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n Treat all 3 photon propagators exactly   (3 analytical photons) , which makes the 
quark loop and the lepton line connected :  

disconnected problem in Lattice QED+QCD  -> connected problem with analytic 
photon

n QED 2-loop in coordinate space. Stochastically sample, two of quark-photon 
vertex location x,y, z and xop is summed over space-time exactly

n Short separations, Min[ |x-z|,|y-z|,|x-y| ] < R ~ O(0.5) fm, which has a large 
contribution due to confinement, are summed for all pairs

n longer separations, Min[ |x-z|,|y-z|,|x-y| ]  >= R, are done stochastically with 
a probability shown above  ( Adaptive Monte Carlo sampling )

Coordinate space Point photon method 
[ Luchang Jin et al. , PRD93, 014503 (2016) ]

QEDA,QEDB
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Figure 3. Distribution of the r for 32ID lattice.

For simplicity, we only write local current in above formulas. In actual computation,

however, we need to compute lattice conserved current at xop to ensure the quark loop to

be finite at short distance. We can then use three local current at x, y, and z, provided that

Z3
V is multiplied to the final results. See Appendix ???.

We use domain wall action not only for quarks but for the muon as well. We compute

the muon propagators with domain wall height M5 = 1 and infinite Ls. Since all the muon

photon interactions have been explicitly included in the formula, all the muon propagators

are free field fermion propagators. To calculate these free propagators, we can use Fourier

transformations and analytical expressions. So we can enjoys the nice properties without

addition cost compare with the conventional cheaper fermions, e.g. Wilson fermion. We

also use local currents for the photon muon interactions at x′, y′, and z′.

Since we need to sum over all six different permutations of the three internal photons, all

pairs of x, y and combinations of photon polarizations should be computed separately. The

work need to be done for the muon line is proportion to M2. So for large M , the cost for

the free muon propagators can be comparable with the cost for quark propagators. In our

simulations, we usually choose M = 16, which balances the cost for muon and quarks. Also,

M = 16 is not yet too large, so the over all statistics is still roughly proportion to M2.

Above derivation take the limit that tsep → +∞. In practice, if we calculate the QED

part using lattice, we will have finite tsep, which is set to be half of the lattice time extent
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HLbL point source method [L. Jin et al. 1510.07100]

• Anomalous magnetic moment, F2(q
2
) at q2 ! 0 limit

F cHLbL

2
(q2 = 0)

m

(�s0,s)i

2
=

P
x,y,z,xop

2V T
✏i,j,k (xop � xref)j · iūs0(~0)F

C
k (x, y, z, xop)us(~0),

• Stochastic sampling of x and y point pairs. Sum over x and z.

FC
⌫ (x, y, z, xop) = (�ie)6G⇢,�,(x, y, z)HC

⇢,�,,⌫(x, y, z, xop),

xsrc xsnk↵, ⇢ ⌘, �,�
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Conserved External Current Improvement 22/32

• In previous setup, noise will remain relatively constant in large volume, but would blow
up if the external momentum transfer q becomes small.

ū(p′)Γµ(p′, p)u(p) = ū(p′)

[
F1(q2)γµ+ i

F2(q2)
4m

[γµ, γν]qν

]
u(p) (12)

F2(0) =
gµ− 2
2

≡ aµ (13)

• To make the noise also vanish when q → 0, we need the external current be exactly
conserved, configuration by configuration.

• To prove Ward identity, we need to compute all possible external photon insertion options.

xsrc xsnky
′
,σ

′
z
′
, ν

′ x
′
, ρ

′

xop, µ

z, ν

y,σ x, ρ

xsrc xsnky
′
,σ

′
z
′
, ν

′ x
′
, ρ

′

xop, µ

z, ν

y,σ x, ρ

xsrc xsnky
′
,σ

′
z
′
, ν

′ x
′
, ρ

′

xop, µ

z, ν

y,σ x, ρ

Figure 14. All three different possible insertions for the external photon. They are equal to each other
after stochastic average. 5 other possible permutations of the three internal photons are not shown.

