 / !
Pref — AUret Pref — 2Uvref Pret = 0, (444)

with Uyer(R) given in Eq. (4.42), while the reduced envelope obeys a non-homogeneous

differential equation,
P —AUY —2U"p = AU plog + 20" pres, (4.45)

which was obtained by combining Eqgs. (4.5) and (4.44). In the equation above we
used the notation U = U — Uit = 2;417. Note that in the absence of a Coulomb

term, we use U = —k% + Z(gl), with Ve = 0 and V= V', which is illustrated with

numerical results in Sec. 4.4.2. Finally, we remark that in the absence of a Coulomb
term one can also use the trivial choice Ut = —k? with 6,¢(R) = kR, which yields
6 identical to 6 in Eq. (4.20), thus recovering the integral representation of the full

phase shift given in Sec. 4.3.1.
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In practical applications, one first solves Eq. (4.44) for the reference envelope,
which is subsequently used in Eq. (4.45). The latter is solved to obtain p, and thus
the full envelope is obtained: p = prr + p. We remark that the numerical approach
used for the homogeneous envelope equation, see Sec. 4.2.4, can also be employed
for the non-homogeneous differential Eq. (4.45). The two-envelope approach is fully
general, but is especially useful when U = QMV is small, such that |p| < p = pref,

and thus 6 and o, will also be small.

4.4 Numerical Examples

We now apply the integral representations and show that they yield highly ac-
curate results. Our first example is the Coulomb potential, which we use as a test
case for the integral representation (4.38). The two-envelope formula, see Eqs. (4.39)

and (4.43), will be employed and tested in Sec. 4.4.2.

4.4.1 The Coulomb potential
In the case of a purely Coulombic potential, Eq. (4.38) yields the Coulomb phase
shift,

ne =% — kRy + £ In(2kRy) + k/Roﬁ — 0(Ry), (4.46)

o p(r)
with 6 given Eq. (4.37). The result above is independent of Ry, as depicted in Fig. 4.3.
Indeed, we show that our approach is robust and accurate by comparing the value
of 7, obtained using Eq. (4.46) with the exact value n; = argD'(¢ + 1 + <) for
C = -1,k =01and ¢ = 5. Our integral representation yields the value 7, =
—20.22421961527, while the analytical expression gives its value modulo 27, namely

nt = —1.3746636937335435. Their difference equals an integer multiple of 27 to a
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high degree of precision: (n, —n} )/2m = —3(1 £ 107'3). Fig. 4.3 depicts the relative

error |(n, — n; + 6m)/ne| as a function of Ry.
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Figure 4.3. Relative error of the computed Coulomb phase shift n, for C' = —1,
k=0.1 and ¢ = 5. Eq. (4.46) yields a highly accurate result that is independent of
Ry.

4.4.2 Results for an inter-atomic potential with long-range behavior of

the type V(R) ~ —%

For our second example we use both integral representations, i.e., Eq. (4.23) for

the full phase shift and the two-envelope formula (4.43) which yields the phase shift

directly. We employ the potential energy, which mimics the potential of the 'Y state
of Sro,

V(R) = Cya xp (— a ) -G (4.47)

Rwall RS + R3 7

core
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with Cyan = 10, Ryan = 1, Reore = 5 and C5 = 18 (all in atomic units), and the
reduced mass p = 3, where m is the mass of 8Sr. We computed phase shifts for
E = 0.01 a.u. = 0.272 eV for a wide range of partial waves. The upper panel in
Fig. 4.4 depicts the ¢ dependence of the phase shift, while the lower panel shows the
partial-wave terms of the elastic cross section, oy = 35 (2¢ + 1) sin® §,. An exceedingly
large number of partial waves contribute to the cross section; note that the dominant
contribution stems from very high partial waves (¢ > 5000). For a fully converged
value of the elastic cross section, we have computed phase shifts up to ¢ = 105.
Recall that our integral representations yield the true value of the phase shift (not
modulo 7) which has a rather simple /-dependence; this suggests that interpolation
schemes could be used to drastically reduce the number of partial waves for which
phase shifts need to be computed. This added advantage is illustrated in Fig. 4.5,
where we compare the true phase shift with its modulo 7 version. Moreover, our
approach is not restricted to integer values of ¢, and makes it possible to use non-
integer values of ¢ as interpolation points; thus, highly accurate interpolation methods
with non-uniform grids, such as Chebyshev interpolation, can be employed.
Regarding the practical aspects of the computation, some remarks are in order.
We first emphasize that, using the computational approach presented in Sec. 4.2.4,
the simple integral representation (4.23) and the two-envelope formula (4.43) can be
implemented numerically such that they both yield accurate results. However, when
using the integral representation (4.23) for the full phase shift, the value of §, obtained
from Eq. (4.32) will gradually lose precision at very high ¢. Indeed, for ¢ — oo we have
6¢ — 0 while 0(0) ~ £7. Therefore, the simple integral representation (4.23) must be
avoided at high ¢ because of the catastrophic cancellation in Eq. (4.32), even though
0(0) can still be computed accurately. Consequently, when ¢ becomes extremely large,

