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Finite-volume and infinite-volume formulations

I aHLbL
µ in finite-volume QCD and QED:

I PRD93(2016)014503 (RBC/UKQCD): Connected diagram with
mπ = 171 MeV; aHLbL

µ = 13.21(68)× 10−10

I PRL118(2017)022005 (RBC/UKQCD): Connected and leading
disconnected diagram with mπ = 139 MeV; aHLbL

µ = 5.35(1.35)× 10−10

(potentially large finite-volume systematics)

Strategy: extrapolate away 1/Ln (n ≥ 2) errors. Can we use effective theory
(Bijnens’ talk) to remove leading terms?

I aHLbL
µ in finite-volume QCD and infinite-volume QED:

I Method proposed and successfully tested against the lepton-loop analytic
result: arXiv:1510.08384 (Mainz), arXiv:1609.08454 (Mainz)

I Similar method plus subtraction scheme to reduce systematic errors;
successfully tested against lepton-loop analytic result:
PRD96(2017)034515 (RBC/UKQCD)

Strategy: FV errors exponentially suppressed but still may be significant, effect
on noise?
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Finite-volume QED prescription (PRD93(2016)014503)

HLbL point source method [L. Jin et al. 1510.07100]

• Anomalous magnetic moment, F2(q
2) at q2 ! 0 limit

F cHLbL
2 (q2 = 0)
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(�s0,s)i

2
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P
x,y,z,xop

2V T
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• Stochastic sampling of x and y point pairs. Sum over x and z.

FC
⌫ (x, y, z, xop) = (�ie)

6G⇢,�,(x, y, z)HC
⇢,�,,⌫(x, y, z, xop),

xsrc xsnk↵, ⇢ ⌘,  �, �

xop, ⌫

z, 

x, ⇢ y, �

tsrc tsnk↵, ⇢ ⌘,  �, �

z

x y

Taku Izubuchi, Lattice 2017, June 23, 2017 6

I The QEDL prescription uses the photon propagator

Gµν
L (x) =

δµν

V

′∑
k

1

k̂2
e ikx , (1)

where k̂2 =
∑

µ 4 sin2(kµ/2) and V =
∏

µ Lµ with lattice dimensions Lµ. The

sum is over all momenta with components kµ = 2πnµ/Lµ with
nµ ∈ [0, . . . , Lµ − 1] and the restriction that k2

0 + k2
1 + k2

2 6= 0.

I For fixed x and y can get result for all z in O(V log V ) time using convolutions
starting at tsrc and tsnk; has statistical advantage for leading disconnected
diagram (M2 trick is cheap Taku’s talk)
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L/fm F2(0)/(α/π)3

5.9 0.2030(8) − 0.0357(6)(a GeV)2

8.9 0.2773(9) − 0.0432(5)(a GeV)2

11.9 0.3138(12) − 0.0515(9)(a GeV)2

Table XII. Functions linear in a2 which can be used to extrapolate the data shown in Fig. 10 to

a2 = 0. The results from these fits at a2 = 0 are plotted in Fig. 11.

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14

F
2
(0
)/
(α

/π
)3

1/(mµL)2

Figure 11. Results for F2(0) from QED connected light-by-light scattering. These results have

been extrapolated to the a2 → 0 limit using two methods. The upper points use the quadratic fit

to all three lattice spacings shown in Fig. 10 while the lower point uses a linear fit to the two left

most points in that figure. Here we extrapolate to infinite volume using the linear fits shown to

the two, left-most of the three points in each case.

IV. CONCLUSION AND OUTLOOK

In this paper we have extended the lattice field theory methods introduced in Ref. [17],

increasing the computational efficiency by more than two orders of magnitude and allowing

the calculation of the q2-dependent form factor F2(q
2) directly at q2 = 0 instead of at

(2π/L)2, the smallest, non-zero momentum accessible in finite volume. To demonstrate

the correctness of our methods we have studied the light-by-light scattering contribution

42

Lepton loop with
mlepton = mµ
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Infinite-volume QED prescription (QED∞)

xsrc xsnky�, �� z�, �� x�, ⇢�

xop, µ

z, �

y, � x, ⇢

xsrc xsnky�, �� z�, �� x�, ⇢�

xop, µ
z, �

y, � x, ⇢

xsrc xsnky�, �� z�, �� x�, ⇢�

xop, µ
z, �

y, � x, ⇢

Figure 5. The three di�erent possible insertions of the external photon in the connected light-by-

light diagram. While the location of the external photon vertex xop may be fixed, the other three

positions where the internal photons are connected to the quark line x, y and z must be integrated

over space-time.

z must remain close to the fixed position xop. Thus, up to exponentially small corrections

Eq. (4) can also be evaluated in a large but finite volume.