Conserved current & moment method

n [conserved current method at finite q2] To tame UV divergence, one of quark-photon vertex 
(external current)  is set to be conserved current (other three are local currents). All possible 
insertion are made to realize conservation of external currents config-by-config.

n [moment method , q2→0] By exploiting the translational covariance for fixed external 
momentum of lepton and external EM field, q->0 limit value is directly computed via the first 
moment of the relative coordinate, xop – (x+y)/2,  one could show

to directly get F2(0) without extrapolation.
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EQUATIONS

N. YAMADA

V (x) = −µ⃗l · B⃗(1)

µ⃗l = gl
e

2ml
S⃗l(2)

al =
gl − 2

2
(3)

Γµ(q) = γµ F1(q
2) +

iσµνqν

2 ml
F2(q

2)(4)

aµ = (11 659 182.8 ± 4.9) × 10−10(5)

(6)

Date: July 4, 2012.
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Simulation details [RBC/UKQCD 2015]

two gauge field ensembles generated by RBC/UKQCD collaborations

Domain wall fermions: chiral symmetry at finite a

Iwasaki Gauge action (gluons)

• pion mass m⇡ = 139.2(2) and 139.3(3) MeV (m⇡L <⇠ 4)

• lattice spacings a = 0.114 and 0.086 fm

• lattice scale a
�1 = 1.730 and 2.359 GeV

• lattice size L/a = 48 and 64

• lattice volume (5.476)3 and (5.354)3 fm3

Use all-mode-average (AMA) [Blum et al 2012] and low-mode- averaging (LMA)
[Giusti et al, 2004, Degrand et al 2005, Lehner 2016 for HVP] techniques for improved
statistics by more than three orders of magnitudes compared to basic CG, and
⇥10 smaller memory via multigrid-Lanczos [Lehner 2017] .

Taku Izubuchi, First Workshop of the Muon g-2 Theory Initiative, June 4, 2017 8

[Jung Lehner 2017]

(+1.0 GeV, +1.38 GeV)

(+7 fm + 9.6 fm)



disconnected quark loop contribution �

n  [ C. Lehner et al. (RBC/UKQCD 2015,  arXiv:1512.09054,  PRL) ] 

n  Very challenging calculation due to statistical noise  

n  Small contribution,  vanishes in SU(3) limit,  

    Qu+Qd+Qs = 0 

n  Use low mode of quark propagator, treat it exactly  

     ( all-to-all propagator with sparse random source ) 

n  First non-zero signal  Leading isospin breaking correction to the HVP

•    Main obstacle in implementing this method (in general): , 
➡many diagrams have to be computed 
➡including the 3-pt, 4-pt functions and the disconnected ones (beyond el-quenched) 

• Computation with Nf=2 O(a) improved Wilson configurations, …
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Figure 1: Contributions to the leading isospin breaking e↵ects to the connected part of the HVP.

(a) (b)

Figure 2: Some examples of the disconnected contributions which are part of the leading isospin breaking
e↵ects to the connected part of the HVP, beyond electro-quenched approximation.

X

q=u,d,...

e2q = � e2qe
2 + 2(mq �m0

q)

X

� 2e2qe
2 � 2e2qe

2

= + (9)

For a start, it would be nice to compute at least electro-quenched contribution, namely setting (see ref. [1]):

rf = 1, and (10)

gs = g0s . (11)

In this case, only diagrams in Figure 1 contribute.
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O(mu �md)

•    In the phenomenological determination of              , correctly applied IB correction 
resolved the discrepancy between           and     data   [Jegerlehner,Szafron ‘11] 

•    R123 method [arXiv:1303.4896] for computing leading isospin breaking corrections(LIBE) 
➡Applied to the connected pat of the HVP   

•    Main advantage w. respect to simulating QED+QCD: 
➡Diagrams obtained individually (before multiplying with               ,                         coeff.) 
➡No extrapolation in 

• Leading isospin breaking correction (electro-quenched approximation):

