Preliminary Exam: Electromagnetism, Wednesday 26 August, 2020. 9:00-12:00
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(b) Solve this equation to determine the current density as a function of V

2. Two concentric metal spheres of radii a and b (a < b) are separated by a medium that has a
dielectric constant ε and conductivity σ. The charge on the inner conductor q (for time t<0) is
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The velocity v(x) of these electrons increases as a function of x. The potential between the plates,
V (x), is also a function x with V (x = 0) = 0 and V (x = d) = V0 .
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(a) Determine the Poisson equation satisfied by V (x).
(b) Write down the continuity equation that governs the current density in the gap as a function
of x.
(c) Solve this equation to determine the current density as a function of V (x).

2. Two concentric metal spheres of radii a and b (a < b) are separated by a medium that has a
dielectric constant  and conductivity σ. The charge on the inner conductor q (for times t < 0) is
constant q0 because there is a thin insulating barrier between it and the dielectric. Then at t = 0
the insulating layer is suddenly removed, allowing charge to flow into the dielectric. Take the limit
of small σ, so magnetic fields and inductive effects can be ignored. Assume the net charge density
in the dielectric is everywhere zero.
(a) Calculate the time dependence of the charge q.
(b) Calculate the total current flowing through the medium at time t.
1

3. Electric charge is distributed non-uniformly over the surface of a hollow sphere of radius R. The
surface charge density σ depends on the polar angle θ and azimuthal angle φ according to σ =
σ(θ, φ).
(a) For the arbitrary σ(θ, φ) derive an analytical formula for the electrostatic potential Φ(r) both
inside and outside the spherical surface, and express it in terms of the spherical harmonics
Ylm (θ, φ).
Hint: The spherical harmonics Y`m (θ, φ) represent the complete set of orthonormal eigenfunctions of the angular part of Poisson’s equation. The Green’s function of Poisson’s equation
G(r, r0 ) = 1/|r − r0 | can be expressed via the spherical harmonics as
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A list of the first few spherical harmonics may be found at the end of this exam paper.
(b) Determine the asymptotic multipole expansion of the potential Φ(r) at large distance r  R
if the surface charge density is cylindrically symmetric and given by the expression:


σ = σ(θ) = σ0 α + β cos(θ) + γ cos2 (θ) ,
where σ0 , α, β and γ are constants. Express the multipole moments via the given constants.
(c) Find the combination of the α, β and γ parameters which makes the quadrupole term the
leading term in the multipole expansion.
4. Consider a cylindrical coordinate system (s, φ, z) with the radius s and the azimuthal angle φ being
in the (x = s cos φ, y = s sin φ) plane. Consider an infinitely long cylindrical layer with inner and
outer radii R1 and R2 with its central axis along the z axis, i.e. along (x = 0, y = 0, z). Within
the layer there is a cylindrically symmetric charge density ρ(s). The charge density is zero outside
the layer. The cylindrical layer rotates with a constant angular velocity ω about the central axis.
(a) Derive the differential equation for the magnitude A(s) of the vector potential A(s) in all three
regions s < R1 , R1 < s < R2 , R2 < s using Poisson’s equation ∇2 A = −µ0 j, where j is the
vector of electric current density.
Hint: Chose the cylindrical gauge for the A(s) vector potential: A(s) = A(s)êφ .
(b) Using the equation obtained in part (a), determine the vector potential A(s) for the specific
case of the cylindrically symmetric charge distribution in which the inner and outer layer
surfaces are charged uniformly with charge densities σ and −σ respectively: ρ(s) = σδ(s−R1 )−
σδ(s − R2 ). Along the central axis take the vector potential to vanish, viz. A(s = 0, z) = 0.
Hint: Solve the equations for A(s) separately in the three regions, then write down the
matching conditions at the boundaries of each region.
(c) Calculate the total energy of magnetic field per unit of length in each of the three cylindrical
regions: s < R1 , R1 < s < R2 , and s > R2 .
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