0y should instead be computed using the two-envelope formula derived in Sec. 4.3.4.
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Although the two-envelope formula is highly accurate for all partial waves, Eq. (4.23)
has the advantage of much greater simplicity and could be used at low ¢, provided
that it is sufficiently accurate. A simple rule of thumb exists for finding the highest
partial wave for which Eqs. (4.23) and (4.32) yield accurate results. Namely, the
two-envelope formula needs to replace the simple formula only if ¢ is high enough
for the centrifugal term to become dominant over V(R). We show next that the
simple formula is indeed accurate at low ¢; moreover, it is less expensive computa-
tionally compared to the two-envelope approach, which requires twice the amount of
numerical work. The highest partial wave, £,,.,, for which the simple formula is still
accurate can be estimated as follows; we extract /.. by equating the depth of the
potential well, Vp = |V (Rpottom )|, which sets the energy scale at short range, with the
centrifugal term evaluated at Rpottom, the location of the minimum of V/(R). Namely,
we have lpax (Cmax + 1) = ZMR%)ottomVD' Thus, for the potential used in our example
we estimate the simple formula to maintain high accuracy for ¢ g 460 = {y,x, which
we confirm below. Note that in the high energy limit we have |V(R)| < FE, and the
two-envelope formula should be used for all partial waves ¢, because all phase shifts
0p are vanishingly small when F — oc.

We first performed a test for the Bessel case, Vog = 62(;%12)’ with V' = 0, in order

to show that the two-envelope formula is robust and accurate even for very high /.
Namely, we computed directly the vanishingly small difference between the Bessel
phase shifts for ¢; and ¢ which are nearly equal. We used ¢; = ¢ and ¢y = { — g%, for
which the exact value of 6, = d5(fs) — 6p(¢1) is Oy = 55z, where d5(¢) = —{7 denotes
the Bessel phase shift. The relative error of the numerical value §, obtained with the
two-envelope formula is shown in Fig. 4.6, confirming that high accuracy is preserved

at high ¢, despite the smallness of J,. In contrast, if the ezact values of dp(¢;2) are

subtracted numerically, the loss of accuracy is significant and becomes catastrophic
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at very high ¢, see Fig. 4.6. This also illustrates that the failure of Eq. (4.32) at
high ¢ cannot be avoided, as it is due to the cancellation of nearly equal quantities.
Nevertheless, Eq. (4.32) is sufficiently accurate at low ¢. Indeed, we performed a test
for the simple integral representation (4.23). Assuming the two-envelope formula is
numerically exact, the relative error for ¢, computed using Eqgs. (4.23) and (4.32) for
the nontrivial potential energy (4.47) is shown in Fig. 4.7, which makes it readily
apparent that the simple formula is highly accurate for partial waves ¢ < 460, while

significant loss of precision only occurs for much higher /.
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Figure 4.7. Comparison of the simple integral representation (4.23) and the two-
envelope formula (4.43). The simple integral representation is highly accurate for
¢ < 460, and then gradually loses accuracy for higher .
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Figure 4.1. Upper: convergence test for an attractive Coulomb potential with
C = —1, for ¥ = 5 and £ = 0.1 a.u. The horizontal axis is the size N of the
Chebyshev basis, while the the vertical axis is the error for the envelope. Lower:
same as the upper panel, for the potential V(R) given in Eq. (4.47), for ¢ = 475 and
E =0.002 a.u.
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Figure 4.5. Phase shift §, corresponding to the R™3 potential in Eq. (4.47) and
E = 0.01 a.u., for discrete integer values of £. Upper: true value of §,. Inset: zoom
on discrete values. Lower: §, mod m. Note the vastly different scales used for the
vertical axis in the two panels.
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Chapter 5

Phase-Amplitude Approach for Two-body
Scattering, Single-Channel through
Barrier

5.1 Introduction

In Chapter 4,we derived an integral representation for scattering phase shifts based
on Milne’s phase-amplitude formalism [71]. Although the main result is fully general,
our computational approach was limited to the case of a single classically allowed
region; thus, if the (effective) potential had a barrier, our simple approach was re-
stricted to scattering energies above the top of the barrier. In this chapter we extend
our formalism to the much more interesting case of scattering at energies below the
top of the barrier. Namely, we consider the scattering problem for an effective poten-
tial with a large barrier separating two classically allowed regions, and we develop an
approach which makes possible the continuation of Milne’s phase function §(R) from
the asymptotic region through the barrier and into the inner region. As shown in the
previous chapter, the value of §(R) at R = 0 yields the scattering phase shift dy, which
will be expressed in terms of quantities obeying a simple energy dependence; this will
allow the extraction of highly accurate resonance widths, and will prove especially

useful for ultra-narrow resonances.
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5.2 Optimization
We now introduce a simple optimization method for finding the smooth envelope
in any classically allowed region. Recall that in Sec. 4.2 we rewrite the most general

solution of the envelope Eq. (4.5),

p=A¢" + Bx* +2C9x (5.1)

where A, B, C are regarded as arbitrary constants.