O(↵em)

ahad,LO
µ

↵em

e+e� ⌧

The Leading Order Hadronic Vacuum Polarization

Quark-connected piece with > 90% of the con-
tribution with by far dominant part from up and
down quark loops (Below focus on light contri-
bution only)

Quark-disconnected piece with ⇡ 1.5% of the
contribution (1/5 suppression already through
charge factors); arXiv:1512.09054, accepted for
PRL

QED and isospin-breaking corrections, esti-
mated at the few-per-cent level

14 / 35

Disconnected Contribution to HVP (C. Lehner) [Blum et al., 2015a]

Low mode separation crucial since light- strange don’t cancel

contributions above ms suppressed

(sparse) random sources e↵ective for high modes

⇧(q2) � ⇧(0) =
X

t

✓
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FIG. 5. The sum of LT and FT defined in Eqs. (13) and (14)

has a plateau from which we read o� aHVP (LO) DISC
µ . The

lower panel compares the partial sums LT for all values of
T with our final result for aHVP (LO) DISC

µ with its statistical
error band.

we report our final result

aHVP (LO) DISC
µ

= �9.6(3.3)(2.3) ⇥ 10�10 , (15)

where the first error is statistical and the second system-
atic.

Before concluding, we note that our result appears to
be dominated by very low energy scales. This is not sur-
prising since the signal is expressed explicitly as di↵er-
ence of light-quark and strange-quark Dirac propagators.
We therefore expect energy scales significantly above the
strange mass to be suppressed. We already observed this
above in the dominance of low modes of the Dirac opera-
tor for our signal. Furthermore, our result is statistically
consistent with the one-loop ChPT two-pion contribution
of Fig. 6.

CONCLUSION

We have presented the first ab-initio calculation of the
hadronic vacuum polarization disconnected contribution
to the muon anomalous magnetic moment at physical
pion mass. We were able to obtain our result with modest
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T

LT for 323 x 64 lattice
LT for 483 x 96 lattice

LT for 643 x 128 lattice
LT for 963 x 192 lattice

FIG. 6. The leading-order pion-loop contribution in finite-
volume ChPT as function of volume.

computational e↵ort utilizing a refined noise-reduction
technique explained above. This computation addresses
one of the major challenges for a first-principles lattice
QCD computation of aHVP

µ
at percent or sub-percent pre-

cision, necessary to match the anticipated reduction in
experimental uncertainty. The uncertainty of the result
presented here is already slightly below the current ex-
perimental precision and can be reduced further by a
straightforward numerical e↵ort.
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�(9.6 ± 3.3) ⇥ 10�10 or about 1.5% of total at 3 � level
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HVP quark-disconnected contribution

First results at physical pion mass with a statistical signal
RBC/UKQCD arXiv:1512.09054, accepted by PRL

Statistics is clearly the bottleneck

New stochastic estimator allowed us to get result

a
HVP (LO) DISC
µ = �9.6(3.3)stat(2.3)sys ⇥ 10�10 (13)

from 20 configurations at physical pion mass and 45
propagators/configuration.

26 / 35

13	
6

Sensitive to mπ
crucial to compute at physical mass

HVP



Current conservation & subtractions

conservation =>  transverse tensorn

In infinite volume, q=0n , ���(q) = 0
For n finite volume, ���(0)  is exponentially small                                 
(L.Jin,   use also in HLbL)

e.g.  DWF  L=2, 3, 5 n fm ����0) = 8(3)e-4, 2(13)e-5, -1(5)e-8
Subtract n ���(0) alternates FVE, and  reduce stat error  
“-1” subtraction trick [Bernecker & Meyer, Maintz] : 

7

HVP
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Subtraction using current conservation

• From current conservation, @⇢V⇢(x) = 0, and mass gap, hxV⇢(x)O(0)i ⇠
|x|n exp(�m⇡|x|)

X

x

HC
⇢,�,,⌫(x, y, z, xop) =

X

x

hV⇢(x)V�(y)V(z)V⌫(xop)i = 0

X

z

HC
⇢,�,,⌫(x, y, z, xop) = 0

at V ! 1 and a ! 0 limit (we use local currents).

