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Bose-Einstein Condensates in Dilute Atomic Gases 
Textbook references:  

1. Friedrich, Theoretical Atomic Physics, 2nd Ed., Springer, 1998, Section 5.4. 
2. Pethick and Smith, Bose-Einstein Condensation in Dilute Gases, Cambridge, 2002. 
3. C.J. Foot, Atomic Physics, Oxford, 2005, Chapter 10 and Appendix F. 
4. H.J. Metcalf and P. van der Straten, Laser Cooling and Trapping, Springer, 1999, 

Chapters 12 and 17. 

A. Basic Properties of weakly-interacting BECs 
Our initial discussion will loosely follow the brief summary of key properties in Foot’s book.  
The starting point is the Bose-Einstein distribution function for N particles with integral spin, 
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where μ is the chemical potential and β = 1/(kBT). 
 
We are interested in the situation where kT is much larger than ε0 – μ, where ε0 is the energy of 
the ground state of the system.  Normally this would lead to the statistical population of many 
energy levels, but in a BEC, most of the population collapses into the ground state to form a 
quantum mechanical condensate with a single collective wave function. 
 
In a large sample (on the order of, say, 106 atoms), it is a good approximation to neglect μ 
compared to the excited-state energies.  This is valid so long as the number of atoms in the 
ground state is 0 0/( ) 1BN k T ε μ− >> , and leads to a much simpler probability distribution for 
the excited states.  This is the same distribution as for photons or other non-interacting bosons, 
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If the number of atoms in the ground state is N0, we can find the total number of atoms by 
integrating equation (1.2) over the density of states, 
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The ground state number N0 goes to zero, indicating that there is no significant population in the 
ground state, at the critical density, 
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Alternatively, for a given density, the temperature that satisfies Eq. (1.4) is the critical 
temperature, TC.  Below this temperature there will be a finite fraction of the population in the 
ground state; this is the Bose-Einstein condensate. 
 
Note that the condition (1.4) is nearly equivalent to the obvious criterion that a condensate begins 
to form when the de Broglie wavelength is comparable to the mean spacing between atoms. 
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B.  Typical Properties of a BEC in a Harmonic Trap 
 
The approximate radius r of a cloud of thermal atoms in a harmonic trap can be found by setting 
 2 21 1

2 2 Bm r k Tω  (1.5) 

If we ignore the detailed distribution of atoms and write the trap volume as 34
3V rπ≈ , it follows 

from Eqs. (1.4) and (1.5) that at the critical temperature, the size of the thermal component is 
related to the number of atoms and the other parameters by the approximate expression, 
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The numerical factor happens to be nearly one, but it will differ depending on the details of the 
trap and the distribution of atoms.  For example, in a harmonically trapped cloud of 106 atoms, 
we find that 
 1/ 3 100B Ck T N ω ω= . (1.7) 

This emphasizes the point that at the transition temperature, the atoms occupy many quantum 
levels of the trap, not just a few, and it is strictly due to quantum statistics, not because of the 
Boltzmann factor, that the occupation of the ground state becomes very large for T<TC. 
 
For a typical sodium-atom BEC produced in a magnetic trap, we might have ω~100 Hz, so the 
energy level spacing is / 4.8 nK.Bkω =   If this trap contains 106 atoms, we find from (1.7) that 
the critical temperature is approximately TC = 480 nK.  The corresponding de Broglie 
wavelength and density are, from (1.4), λ = 0.53 microns and n = 1.8×1013 cm-3. 
 
B.1. Interactions between atoms in the condensate 
 
At BEC energies, only s-wave scattering can occur.  Using the relations on p. S-4, we find that 
the wave function can be written approximately as 
 0( ) sin( ( )), / .r A k r a a kψ δ= − ≡  (1.8) 

Here we have reversed the sign of a, relative to the earlier notes, for consistency with Refs. 2-4 
at the start of this section of notes.  For sufficiently small kr, this becomes just 