— B L IR IR IR UL IS
Tl @
X 0of =
> L S ecpupu
& [ ]
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= [ ]
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x :lRlRZ | | | | :

R

i S (b) 1
v 10g | 5S¢ E
° 2 EZ  propagation using Eq. (5) E
L [ & ) ]
ﬁ 15_ pansutz Opt —g

0.05 0.06 0.07 0.08 0.09 0.1

R

Figure 5.1. (a) Potential energy, Eq. (5.3), used for optimization. Rectangle corre-
sponds the ranges of R and ¢ in Fig. 5.2. Shaded area marks the optimization interval.
(b) Red line for pansat, = ¢* + x?, corresponding to A = B =1, C' = 0, and black line
for popt = Ad? + Bx? +2C¢x with A = 0.8533850906254, B = 1.245534003812, C' =
—0.2508388899674, which was propagated outside the optimization interval using
Eq. (4.5).
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We first compute two linearly independent solutions ¢ and yx of Eq. (4.1) within
a narrow interval [Ry, Ry inside a classically allowed region. Note that, for the opti-
mization to be effective, the interval [R;, Rs] should cover one or two oscillations of ¢
and x. Moreover, by computing ¢(R) and x(R) with high accuracy, we ensure that
p(R) in Eq. (5.1) is numerically exact within [R;, Ry, and we labeled it pexact(R). We
emphasize that for arbitrary parameters A, B, C, the envelope will be oscillatory.
Next, we expand the exact envelope over the interval [R;, Rs| in a small polynomial
basis of size N < 20, such that it cannot reproduce the oscillations of pexact, in ef-
fect downgrading it to an approximate envelope, papprox- For arbitrary parameters
(A, B, C), the latter will be a poor approximation, i.e., the error §p = || pexact — Papprox ||
will be large. However, when the parameters are precisely optimized such that the
envelope has a non-oscillatory behavior, the error dp vanishes because the small basis
is sufficient to accurately reproduce the smooth envelope. A standard optimization

subroutine is used to minimize the error function,

§p= max ]]pexact(Q;R) — Papprox(@; R, (5.2)

IE[R1,R2

over the parameter space Q = (A, B, C|q). We remark that Eq. (4.9) represents a
constraint for A, B, C, because ¢ is assumed fixed, and thus the parameter space
Q = (A, B, C|q) is only two dimensional as described in Sec. 4.2. Our implemen-
tation uses Chebyshev polynomials, T,,(R) = cos[nacos(R)], for the interpolation
Papprox = ij;ol cn(@Q)T,(R). The optimized (smooth) envelope is then used as an
initial condition for Eq. (4.5), and p(x) is propagated on both sides of the initial
working interval, to cover the entire R-domain.

As a first application, we consider the time-independent radial Schrédinger equa-

tion (4.1), with 0 < R < oo and U(z) = 24[V(R) — E] + (( + 1)/R?, where y is the

reduced mass, V(R) the interaction potential, and ¢(¢ + 1)/R? the centrifugal term
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for a given partial wave ¢. To simplify notations, we use the van der Waals units with

Byaw = (2u1]Cy|/h2)72. As an illustrative example, we use U(R) = —e + V(R) with

1
+ Voe ' E (5.3)

where V5 = 1.55 x 10'? and v = 200, which mimics the a?¥} potential curve for
Csy. The shaded area in Fig. 5.1a between R; = 0.052 and R, = 0.055 marks the
optimization interval for scaled energy ¢ = —2 x 10°. The solutions ¢ and y are
initialized at R; with ¢ =0, ¢/ = k; = \/W and y = 1, X = 0, such that ¢
and y are similar to sine and cosine respectively. Thus a good choice for the initial
ansatz is Pansatz = @ + X2, shown as the oscillatory red curve in Fig. 5.1b. Finally, we
minimize dp and find the optimal values for A, B, C' which give the smooth envelope
popt (R) shown as the black curve in Fig. 5.1b. We emphasize that this procedure is
very robust with respect to the size of the optimization interval; namely, we obtain
the same values of A, B,C, when the interval is enlarged to contain up to three

oscillations.
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Figure 5.2. Z(e, R) using optimization (upper) and using the WKB-initialization
(lower). See text for details. The range of the surface plot corresponds to the rectangle
in Fig. 5.1(a).

Fig. 5.2 compares our optimization procedure with the standard WKB-initialized
scheme [77], which relies on using the WKB approximation to impose the initial
condition for p at the bottom of the potential (Ry =~ 0.05856). We use Eq. (4.5) to
compute both the optimal envelope, popt(R), and WKB-initialized envelope denoted
as posc(R) for a range of energies corresponding to —7 x 10° < & < 4 x 10°. For clarity,
we make use of the WKB approximation pui,(R) = ¢|U(R)|™'/? to rescale both
Popt(R) and posc(R). Thus, we define Z,py and Z,g. according to Z(e, R) = #R()R) -1,

and plot them in Fig. 5.2. Note the oscillatory behavior of Z,s, while Z,,; obtained

using our pop(R) is smooth.
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The optimization method described above is applicable for all clasically allowed
regions, and it provides a smooth envelope which can be propagated efficiently by
solving Eq. (4.5). Note that when the propagation enters a classically forbidden
region, the envelope will take on an increasing behavior, e.g., for ¢ = —x? < 0 and

R — o0, y(R) ~ e*?. Thus, the solution 1 = y(R)sinO(R), with (R) = qfOR %,
will diverge when R — oo, unless 6(c0) is an integer number of 7, in which case,

sinf(R) ~ e 2% guarantees that 1 has the correct behavior of an eigenfunction

corresponding to a bound state.

