Preliminary Exam: Electromagnetism, Wednesday 26 August, 2020. 9:00-12:00

Answer a total of any THREE out of the four questions. If a student submits solutions to more than
three problems, only the first three problems as listed on the exam will be graded. Students should write
their solutions on blank 8.5 by 11 paper or in a blue book, putting their name on each page, the number
of the problem and the number of the page in their solution on each page (i.e. 2-1 means first page of
problem 2). Also each problem solution should be on a separate set of pages (i.e. not putting parts of
two different problems on the same page). At the end of the exam students should scan in their solutions
in sequence using a cell phone or a scanner and email them in a file or files to the prelim committee chair
philip.mannheim@uconn.edu no later than 15 minutes after the end time of the exam. (It might be easier
to transfer the files to a laptop first.) Label both the email header and the file or files with your name
and the name of the exam. In the email state which problems you have attempted and state how many
pages there are for each of the problems. The chair will immediately check if the emailing is readable or
if a resend is required.
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1. Consider two plane-parallel electrodes, spaced by a distance d, at voltages 0 and V;. The source
that maintains the voltage difference Vj between the two electrodes supplies whatever current is
necessary to maintain that voltage difference as the charge is allowed to free-stream across the gap
under the influence of the electric field.

Assume (i) there is vacuum between the plates, (ii) the electrons are released from the inner surface
of the plate with the lower voltage, (iii) ignore gravity, (iv) assume the area of plates is much greater
than d?, and (v) assume steady-state current flow.

The velocity v(z) of these electrons increases as a function of z. The potential between the plates,
V(z), is also a function x with V(z =0) =0 and V(z = d) = Vj.

(a) Determine the Poisson equation satisfied by V' (z).

(b) Write down the continuity equation that governs the current density in the gap as a function
of x.

(c) Solve this equation to determine the current density as a function of V(x).

2. Two concentric metal spheres of radii a and b (a < b) are separated by a medium that has a
dielectric constant € and conductivity 0. The charge on the inner conductor ¢ (for times ¢ < 0) is
constant ¢y because there is a thin insulating barrier between it and the dielectric. Then at ¢ = 0
the insulating layer is suddenly removed, allowing charge to flow into the dielectric. Take the limit
of small o, so magnetic fields and inductive effects can be ignored. Assume the net charge density
in the dielectric is everywhere zero.

(a) Calculate the time dependence of the charge g.

(b) Calculate the total current flowing through the medium at time t.



3. Electric charge is distributed non-uniformly over the surface of a hollow sphere of radius R. The
surface charge density o depends on the polar angle § and azimuthal angle ¢ according to o =

(0, 9).

(a)

(c)

For the arbitrary o(6, ¢) derive an analytical formula for the electrostatic potential ®(r) both
inside and outside the spherical surface, and express it in terms of the spherical harmonics

Y™(0,9).

Hint: The spherical harmonics Y;" (0, ¢) represent the complete set of orthonormal eigenfunc-
tions of the angular part of Poisson’s equation. The Green’s function of Poisson’s equation
G(r,r') = 1/|r — 1’| can be expressed via the spherical harmonics as
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where r and r- are respectively the smaller and larger of |r| and |r/|. The general spherical
harmonic is
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A list of the first few spherical harmonics may be found at the end of this exam paper.

Determine the asymptotic multipole expansion of the potential ®(r) at large distance r > R
if the surface charge density is cylindrically symmetric and given by the expression:

o =0(0) =00 [a+ 5 cos(d) +7 cos’(0)],

where og, a, 8 and « are constants. Express the multipole moments via the given constants.

Find the combination of the «, § and = parameters which makes the quadrupole term the
leading term in the multipole expansion.

4. Consider a cylindrical coordinate system (s, ¢, z) with the radius s and the azimuthal angle ¢ being
in the (r = scos¢, y = ssin¢) plane. Consider an infinitely long cylindrical layer with inner and
outer radii R and Ry with its central axis along the z axis, i.e. along (z =0, y =0, 2z). Within
the layer there is a cylindrically symmetric charge density p(s). The charge density is zero outside
the layer. The cylindrical layer rotates with a constant angular velocity w about the central axis.

(a)

Derive the differential equation for the magnitude A(s) of the vector potential A(s) in all three
regions s < Ry, R1 < s < Ry, Ry < s using Poisson’s equation VZA = —i0j, where j is the
vector of electric current density.

Hint: Chose the cylindrical gauge for the A(s) vector potential: A(s) = A(s)é,.

Using the equation obtained in part (a), determine the vector potential A(s) for the specific
case of the cylindrically symmetric charge distribution in which the inner and outer layer
surfaces are charged uniformly with charge densities o and —o respectively: p(s) = 0d(s—Ry)—
00(s — Rs). Along the central axis take the vector potential to vanish, viz. A(s=0,z) = 0.

Hint: Solve the equations for A(s) separately in the three regions, then write down the
matching conditions at the boundaries of each region.

Calculate the total energy of magnetic field per unit of length in each of the three cylindrical
regions: s < Ry, R; < s < Ry, and s > Rs.
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Vector Formulas

a-(bxe)=b-(cxa)=c-(axb)
ax(xc)=(a-ch-(a-b)
(@axb):-(cxd)=(@-c)b-d) — (a-d)b-c)
VxVy=0
V.(Vxa)=0
Vx(Vxa)=V(V-a) - Va
Ve(ya)=a-Vy+ ¢V-a
Vx(fa)=Vyxat+yVXa
Vi@a-by=(@-V)b+(b-V)a+ax(Vxb)+bx(Vxa)
V.@axb)y=b-(Vxa)-a-(Vxb)
Vx{axb)=aV-b)-b(V:-a) +(b:-V)a—(a-V)b

If x is the coordinate of a point with respect to some origin, with magnitude
r = |x|, n = x/r is a unit radial vector, and f(r) is a well-behaved function of r,

then
Vex =3 Vxx=0

Vol =2 f+ 2V xaf)] = 0

(a- V)nf(r) = M [a — n(a-n)] + n(a- n) —f

V(x-a)—a+x(V a) + i(L x a)

1 "
where L = 7 (x x V) is the angular-momentum operator.



Theorems from Vector Calculus

In the following ¢, ¢, and A are well-behaved scalar or vector functions, Vis a
three-dimensional volume with volume element d’x, S is a closed two-
dimensional surface bounding V, with area element da and unit outward normal
n at da.

L V- Ad'x = L A:'nda (Divergence theorem)
o T
Iuvwdx = L ¥n da
foAcF' =JnxAda
v 5
: L (¢Vi + Vo« V) d'x = L ¢n - Vi da (Green’s first identity)

L (¢Vy — yV?¢) d'x = L (¢Vy = yVd)-nda  (Green’s theorem)

In the following S is an open surface and C is the contour bounding it, with line
element dl. The normal n to S is defined by the right-hand-screw rule in relation
to the sense of the line integral around C.

L (VXA):nda= % A-dl (Stokes's theorem)
i

Ln X Vi da = i:{:dl
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Explicit Forms of
Vector Operations

Let e,, e5, £; be orthogonal unit vectors associated with the coordinate directions
specified in the headings on the left, and 4,, A,, A, be the corresponding com-
ponents of A. Then
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[Note that Ser (r ar) s (ra,b).]