• We could further change QED weight

G(2)

⇢,�,(x, y, z) = G(1)

⇢,�,(x, y, z) � G(1)

⇢,�,(y, y, z) � G(1)

⇢,�,(x, y, y) + G(1)

⇢,�,(y, y, y)

without changing sum
P

x,y,z G⇢,�,(x, y, z)HC
⇢,�,,⌫(x, y, z, xop).

• Subtraction changes discretization error and finite volume error.

• Similar subtraction is used for HVP case in TMR kernel, which makes FV error smaller.

• Also now G(2)

�,,⇢(z, z, x) = G(2)

�,,⇢(y, z, z) = 0, so short distance O(a2
) is suppressed.

• The 4 dimensional integral is calculated numerically with the CUBA library cubature
rules. (x, y, z) is represented by 5 parameters, compute on N5 grid points and
interpolates. (|x � y| < 11 fm).

cHLbL



Dramatic Improvement !
Luchang JinZero External Momentum Transfer Improvement 29/32
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Figure 20. Phys.Rev.Lett. 114 (2015) 1, 012001. arXiv:1407.2923. Compare with latest method and
result.

• 243× 64 lattice with a−1= 1.747GeV and mπ= 333MeV. mµ= 175MeV.

• For comparison, at physical point, model estimation is 0.08 ± 0.02. The agreement is
accidental, the lattice value has a strong dependence on mµ.

a=0.11 fm, 243x64 (2.7 fm)3, 
mπ = 329 MeV,   mμ =~ 190 MeV, e=1

more than x100  reduced cost !

61

Table 4.10: Results for F2(q2) from applying the conserved and moment methods to the

the 24IL ensemble with mµa = 0.1 using a muon source-sink separation tsep = 32. As

before,
p
Var = Err

p
NconfNprop. We use the conserved current for the external photon

and local currents for the internal photons for both methods. The conserved results are for

q2 = (2⇡/L)2 while the moment methods gives a q2 = 0 result.

Method F2/(↵/⇡)3 Nconf Nprop

p
Var

Conserved 0.0825(32) 12 (118 + 128)⇥ 2⇥ 7 0.65

Mom. 0.0804(15) 18 (118 + 128)⇥ 2⇥ 3 0.24

q2 = 0. Since these calculations are less computationally costly than those for QCD, we

can evaluate a number of volumes and lattice spacings (all specified with reference to the

muon mass) and examine the continuum and infinite-volume limits. We can then compare

our results, extrapolated to vanishing lattice spacing and infinite volume, with the known

result calculated in standard QED perturbation theory [9, 10]. This QED calculation serves

both as a demonstration of the capability of lattice methods to determine such light-by-light

scattering amplitudes and as a first look at the size of the finite-volume and nonzero-lattice-

spacing errors.

In Fig. 4.6 we show results for F2(0) computed for three di↵erent lattice spacings, i.e.

three di↵erent values of the input muon mass in lattice units, but keeping the linear size of

the system fixed in units of the muon mass. The data shown in Fig. 4.6 are also presented

in Table 4.11. We use two extrapolation methods to obtain the continuum limit. The first,

shown in the figure, uses a quadratic function of a2 to extrapolate to a2 = 0. The second

makes a linear extrapolation to a2 = 0 using only the two leftmost points for each of the

three values of mµL. The coe�cients for the quadratic-in-a2 fits shown in Fig. 4.6 as well as

those for the linear-in-a2 fits are given in tabular form in Tables. 4.12 and 4.13.

Conserved External Current Improvement 22/32

• In previous setup, noise will remain relatively constant in large volume, but would blow
up if the external momentum transfer q becomes small.

ū(p′)Γµ(p′, p)u(p) = ū(p′)

[
F1(q2)γµ+ i

F2(q2)
4m

[γµ, γν]qν

]
u(p) (12)

F2(0) =
gµ− 2
2

≡ aµ (13)

• To make the noise also vanish when q → 0, we need the external current be exactly
conserved, configuration by configuration.