5.3 Quantum Reflection and Wavefunction Matching

When two classically allowed regions are separated by a classically forbidden region
due to a barrier, it is well known [85] that a global envelope which is smooth in
all regions cannot exist. In fact, this lack of global smoothness can also manifest
within a single classically allowed region. Indeed, when the asymptotically optimized
envelope is propagated inwards, it may develop oscillations at short range, as shown in
Fig. 5.3(a). Conversely, if the envelope is first optimized at short range, it may develop
oscillations when propagated outwards into the asymptotic region, see Fig. 5.3(b).
This type of oscillatory behavior is directly related to quantum reflection[114, 115,
116, 117, 118, 119], which is very pronounced at low energy, but diminishes and
eventually disappears at high energy. The results shown in Figs. 5.3(a) and (b)
correspond to ¢ = 0 and V(R) = —% with n = 1,3,4,6. Note that the oscillations
are more pronounced for high n, due to the more abrupt behavior of V(R), while

n = 1 (Coulomb) is a special case which admits a globally smooth envelope for all

energies.
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Figure 5.3. (a) Asymptotically optimized amplitudes for ¢ = 1 and V(R) = —1/R",
with n = 1,3,4,6. (b) Amplitudes optimized at short range for the same cases.
(c) Regular solution ¢ = y;sinf; = yasinfy for V(R) = —1/R°%. (d) Phases 6
corresponding to amplitudes y; 2. See text for details.
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In the absence of a globally smooth envelope, a simple partitioning scheme can
be used to take advantage of regionally smooth phases and envelopes. To illustrate
such an approach, we use V(R) = —1/R% with ¢ = 0 and € = 1. In the first region
(R < 1) we employ the short range optimization to obtain 1) = y; sin 6y, with §; = 0
at Ry = 0.1, where we placed a hard wall. In the asymptotic region (R > 1) we
construct the solution ¢ = y, sin 6y with yo = cy,, and 6, = 0, + 0. Matching for ¢
and ¢’ is imposed at R = 1 to determine ¢ and 0. The amplitudes y;(R) and ya(R)
are shown in Fig. 5.3c and the phases 6;(R) and 05(R) are shown in Fig. 5.3d. Note
that 0] # 6}, and 0; # 6, (mod 7) at R = 1. Thus, despite quantum reflection, any
wavefunction ¢(R) can still be parametrized economically by judiciously partitioning
the R domain and computing separately a smooth envelope and the corresponding
phase for each region.

Finally, we impose the matching conditions at the boundary R = 1 between the

two regions,

Y1811 0] = € Yasy SIN(Gasy + 0),

d . d _
IR [y1sin;] =c IR [Yasy Sin(basy + )],

and we extract the phaseshift § and the constant c.

5.4 PhaseAmplitude Formalism for Ultra-Narrow Shape Res-

onarnces
Matching the two sets of phases and amplitudes, y1, 01 and Yasy Oasy, allows us
to extract phase shift 6 as shown in Sec. 5.3, but the phase shift is of modular =
and we lose the advantage of obtaining the true phase shift as in Chapter. 4. In this

section, we present a scheme to directly match the envelope and phase functions. We
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will see that this approach also allows us to extract the width of ultra-narrow shape

resonances.

5.4.1 Matching equations
As an illustrative example, we consider again the potential energy employed in

the last Chapter 4,

R C
V(R) = Cyan €xp (_R 11) - R3~|»—3R3’ (5.4)

core

with Cyan = 10, Ryan = 1, Reore = 5 and C3 = 18 (all in atomic units), and the

reduced mass p = %, where m is the mass of 8Sr. The effective potential, Vg =

V + Zéi;?, has a centrifugal barrier if 0 < ¢ 5 557, as shown in Fig. 5.4. Hence,
there is a regime of scattering energies (F > 0) for which there are two classically
allowed regions separated by the barrier. The potential well at short range may hold
resonances (and also bound states, if deep enough). As is well known, a deep potential
well delimited by a large barrier allows for shape resonances which can be extremely
narrow. Although various methods have been developed for tackling this problem
[120, 121, 122], it is still surprisingly difficult to obtain accurate values for resonance
widths which are vanishingly small. We now present a phase-amplitude formalism
adapted for large barriers, which will prove suitable for ultra-narrow resonances.

As depicted in Fig. 5.4, the radial domain is divided in two regions; the inner
region is defined as 0 < R < Ry, where Ry,(E) is the turning point on the inner side
of the barrier, while the outer region (R, < R < o0) includes the barrier and the

entire asymptotic region. The envelope p employed in the outer region is obtained by

solving the envelope Eq. (4.5) together with the asymptotic boundary condition

p(R) 222 1.
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As discussed in Ref. [123], the asymptotic normalization of p to unity corresponds to

q = k. The phase 6(R) is found by integrating Eq. (4.4) which now reads

0/

(5.5)

0.003 inner region

i (@, %)

outer region —

(p, ©) .