( )Ak r aψ = −  

Evaluating the kinetic energy operator 2 2 / 2m∇ by integrating over this wave function from r=0 
to ∞, we find an approximate expression for the energy due to interactions between atoms, 
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This motivates a widely-used equation that describes the BEC in a mean-field approximation, the 
Gross-Pitaevskii equation, 
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where V(r) is the potential due to the trap and any other external perturbations, and the nonlinear 
interaction 2gψ  has the form of (1.9), except that we replace 2A  by 2N ψ  to represent the 
mean interaction energy per atom, in the presence of N other atoms.  A much more rigorous 
derivation is possible, but the present approach helps to explain the physical significance of the 
nonlinear term in this modified Schrödinger equation.  The time-independent version of this 
equation has as its eigenenergy the chemical potential representing the energy of an individual 
atom, 
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If the scattering length a is negative, an infinite condensate is unstable.  Small BECs with 
negative scattering length were demonstrated very early by Randy Hulet and coworkers, but as 
the number of atoms grows, they eventually self-destruct in a “Bose-nova”.  For positive 
scattering lengths, we can use estimate the size of the condensate using the Gross-Pitaevskii 
equation: 
 
Assume that the trap is harmonic, 
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If the number of atoms is reasonably large we can neglect the kinetic energy compared to the 
nonlinear term.  In this Thomas-Fermi approximation, we need to solve for 
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leading immediately to   

 2 ( ) .V r
g

μψ −
=  (1.14) 

This gives the density distribution n 2ψ , 
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where Rx is defined according to 
 2 21
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and likewise for Ry
  and Rz.  Thus the density profile is an inverted parabola, the mirror image of 

the trap potential, and it goes to zero at Ri, as shown in the sketch below. 
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We can solve for the chemical potential using the normalization condition, 

 2 3 81
15 x y zd R R R

g
μ πψ = =∫∫∫ r  (1.17) 

Finally, in terms of the radius of the Gaussian ground-state wave function of the harmonic 
oscillator trap, 
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we can write μ in an easily-evaluated form, 
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For the example of a 23Na BEC, the scattering length is a = 2.9 nm.  If it consists of 106 atoms, 
and the average trap frequency is 100 Hzω = , we find using Eqs. (1.16), (1.18), and (1.19) that 

 aho = 2.1 μm, 
 μ = 130 nK, expressed in temperature units, and 
 R = 15 μm (assuming a spherical trap). 

So the BEC is much smaller than the thermal cloud, but it is nevertheless significantly larger 
than the wave function of the ground state of a single atom in the trap in this case by a factor of 
about seven. 
 

n 

Condensate fills trap up to E=μ. 

x 

Rx 

V(r) 
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C. Production of BECs 
 
The initial suggestion for a dilute BEC was made by William Stwalley, who proposed that a 
spin-polarized gas of hydrogen atoms could be made to Bose condense, as the three-body 
recombination rates are extremely low.  This proved to be extremely difficult in practice, and it 
took a 20-year effort by Daniel Kleppner, Thomas Greytak, and their colleagues to achieve an 
atomic hydrogen BEC.  However, along the way they developed in 1988 the technique that is 
essential to all current dilute-atom BEC schemes, 
 
C.1. Evaporative Cooling 

 
If elastic collisions are sufficiently rapid, the remaining atoms will re-thermalize and the phase 
space density will increase.  The mechanism is familiar from everyday life---it is the primary 
means by which a cup of coffee or a bowl of soup cools.  The plot on the next page shows actual 
results for cooling of H atoms, from the initial work at MIT. 
 
While it is easy to write formulas for the energy change in terms of the excess energy in the 
evaporating atoms, it is less easy to write a complete model for the evaporative cooling process.  
Some of the details are described by Pethick and Smith, and also by Metcalf and van der Straten.  
A particularly complete model was recently described by Robert de Carvalho and John Doyle, 
Phys. Rev. A 70, 053409 (2004). 
 
Even assuming that the evaporative cooling process works well, there are additional problems in 
producing a BEC of alkali atoms, including issues involving the trap design: 
 

(a) A MOT cannot be used for T  10 μK, nor can an ordinary magnetic spherical 
quadrupole trap, because the losses from nuclear “Majorana” spin flips in the B=0 trap 
center become excessive. 

 
(b) To get a non-zero minimum in a static B field, a higher-order multipole is needed.  This 

produces a shallow well at the minimum, leading to a spatially extended atom cloud.  
Thus, the density tends to be low. 

 
Specifically, for an n-pole field the potential depth is related to the radius of the trapped 
cloud by the scaling rule, 
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so the quadrupole trap (n=2) provides tighter confinement than higher-order traps by a 
factor of ~10 to 1000. 

Vtrap 

Slowly lower the trap potential to 
evaporate the hottest atoms. 





  BEC-7 

C.2. The “TOP” trap (Petrich et al., Phys. Rev. Lett. 74, 3352 (1995). 
 