• To prove Ward identity, we need to compute all possible external photon insertion options.
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Figure 14. All three different possible insertions for the external photon. They are equal to each other
after stochastic average. 5 other possible permutations of the three internal photons are not shown.tsep

2.2 fm

9



SU(3) hierarchies for d-HLbL

n At ms=mud limit,  following type of disconnected HLbL diagrams
Qu + Qd + Qs = 0  [Mainz, Lehenr for HVP]

n Other diagrams  suppressed by
O(ms-mud) /3, O( (ms-mud)2 ), and O( (ms-mud)3 )

Muon g − 2 Light by Light

by Luchang Jin

xsrc xsnkz
′
,κ

′
y
′
,σ

′ x
′
, ρ

′

xop, ν

z,κ
y,σ x, ρ

Figure 1. Disconnected Light by Light diagrams. There are other possible permutations.

1 Method outline

• Use one configuration to compute 32 point source propagators and perform HVP like con-
traction. Store the average of the results, Πρ,σ

avg(r), and later we would subtract it from other
HVP like contraction computed using other configurations.

Πρ,σ
avg(r) =

1
N

∑

k=1

N

{−Tr[γρSq(xk, xk + r)γσSq(xk + r, xk)]} (1)

• Start with point source x, compute point source quark propagators and photon x→ x′.

• Compute the local current for all possible y, Πρ,σ(x, y) (subtract Πρ,σ
avg(x, y) from this value)

Πρ,σ(x, y) = −Tr[γρSq(x, y)γσSq(y, x)]−Πρ,σ
avg(y −x) (2)

• Optional subtraction: Ideally, the sum of the current over space time should be zero. Since
we use local current, this is not strictly true. But we can introduce Πρ,σ

′ (x, y) where

Πρ,σ
′ (x, y) = Πρ,σ(x, y)− δx,y

∑

y ′

Πρ,σ(x, y ′) (3)

Should try to see if this trick work for connected LbL calculation.

• Use the current computed above as a source and construct photon y→ y ′

• Use the two photons constructed above and compute the muon line with sequential source
finally contract at z ′ with local current. Note that this procedure should be performed for all
possible permutations of the three photons. The muon source and sink separation is usually
taken to be half of the lattice time extent, and the source and sink positions are chosen so
that x is in the middle of them xt = ((xsrc)t +(xsnk)t)/2.

• Use the local current at all possible z ′ construct photon z ′→ z

1

68

Figure 5.1: Leading order diagram, survives in SU(3) limit.

xsrc xsnkz0,0 y0,�0 x0, ⇢0

xop, ⌫

z, y,� x, ⇢

Figure 5.2: Next to leading order diagrams. O(ms �ml), vanishes in SU(3) limit.

xsrc xsnky0,�0 x0, ⇢0 z0,0

xop, ⌫

z,y,� x, ⇢

xsrc xsnky0,�0 z0,0 x0, ⇢0

xop, ⌫

z,y,� x, ⇢

diagrams, the signal has to come from a subtle gluon interactions between the two quark

loops, which can only be discovered by gauge averaging. As a result, although the signal

should be exponentially suppresed when |r| = |x � z| become large just as the connected

diagram, the noise remains constant for arbitrary |r|. Since the formula involve summation

over r, one can expect a lot of noises come from the large |r| region, and will become larger

if we increase the volume. However, the independence of these two loops also provide some

benefit. The contraction at y position will not depend on the position of z, thus the M2 trick

can be applied without recomputing the muon part. So, we obtained order M2 combinations

of samples with no additional cost, where M is the number of point source quark propagators
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Figure 5.3: Even higher order diagrams.

xsrc xsnkz0,0 y0,�0 x0, ⇢0

xop, ⌫

z, y,� x, ⇢

xsrc xsnky0,�0 x0, ⇢0 z0,0

xop, ⌫

z,
y,� x, ⇢

xsrc xsnkz0,0 y0,�0 x0, ⇢0

xop, ⌫

z, y,� x, ⇢

computed for each configuration.