<

o

S

o
|

Effective potential (a.u.)
@)
S

-0.001

R (a.u.)

Figure 5.4. The effective potential Vg(R) = V(R) + 62(/6;12) with V(R) given in

Eq. (5.4) and ¢ = 500. The vertical span of the shaded area represents the energy
range explored in our study.

The numerical approach for computing p(R) and 0(R) was described in our pre-
vious work [123], where it was shown that the arbitrary additive constant implicit

in the integration of the phase can be adjusted to ensure the asymptotic behavior
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0(R) ~ kR. In Ref. [123] we used Milne’s parametrization for the physical solution

of the radial equation,

P(R) = v/ p(R)sin[f(R) — 0(0)], (5.6)

to obtain the scattering phase shift,

5e = 02 — 0(0), (5.7)

which is usually extracted from the well known asymptotic behavior of the wave
function, ¥(R) ~ sin(kR — (5 + d;).

The smooth envelope and phase are initialized at R = oo and are propagated
inward through the asymptotic region and through the barrier, but not into the
inner region. Indeed, if the envelope is propagated to R < Ry, it no longer remains
smooth; instead, p(R) behaves in a highly oscillatory fashion in the inner well, and
consequently the phase #(R) follows a staircase behavior with very sharp features
which cannot be handled numerically. Thus, we need to develope a different approach
for the inner region.

Inside the inner region (0 < R < R,,) we consider two linear independent solutions
(¢, x) of the radial Eq. (4.1). One of them (¢) is chosen as the regular solution, i.e.,
we need to ensure ¢p(R) — 0 when R — 0. We also need to ensure that both ¢ and x
have a well defined energy dependence. Making use of Eq. (5.1), we now express the

outer envlope p as a linear combination of ¢2, x? and @Y,

a¢*(R) + bx*(R) + 2co(R)x(R) = p(R). (5.8)

106



The coefficients a, b and ¢ will be obtained from the following matching conditions

which are imposed at R = R,
ad* +bx* +2chHxy = p
agd’ +bxx' +c(ox +d'x) = 3¢ (5.9)
a((b’)2 + b(x’)2 +2cd'x' = Lp" — pU.

We remark that Eq. (5.8) is valid for all R, and thus the vaules of a, b, ¢ are inde-
pendent of the matching point R, which in principle could be located anywhere.
However, in practice, Ry, should be very close to the turning point on the inner side
of the barrier. Indeed, as mentioned above, the outer phase # cannot be propagated
in the inner well. Conversely, ¢ and y should not be propagated outside the inner
well, because they would increase through the barrier and would become linearly de-
pendent. The most convenient choice for the matching point Ry, is clearly the turning

point itself, as shown in Fig. 5.4.

5.4.2 Explicit solution of the matching equations

The 3 x 3 linear system of equations (5.9) can be solved in an elementary way;
first, its determinant A can be expressed in closed form, A = W3 # 0, where W is
the (nonvanishing) Wronskian of ¢ and y, and then the coefficients a, b and ¢ are

obtained as the unique solution,

p (., 0\ s
a — - R — R,
w2\ 2pX W?2p
2 2 12
p 4 k*¢
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Using the expressions above one can verify that a, b, ¢ do indeed obey the con-
straint

k2
w2

ab — ¢ =

(5.11)

Due to this constraint, which was employed in evaluating the integrals in the previous
section, only the coefficients a and ¢ appear in Eq. (5.18), while b does not. However,
we shall see that b is directly related to the Jost function, while ¢ yields the widths
of the shape resonances trapped by the barrier.

Before we begin to develop our extended phase-amplitude formalism, we remark
that the explicit solution (5.10) of the matching equations (5.9) allows us to anticipate
certain results. Indeed, except for the case of a broad resonance near the top of the
barrier, the analysis is greatly simplified for all narrow resonances which are located
far below the top of the barrier. First, we recall that ¢, x and p in Eq. (5.10) are
evaluated at the matching (turning) point R,,. The value of p(R,,) is extremely large
due to the propgation through the barrier, and we thus have p = /l). Therefore, we
can safely neglect the last term in Eq. (5.10), which simplifies the expresions of a, b
and c. In particular, it becomes clear that the coefficient b(E) will (nearly) vanish if

¢ _ 7

gzz—p (atR:Rm),

which can be regarded as the resonance condition (F = F.s). Indeed, according to

Eq. (5.10), ¢(F) will also vanish when b(F) vanishes, and Eq. (5.8) will reduce to
ag’(R) = p(R),  when E = Ey,

which holds not only inside the inner region, but also through most of the barrier.
The behavior of the envelope in the classically forbidden region ensures an exponential
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decreasing tail for the regular solution ¢ through the barrier, as expected for a quasi-

bound state, which justifies the resonance condition above.