This design, shown on the next page, avoids the problems listed above by a clever and direct 
solution---continually move the zero of the magnetic field, to keep the atoms away from it!  It 
made possible the first convincing demonstration of a dilute gas BEC, by Anderson, Ensher, 
Matthews, Wieman, and Cornell, Science 269, 198 (1995).  They used 87Rb, but a second 
approach using 7Li was demonstrated almost simultaneously, although with a detection method 
that was initially less convincing (see Bradley, Sackett, Tollett, and Hulet, Phys. Rev. Lett. 75, 
1687 (1995).  Later that same year, the group of Wolfgang Ketterle at MIT achieved a BEC in 
23Na (Phys. Rev. Lett. 75, 3969 (1995).  These are still the most widely used atoms for BEC 
work, although several other atoms have now been successfully condensed. 
 
The initial TOP trap experiment combined just about every trick known up to that time for 
cooling and compressing the atoms in a MOT: 
 

1. Collect atoms in a VCMOT for 300 s, in a background pressure of only ~ 10-11 Torr. 
 

2. After about 107 atoms accumulate in the dark-spot MOT, they are compressed and cooled 
to 20 μK by adjusting the B field and the laser frequencies. 

 
3. Next, optical pumping in a small bias magnetic field moves all the atoms to the F=2, 

mF=2 Zeeman sublevel. 
 

4. Now turn off all the lasers and establish a rotating magnetic TOP trap in 1 ms. 
 

5. Ramp up the quadrupole field to increase the elastic collision rate to ~ 3 s-1. 
 

6. Cool evaporatively for 70s (≈trap loss time constant).  A ramped rf field controls the 
evaporation process. 

 
Altogether, the following changes occurred by the time TC was reached: 
 
 
 
 
 
 
 
 
 
 
 
 

4 × 106   atoms 
 
90 μK 
 
n = 2 × 1010 cm-3 

2 × 104  atoms 
 
170 nK 
 
n = 2.6 × 1012 cm-3 
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C.2. The Ioffe-Pritchard trap 

By adding a bias field along the z axis to a quadrupole trap, the bottom of the trapping potential 
can be rounded off, which (a) eliminates the zero-field point, and (b) makes the well harmonic 
near the bottom.  A good description, with illustrations, can be found in Foot’s book.  The 
illustration below is from Dieckmann, Spreeuw, Weidemüller, and Walraven, Phys. Rev. A 58, 
3891 (1998).  Miniaturized “atom chip” versions have also been developed.  These traps are 
useful not only for forming BECs, but also for storing them afterwards. 

 
C.2. Evaporation in an optical trap 

The production of a BEC in a QUEST-type optical trap is very appealing in principle, but so far 
only a few successful realizations.  The first was by Barrett, Sauer, and Chapman, Phys. Rev. 
Lett. 87, 010404 (2001).  A single-beam version has recently been developed by the group of M 
Weitz at Tübingen. 
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Production of Molecular BECs using Feshbach Resonances 
 

The term “Feshbach resonance” is used in a rather specialized sense in ultracold physics.  It 
refers specifically to hyperfine-related structure, usually in the presence of Zeeman tuning in an 
external magnetic field.  A good example of Zeeman-tuning a resonance to zero energy is seen in 
calculations by F.H. Mies, E. Tiesinga, and P.S. Julienne, Phys. Rev. A 61, 022721 (2000): 
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By tuning the position of the molecular resonance through degeneracy with the energy of a pair 
of unbound atoms, molecules can be created.  The following illustration is from S. Dürr, T. Volz, 
A. Marte, and G. Rempe, Phys. Rev. Lett. 92, 020406 (2004): 

Several groups have used this method, with some variations, to achieve a Bose-Einstein 
condensate of bosonic molecules, formed from fermionic atoms.  This includes the groups of 
Deborah Jin (40K2), Wolfgang Ketterle (6Li2), Rudi Grimm (6Li2), and Randy Hulet (6Li2). 
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Another fascinating feature of this method is that the scattering length can be tuned arbitrarily by 
varying the position of the resonance.  This allows the study of the crossover from a “molecular” 
BEC (at positive scattering length) to a BCS-type state with Cooper pairing of distant atoms, as 
well as the strongly-coupled region in between.  One such result is the article Experimental Study 
of the BEC-BCS Crossover Region in Lithium 6, by T. Bourdel, et al., Phys. Rev. Lett. 93, 
050401 (2004): 