5.2 Infinite volume limit

Normally, the finite volume e↵ects in lattice QCD calculations are exponentially suppressed

by L, the linear size of the lattice volume times m⇡, the energy of lowest energy eigen-state

of QCD. For example, the points x, y, z, which appears in Eq. (3.6), are directly connected

to on the quark loop. The finite volume e↵ects introduced when limiting these points in a

finite size lattice are exponentially suppressed. However, in the light-by-light calculation,

there are also QED finite volume e↵ects. The QED finite volume e↵ects enter only through

Eq. (3.7), which include everything except the quark loop. We repeat the equation below:

G⇢�(x, y, z, xsnk, xsrc) =
X

x0,y0,z0

G⇢⇢0(x, x
0)G��0(y, y0)G0(z, z0)

·

h
Sµ (xsnk, x

0) �⇢0Sµ(x
0, z0)�0Sµ(z

0, y0)��0Sµ (y
0, xsrc)

+Sµ (xsnk, z
0) �0Sµ(z

0, x0)�⇢0Sµ(x
0, y0)��0Sµ (y

0, xsrc)

+four other permutations
i
. (5.1)

The summation variables x0, y0, z0 in above equation can move freely along the muon line,

only connected to the quark loop by massless photons. Thus, Eq. (5.1), when evaluated

(ms-mud)0

(ms-mud)/3

(ms-mud)2

10

Disconnected diagrams 26/36

• One diagram (the biggest diagram below) do not vanish even in the SU(3) limit.

• We extend the method and computed this leading disconnected diagram as well.

xsrc xsnkz′,κ′ y′,σ′ x′, ρ′

xop, ν

z,κ y,σ x, ρ

xsrc xsnky′,σ′ x′, ρ′ z′,κ′

xop, ν

z,κy,σ x, ρ

xsrc xsnky′,σ′ z′,κ′ x′, ρ′

xop, ν

z,κy,σ x, ρ

xsrc xsnkz′,κ′ y′,σ′ x′, ρ′

xop, ν

z,κ y,σ x, ρ

xsrc xsnky′,σ′ x′, ρ′ z′,κ′

xop, ν

z,κ
y,σ x, ρ

xsrc xsnkz′,κ′
y′,σ′ x′, ρ′

xop, ν

z,κ y,σ x, ρ

• Permutations of the three internal photons are not shown.

• There should be gluons exchange between and within the quark loops, but are not drawn.

• We need to make sure that the loops are connected by gluons by “vacuum” subtraction.
So the diagrams are 1-particle irreducible.

(ms-mud)3



Disconnected formula 22/40

xsrc xsnkz′,κ′ y′,σ′ x′, ρ′

xop, ν

z,κ y,σ x, ρ

• We can use two point source photons at y and z, which are chosen randomly. The points
xop and x are summed over exactly on lattice.

• Only point source quark propagators are needed. We compute M point source propagators
and all M2 combinations of them are used to perform the stochastic sum over r = z − y.

Fν
D(x, y, z, xop) = (−ie)6 Gρ,σ,κ(x, y, z)Hρ,σ,κ,ν

D (x, y, z, xop) (13)

Hρ,σ,κ,ν
D (x, y, z, xop) =

〈

1
2

Πν ,κ(xop, z) [Πρ,σ(x, y)−Πρ,σ
avg(x− y)]

〉

QCD

(14)

Πρ,σ(x, y) = −
∑

q

(eq/e)2Tr[γρ Sq(x, y) γσ Sq(y, x)]. (15)

11

Disconnected calculation



Disconnected claculation
Disconnected formula 23/40

xsrc xsnkz′,κ′ y′,σ′ x′, ρ′

xop, ν

z,κ y,σ x, ρ

F2
dHLbL(0)

m

(σs′,s)i

2
=

∑

r,x

∑

xop

1
2
ϵi,j ,k(x̃op)j · i ūs′

(

0⃗
)

Fk
D(x, y = r, z = 0, xop)us

(

0⃗
)

(16)

Hρ,σ,κ,ν
D (x, y, z, xop) =

〈

1
2

Πν ,κ(xop, z) [Πρ,σ(x, y)−Πρ,σ
avg(x− y)]

〉

QCD

(17)

∑

xop

1
2
ϵi,j ,k(xop)j ⟨Πρ,σ(xop, 0)⟩QCD =

∑

xop

1
2
ϵi,j,k(−xop)j ⟨Πρ,σ(−xop, 0)⟩QCD =0

• Because of the parity symmetry, the expectation value for the left loop average to zero.