5.4.3 Extending Milne’s phase outside its domain of smoothness
Making use of Eq. (5.8), we now extend the outer phase §(R) to R < Ry, by

integrating Eq. (5.5). We emphasize that we do so formally rather than numerically,

By
O(R.) — O(R) — k;/R %, (5.12)
= k /Rm drag® + bx* + 2coy ] - (5.13)
R

Taking advantage of dW/dR = 0, where W is the Wronskian of y and ¢, we rewrite

the integral above,

ko[ ¢x — ox’
0(Rn) —0(R) = — d : 5.14
() = 0(F) W /R Tang + bx? + 2cox (5.14)
with W = ¢'x — ¢x’ # 0. Next, we define a new variable,
o(r)
z(r) = , 5.15
n =25 (5.15)

and we recast the integrand in Eq. (5.14) as

O 1 dz
ad? + bx2 4+ 2copy  az? + b+ 2cz dr’

Without loss of generality, we assume that both ¢(R) and x(R) are positive when
R — 0, which ensures W > 0 and thus dz/dr = Wx? is always positive. We now
change the integration variable in Eq. (5.14) from r to z, but we do so only after we
partition the inner region in sub-intervals delimited by the nodes of x, such that z(r)
is a one-to-one mapping inside each interval.
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Recall that we are especially interested in evaluating the outer phase at R = 0.

Thus, setting R = 0 in Eq. (5.14), we have

Q(Rm) - 9( ) - kZ] =0 RJ+1 d:)’ (516)
|:f0 az2+262+b + (N B 1) f+0000 az2+2cz+b + f 00 az2+2cz+b:| (517)

where z,, is the upper limit of the last integral,

In Eq. (5.16), Ry = 0 and Ry, 11 = Ry, are the boundaries of the inner region, while
Ri, Ry, ..., Ry, are the nodes of x(R) inside the inner region. Except for the first
and last interval, all other (/V;,, — 1) intervals give identical contributions, as is made
clear by the new integration variable z in Eq. (5.17).

Making use of the constraint (ab — ¢?)W? = k?, the integral appearing repeatedly

in Eq. (5.17) takes a simple form,

—/——arctan K(az+c)
W ] az?+2cz+b k ’

which we now evaluate for each interval. The contribution of the first interval is

o pr) W )y az24+b+2cz 2 k)’

while the last interval yields
k / frde o ko de
my, P() W a2+ b+ 2c2
= arcta W( + azm)| + z
= arctan | —-(c+ azm 5
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As mentioned above, the (N, — 1) remaining intervals give identical contributions;

namely, for 1 < j < Ny, — 1, we have
/Rj+1 dr k /+°O dz
k — = — - =7
r, Pr) W J_ az?+b+2cz
We now add the contributions from all intervals to obtain
W %74
O — 0(0) = Nyym — arctan <CT) + arctan [?(C + azm)] ) (5.18)

where 6, = 0(Ry,). The result above remains valid when Ny, = 0. Indeed, if x(R) has

no zeros inside the inner region, the partitioning is no longer needed; thus, Eq. (5.17)

reduces to
ko[ dz
O —0(0) = — —_— 5.19
(0) W /0 az? + b+ 2cz (5.19)
= arctan [%(C + azm)] — arctan (%) : (5.20)

which is identical to Eq. (5.18) when N,, = 0. Finally, we remark that the integrals
above were evaluated assuming a > 0, which is justified as follows; we recall that
Eq. (5.8) is valid for all R. In particular, when x(R) vanishes, Eq. (5.8) yields

p = a¢?; hence, p > 0 implies a > 0.

5.4.4 Locally adapted solutions

Although ¢ and x can be obtained as numerical solutions of the radial equation,
we prefer instead to employ the phase-amplitude method in the inner region, as well
as in the outer region. This will allow us to express the coefficients a, b, ¢ in terms of
an inner region phase; the latter has a smooth energy dependence, which we ensure

with a simple optimization procedure as described in Sec. 5.2.
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Let pi, denote the optimized (i.e., smooth) envelope in the innner region, and g

the corresponding phase function,

B(R) Eq/o pjgr)’ (5.21)

where ¢ is the parameter used in obtaining the inner envelope. We now use p;, and

[ to construct ¢ and Yy,

6= /Pmsin
(5.22)

X = /Pin €08 .

Eq. (5.21) ensures = 0 at R = 0; thus, ¢ is regular, as desired. The expressions

above yield W = ¢'x — ¢x’ = ¢, and the coefficients in Eq. (5.10) now read

a = (1+u?) cos’(B+ A)+ e cos? b,
b = (1+u?)sin®(B+ A)+ € sin? b, (5.23)
¢ = —(14+u?)sin(8+ A)cos(B+ A) — e?sin B cos 3,

with § evaluated at the matching point R,,. Note that we have rescaled the coefficients

according to

p(Fm)
pin(Rm)7

a=a

(5.24)

and similar for b and ¢. The additional parameters in Eq. (5.23) read

1 ! kpin
U:_(pgn_pin£>’ COtA:ua €= a )
2q p qp
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with p;, and p evaluated at R,,. We remark that the scaled coefficients (a, b, ¢)
do depend on the location of R,,, even though the unscaled coefficients (a,b,c) do
not. Therefore, in order to ensure that the quantities introduced above have a well
defined energy behavior, the matching point itself should have a well defined energy
dependence, which is ensured by imposing the matching conditions at the turning
point R, (E), as discussed in Sec. 5.4.3; see also Fig. 5.4.