Starting with Eq. (4) we exploit the translational symmetry discussed above, and dis-

place the four arguments x, y, z and xop of the function F� by the four-vector (x + y)/2,

transforming that equation into

G�(pf , xop, pi) =

Z
d4x

Z
d4y

Z
d4z F�

�
x � y

2
, �x � y

2
, z � x + y

2
, xop � x + y

2

�

ei�q·(�x+�y)/2. (5)

=

Z
d4w

Z
d4�z

Z
d4�xop F�

�w

2
, �w

2
, �z, �xop

�
ei�q·�xope�i�q·��xop , (6)

where we have defined q = pi � pf and in the final equation we have adopted the three new

integration variables:

w = x � y, �z = z � x + y

2
, �xop = xop � x + y

2
. (7)

The critical step in our derivation replaces the factor e�i�q·��xop in Eq. (6) by (e�i�q·��xop � 1)

giving:

G�(pf , xop, pi) =

Z
d4w

Z
d4�z

Z
d4�xop F�

�w

2
, �w

2
, �z, �xop

�
ei�q·�xop

�
e�i�q·��xop � 1

�
, (8)

The extra ‘1’ term introduced into the integrand over �xop will vanish if

�

�(�xop)�
F�

�w

2
, �w

2
, �z, �xop

�
= 0 (9)

2

For this diagram separate QCD and QED expectation values are
not zero hence category two and we need to sum over all
displacements between QCD and QED part to control FV errors.
Class b.
Proposal of stochastic sampling ... in the process ... no data yet

25 / 26

Remove power-law like finite-volume
errors by computing the muon-
photon part of the diagram in infi-
nite volume (C.L. talk at lattice 2015 and Green

et al. 2015, PRL115(2015)222003; Asmussen et al. 2016,

PoS,LATTICE2016 164)

Now completed PRD96(2017)034515 with improved weighting
function.
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Details:

HLbL point source method [L. Jin et al. 1510.07100]

• Anomalous magnetic moment, F2(q
2) at q2 ! 0 limit
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• Stochastic sampling of x and y point pairs. Sum over x and z.
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We define

QED1 weight function

i3G⇢,�,(x, y, z) = G⇢,�,(x, y, z) + G�,,⇢(y, z, x) + other 4 permutations .
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and add the Hermitian conjugate with permuted indices (does not
alter F2 but makes this kernel infrared finite)

QED1 weight function

i3G⇢,�,(x, y, z) = G⇢,�,(x, y, z) + G�,,⇢(y, z, x) + other 4 permutations .
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For mline = 1 this yields the kernel

QED1 weight function

i3G⇢,�,(x, y, z) = G⇢,�,(x, y, z) + G�,,⇢(y, z, x) + other 4 permutations .
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Due to current conservation, we can also devise a subtraction
scheme that we found suppresses significantly finite-volume and
discretization errors (demonstrated in the lepton loop case)

Subtraction using current conservation

• From current conservation, @⇢V⇢(x) = 0, and mass gap, hxV⇢(x)O(0)i ⇠
|x|n exp(�m⇡|x|)

X

x

HC
⇢,�,,⌫(x, y, z, xop) =

X

x

hV⇢(x)V�(y)V(z)V⌫(xop)i = 0

X

z

HC
⇢,�,,⌫(x, y, z, xop) = 0

at V ! 1 and a ! 0 limit (we use local currents).

• We could further change QED weight

G
(2)
⇢,�,(x, y, z) = G

(1)
⇢,�,(x, y, z) � G

(1)
⇢,�,(y, y, z) � G

(1)
⇢,�,(x, y, y) + G

(1)
⇢,�,(y, y, y)

without changing sum
P

x,y,z G⇢,�,(x, y, z)HC
⇢,�,,⌫(x, y, z, xop).

• Subtraction changes discretization error and finite volume error.