• [Πρ,σ(x, y)−Πρ,σ
avg(x− y)] is only a noise reduction technique. Πρ,σ

avg(x− y) should remain
constant through out the entire calculation.

12



M2 trick
M2 trick 29/36

xsrc xsnkz′,κ′ y′,σ′ x′, ρ′

xop, ν

z,κ y,σ x, ρ

• For QEDL, we can compute the QED function for all z given the y location fixed and x
summed over. Allow us to compute all combination of y, z with little efforts.

• For QED∞, although we can compute all the function Gρ,σ,κ(x, y, z) simply by interpo-
late, we cannot easily compute this function (even after fixing y) for all x and z, simply
because of its cost is proportion to Volume2.

• However, we with QED∞ and interpolation, we can freely choose which coordinates we
compute. For example, we may compute all z for |x− y |!5, and sample z for |x− y |>5.

13



140 MeV Pion, disconnected (and
connected) LbL results

[ Luchang Jin et al. , Phys.Rev.Lett. 118 (2017) 022005 ]

n left: Integrand function ,               right : Integral

n Using AMA with 2,000 zMobius low modes, AMA

139MeV Pion 483
× 96 Lattice 21/32
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Figure 15. 483 × 96 lattice, with a−1 = 1.73GeV, mπ = 139MeV, mµ = 106MeV. Left: connected
diagrams contribution. Right: leading disconnected diagrams contribution.

• We use Lanczos, AMA, and zMobius techniques to speed up the computations.

• 65 configurations are used. They each are separated by 20 MD time units.
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Figure 15. 483 × 96 lattice, with a−1 = 1.73GeV, mπ = 139MeV, mµ = 106MeV. Left: connected
diagrams contribution. Right: leading disconnected diagrams contribution.

• We use Lanczos, AMA, and zMobius techniques to speed up the computations.

• 65 configurations are used. They each are separated by 20 MD time units.
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(  sta&s&cal error only )
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Physical point dHLbL contribution, 483, 1.73 GeV lattice [Blum et al., 2017a]

strange contributes less than 5 %
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Physical point dHLbL contribution, 483, 1.73 GeV lattice [Blum et al., 2017a]

strange contributes less than 5 %

-0.006
-0.005
-0.004
-0.003
-0.002
-0.001

0
0.001
0.002
0.003
0.004

0 5 10 15 20

F
2
(0
)/
(α

/π
)3

|r|

48I

-0.06

-0.05

-0.04

-0.03

-0.02

-0.01

0

0 5 10 15 20 25 30 35 40 45

F
2
(0

)/
(α

/π
)3

r

acc-r-ve-plot

adHLbL

µ = �6.25 ± 0.80 ⇥ 10�10

acHLbL

µ + adHLbL

µ = 5.35 ± 1.35 ⇥ 10�10

13 / 26



cHLbL Different lattice spacings

15

cHLbL contribution: lattice spacing e↵ect (preliminary)
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cHLbL: lattice spacing e↵ect (preliminary)
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(green )

1/a = 2.37 GeV, 1.73 GeV, 1.0 GeV
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dHLbL contribution: lattice spacing e↵ect (preliminary)
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dHLbL: lattice spacing e↵ect (preliminary)
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dHLbL Different lattice spacings
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Remaining dHLbL
The remaining disconnected diagrams 30/36

xsrc xsnky′,σ′ x′, ρ′ z′,κ′

xop, ν

z,κy,σ x, ρ

xsrc xsnky′,σ′ z′,κ′ x′, ρ′

xop, ν

z,κy,σ x, ρ

• These are the subleading disconnected diagrams in the SU(3) limit.