We emphasize that the rescaling (5.24) is only necesary in the case of a large
barrier, and only for energies deep below the top of the barrier, when the outer
envelope itself has to be rescaled during its inward propagation, in order to avoid
numerical overflow due to its quasi-exponential behavior through the barrier. Finally,
we remark that in Eq. (5.23) all quantities (u, A, 3, €) are independent of the choice
of ¢, and so are the scaled coefficients. Since the parameter ¢ can be chosen freely,

we shall use ¢ = k, which yields W = k and thus simplifies Eq. (5.18),

Om — 0(0) = Nyym — arctan(c) + arctan(c + azp,). (5.25)
The scattering phase shift is obtained from Eqs. (5.7) and (5.25),

de = Eg — O + Ny + arctan (¢ + a z, ) — arctan(c). (5.26)

According to the definitions (5.15) and (5.22), 2z, = tan(Ry). Moreover, it can
be easily verified that the number of nodes of x(R) in the inner region is N,, =
nint[F(Ry,) /7], where nint|- - - ] stands for nearest integer. Thus, the expression above

contains only quantities derived from the phase-amplitude formalism.

5.4.5 Results and discussion
We now present results for the potential energy given in Eq. (5.4), which is used
as an illustrative example for discussing the physical interpretation of the formalism
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Figure 5.5. Scaled coefficients (top), b(E), 0;(E), s vs. Energy.

presented above. We are especially interested in the case of a large barrier, which
allows for long lived resonances. Thus, we employ a sufficiently high value for ¢, such
that the effective potential has a very large centrifugal barrier; at the same time, ¢ is
low enough for Vg to have a potential well at short range capable of holding shape
resonances; see Fig. 5.4. We choose ¢ = 500, and we analyze in detail the energy

dependence for é,(E) and for the quantities introduced in Sec. 5.4.4.
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Fig. 5.5 shows the energy dependence of the scaled coefficients; their simple oscil-
latory behavior stems from the fact that the optimized phase 5(Ry,; F) in Eq. (5.23)
has a smooth energy dependence (see Fig. 5.6). Moreover, the parameter u(FE) is
nearly constant, as shown by the nearly flat thick gray line in Fig. 5.5, indicating the
oscillation amplitude (1 + u?) of the scaled coefficients. Recall that the €? terms in
Eq. (5.23) are negligible (except near the top of the barrier), while A(F) is almost
constant. The phase shift 0,(F) is also shown in Fig. 5.5, with its well known sharp
increase by 7 for each resonance clearly visible; vertical lines mark the positions of
all resonances under the barrier, and the values of their widths I' are plotted. A
semilog plot of the scaled coefficient b(E) is included in Fig. 5.5, to indicate that its
(nearly vanishing) minima signify resonances. We acknowledge that the locations of
ultra-narrow resonances can simply be obtained using any method that is suitable
for finding bound states. However, obtaining the vanishingly small widths of such
resonances is a difficult task, and the approach presented in this chapter yields a
convenient solution, as we show next.

For scattering energies deep below the top of the barrier, the inner region becomes
inaccessible (unless £ ~ E,). Thus, for £ % E, the outer region determines the

scattering phase shift; indeed, in Eq. (5.26) we identify the background contribution,

SPE(E) = fg — Ou(E), (5.27)

which is entirely given by the outer phase #, and as we show next, we have 5;’g ~ 0
mod 7 (for £ % E,.). The remaining terms in Eq. (5.26) give the contribution of the

inner region, which can be interpreted as the resonant part,
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6,5(F) = arctan|—c(E)] (5.28)
+ arctan[c(E) 4+ a(E)zm(E)] + TNy (E).

Note that §;°(F) is continuous; indeed, each (+7) jump stemming from 7Ny, (E) =
nint[Bn(£)] at Bn mod © = 7 is cancelled by a (—m) jump given by arctan[c(E) +
a(E)zm(E)] when z, = tan 3, jumps from 400 to —oo.

Fig. 5.7 shows that §'(FE) follows a stepwise behavior, effectively counting the
resonances trapped by the large centrifugal barrier in our example. Indeed, Eq. (5.28)
yields a constant value (an integer multiple of ) for §*(E) between resonances, and
a very abrupt (albeit continuous) increase by 7 for each resonance, which is the well
known signature of a resonance.

As shown in Fig. 5.5, the resonances are located at the minima of b(E), where
c(E) also vanishes. Note that ¢(E) decreases at resonance from large positive values

to large negative values; hence, " (mod 7) will increase sharply from 0 to 7, when

E increases across F = Fiq.
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Figure 5.6. Energy dependence of the background phase shift dps(£) (upper), the
inner region phase $(Ry,; F) (middle), and the scaling parameter e(E) (lower). The
vertical dashed line marks the top of the barrier.
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Figure 5.7. Resonant contribution (from the inner region).