• The right diagram has a factor of 1/3 suppression from the multiplicity of the diagram
compare with the left diagram, i.e. the external photon is more likely to be on the loop
with three photons.

• For the left diagram, the moment method works just like the connected case. With both
QEDL or QED∞, we can sample x, y and sum over z. We can use the M2 trick for the
x, y sampling. Low-modes-averaging for the loop with z.

• For the right diagram, The moment method still works, however, we have to use a point
on the other loop as the reference point, which may be more noisy. But as mentioned
above, the right diagram is more suppressed.

17



Summary 

n Lattice calculation for g-2 calculation is improved very rapidly

n HLbL [ Luchang Jin et al ]
• computing leading disconnected diagrams : 

->  8 % stat error in connected,  13 % stat error in leading disconnected
• coordinate-space integral using analytic photon propagator with 

adaptive probability (point photon method), config-by-config conserved 
external current 

• take moment of relative coordinate to directly take q→0
• AMA, zMobius, 2000 low modes
• Infinite volume / continuum QED weight function to avoid power-like FV

n Goal : HLbL 10% error 

Can we see the next 
physics Revolution (c.f GW ) ? 18



Thank you !
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HLbL from Models
n Model estimate with non-perturbative constraints at the chiral / 

low energy limits using anomaly :  (9—12) x 10-10  with 25-40% 
uncertainty

⇥0, �, �⇥

83(12)⇥ 10�11

L.D.

�19(13)⇥ 10�11

L.D.

⇥±, K±

+62(3)⇥ 10�11

q = (u, d, s, ...)

S.D.

LD contribution requires low energy effective hadronic models : simplest case

⇥0�� vertex

Basic problem: (s, s1, s2)–domain of F⇥0�����(s, s1, s2); here (0, s1, s2)–plane

Two scale problem: “open regions”

RLA

???

???

pQCD

One scale problem: “no problem”

RLA pQCD

– Data, OPE,
??? – QCD factorization,

– Brodsky-Lepage approach

F. Jegerlehner SFB/TR 09 Meeting, Aachen, November 14, 2011 85

My own calculation: h3 ⌅ [�10, 10] GeV�2

X aµ(LbL; X) ⇥ 1011

⇥0, �, �⇤ 93.91 ± 12.40 a1, f ⇤1, f1 28.13 ± 5.63 a0, f ⇤0, f0 �5.98 ± 1.20

JN09 based on Nyffeler 09:

aLbL;had
µ = (116 ± 39) ⇥ 10�11

Summary of results
Contribution BPP HKS KN MV PdRV N/JN

⇥0, �, �⇤ 85±13 82.7±6.4 83±12 114±10 114±13 99±16
⇥,K loops �19±13 �4.5±8.1 � 0±10 �19±19 �19±13

axial vectors 2.5±1.0 1.7±1.7 � 22± 5 15±10 22± 5
scalars �6.8±2.0 � � � �7± 7 �7± 2

quark loops 21± 3 9.7±11.1 � � 2.3 21± 3

total 83±32 89.6±15.4 80±40 136±25 105±26 116±39

F. Jegerlehner SFB/TR 09 Meeting, Aachen, November 14, 2011 92

F. Jegerlehner ,  x 1011
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Hadronic Light-by-Light (HLbL) 
contributions

Introduction HVP HLbL Summary/Outlook References Perturbative QED in configuration space disconnected diagrams

Hadronic light-by-light (HLbL) scattering

+ + · · ·

Model calculations: (105 ± 26) ⇥ 10�11

[Prades et al., 2009, Benayoun et al., 2014]

Model systematic errors di�cult to quantify

Dispersive approach di�cult, but progress is being made
[Colangelo et al., 2014b, Colangelo et al., 2014a, Pauk and Vanderhaeghen, 2014b,

Pauk and Vanderhaeghen, 2014a, Colangelo et al., 2015]

First non-PT QED+QCD calculation [Blum et al., 2015]

Very rapid progress with Pert. QED+QCD [Jin et al., 2015]

Tom Blum (UCONN / RBRC) Progress on the muon anomalous magnetic moment from lattice QCD
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