The width of the resonance, or rather the lifetime 7 = 1/T" is obtained from the

derivative of the phase shift, %% evaluated at F = E,s. From Eq. (5.28) we have
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ddy : ¢

— =y —— 5.29
dE " 142’ (5.29)
which allows us to extract the width of the resonance,
- 9 deY! 2 2 (5.30)
B dE ), e |2 '

The vanishingly small values of ' are due to the exceedingly small values of €. We
emphasize that both € and ¢, = ¢(FEyes) can be computed highly accurately, yielding

numerically exact values for I'.

5.4.6 Numerical test

Due to the constraint (5.11), which was employed in evaluating the integrals in
Sec. 5.4.3, only the coefficients a and ¢ appear in Eq. (5.18), while b does not; however,
b is directly related to the Jost function. We first recall that ¢ in Eq. (5.22) is the
regular solution and it has the asymptotic behavior

o(r) == Asin (kr — (%) + Bcos (kr — (%),

2

with B/A = tand, and A —iB = J the Jost function. The physical solution normal-
ized to unit amplitude asymptotically, i.e., 1(r) ~ sin (kr — 05+ 5g), is expressed in

terms of the regular solution and the Jost function [2, 1],

Qe

Moreover, it can be shown that the coefficient b of the outer envelope expansion (5.8)

is related to the Jost function 7,

b=|J|*=A*+ B~
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The constraint (5.11) with W = k yields b = =< and we thus have

a )

|2 a(E)

— ).

e = 4 +2(E)

For energies within a very narrow window (AE ~ I') centered on F., we employ the

approximations ¢(FE) & (E — Eies)res and a(E) & a,es. We also have

¢E(T> ~ (bres(T) for £ ~ EreS7

which holds for r throughout the inner region and most of the barrier. Thus, for

FE ~ FE.., the probability density inside the inner region is resonantly enhanced,

| 2 Qres

~ 2
~ 1+ 2 (E I EreS)Q (breS(T)

res
5 ros s (1)

(F— B+ (5 [

| (r)

Y

Finally, we follow Breit and Wigner [124] and make use of

Rout
E
Kres 2 (r)dr ~ 222,
0 r
to obtain
Rout . -~
EesC E.C
Qbfes(r) dr ~ res‘res _ resﬁres' (531)
0 kresares kresares

The upper limit R in the integral above is the turning point on the outer side of
the barrier. Eq. (5.31) is used as a numerical test in Fig. 5.8 which clearly shows that
the difference of both sides of Eq. (5.31) vanishes very fast as we lower the energy

further below the top of the barrier.
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Figure 5.8.
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The relative error (defined as |S — C|/S) for the integral S = [ ¢*dr,

i.e., the left-hand-side of Eq. (5.31). S was computed by numerical integration, while
C = — FresCros/ Freslyes 18 the right-hand-side of Eq. (5.31).
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Chapter 6

Conclusion and Future Direction

In this dissertation, we have studied near threshold behavior of two-body systems
and three-body Efimov systems. We solved long standing problems of the phase-
amplitude approach using Milne’s equation, and built accurate and fast numerical
tools. We expanded the phase-amplitude approach to the case when the energy is
below a barrier; By matching envelop functions in different regions, we demonstrate
that ultra-narrow widths of resonances can be obtained.

We showed that the Jost function is indeed a powerful tool for analyzing the energy
dependence of ultra-cold scattering of two-body systems. For elastic scattering, we
derived the formula for the cross section in terms of Jost functions for both finite range
and long range potentials. Various energy dependence can be explained concisely with
the energy dependence of Jost functions. We also verified our prediction numerically.

In multi-channel scattering problems, the Jost matrix can also be very helpful for
analysis purposes. We showed that single channel Jost functions for the dominant
channel gives us much information about the Jost matrix and further predict the
energy dependence of the inelastic cross sections. We systematically tested our hy-
pothesis using accurate numerical tools, and verified that our quantitative prediction
is correct for many scenarios including higher partial waves.

We also explored the near threshold resonance effects in Efimov systems. By
constructing Jost functions for the three-body systems, we not only successfully ex-
plained the oscillatory regions of the cross section as a function of energy at ultra-low
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temperatures, we also predicted new energy regions, namely near threshold resonance
and near threshold suppression regions.

The phase-amplitude approach using Milne’s equation has been studied for decades
and yet an effective numerical scheme has not been invented due to the difficulty of
finding the non-oscillatory solution to Milne’s equation. We invented a simple and
effective approach for finding the optimized solution in any classically allowed region
and we also created a simple, accurate and fast method to compute the asymptotic
solution for the entire infinite tail of long range potentials. Stringent numerical tests
show that our approach reaches nearly machine precision. We also extended the
phase-amplitude approach to the case when globally smooth solution to the Milne’s
equation does not exist. We found a method to match the optimized non-oscillatory
solutions in different regions, which not only helps us to obtain accurate cross sections
efficiently, but also allows us to compute ultra-narrow resonances.

Based on this dissertation, future work will involve the following aspects. From
our preliminary results, Jost functions for long range interactions can be written using
phase and amplitude functions, which provide a very informative formula. We will
explore how the phase-amplitude approach would deepen our understanding of Jost
functions of long range interactions. Also, the methods we invented to solve the
Milne’s equation can be extended to solving coupled differential equations based on
the distorted wave approximation, which can be used to solve multi-channel scattering

problems very fast and accurately.
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