• Similar subtraction is used for HVP case in TMR kernel, which makes FV error smaller.

• Also now G(2)
�,,⇢(z, z, x) = G(2)

�,,⇢(y, z, z) = 0, so short distance O(a2) is suppressed.

• The 4 dimensional integral is calculated numerically with the CUBA library cubature
rules. (x, y, z) is represented by 5 parameters, compute on N5 grid points and
interpolates. (|x � y| < 11 fm).
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8

non-zero lattice spacing effects are much reduced by using G(2) instead of G(1), and the curves for different volumes
appear to be quite parallel. Note that in the latter case some points even have the wrong sign. The difference between
the ma = 0.1 and ma = 0.2 results is a good indicator of the non-zero lattice spacing effects. Since we have obtained
results for ma = 0.1 and 0.2 for three volumes, this difference demonstrates the volume dependence of the non-zero
lattice spacing effects. We show this comparison in Tab. III. The mL = 4.8 and 6.4 points agree within errors for
both loop masses. The volume mL = 3.2 shows similar effects, but in some cases, given our high statistical precision,
we observe a small difference. This is expected since the non-zero lattice spacing effects become independent of
volume in the large volume limit. We also study the lattice spacing dependence of the finite volume effects in Tab.
IV. It can be seen from the table that the finite volume effects are roughly independent of lattice spacing. The finite
volume effects at fixed lattice spacing ma = 0.2 are shown in Tab. V, and we expect that the finite volume effects in
the continuum limit are similar. With this table, we can see that the finite volume effect, falling exponentially with
the linear size of the lattice, becomes negligible for mL = 9.6.
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Figure 3. Leptonic light-by-light contribution to the muon anomaly, with the lepton loop mass m = mµ (upper) and m = 2mµ

(lower). The continuum, infinite volume, result is 0.371 × (α/π)3 for m = mµ [19] and 0.120 × (α/π)3 for m = 2mµ [20, 21].

The lefthand plots correspond to G
(1)
σ,κ,ρ(y, z, x) and the righthand to G

(2)
σ,κ,ρ(y, z, x). For each volume, we draw a second-order

line which exactly passes through the three points with ma = 0.1, 0.12 or 0.133333, and 0.2 to guide the eye. Note that the
vertical scales between the plots on the left and right are different. The discretization error observed on the left is larger than
on the right by a factor of four, or more, while the finite volume errors are larger by a factor of two, or more. The parameters
for these curves are given in Tab. II.

Since the finite volume effects are exponentially suppressed with lattice size L and the non-zero lattice spacing
effects are of order a2, the lepton anomaly scales like

F2(L, a) = F2 + O(e−mL) + O((ma)2). (39)

mloop = mµ (top), mloop = 2mµ (bottom)
Without subtraction (left), with subtraction (right)
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Table VI. The muon anomaly in the continuum and infinite volume from fits to values with mL = 4.8, 6.4, 9.6. Results are
given for 2nd order (F2(L) + k1a

2 + k2a
4) and 3rd order (F2(L) + k1a

2 + k2a
4 + k3a

6) fits. “dof” denotes degrees of freedom,
and �2 is an uncorrelated chi-squared value from the fit. The analytic results are computed using continuum, infinite volume,
perturbation theory [19–21].

m/mµ order dof F2/(↵/⇡)3 using G(1) �2 F2/(↵/⇡)3 using G(2) �2

1 2 9 � 5 = 4 0.3522(14) 11.3 0.3651(10) 2.5

1 3 9 � 6 = 3 0.3647(51) 2.8 0.3686(37) 1.4

1 analytic 0.371

2 2 9 � 5 = 4 0.1146(13) 3.6 0.1204(9) 4.5

2 3 9 � 6 = 3 0.1153(44) 3.6 0.1232(30) 3.6

2 analytic 0.120
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Figure 4. Volume dependence of the muon anomaly for infinite and finite volume QED weighting functions. The diamonds
correspond to the finite volume QED weighting function computed on the lattice [2]. The plus signs and squares correspond

to infinite volume QED weighting functions G(1) and G(2), respectively. Values are listed in Tab. II. Curves correspond to
expected finite volume scaling (0.371 + k/L2) and infinite volume scaling (0.371 + ke�mL), where the coe�cient k is chosen
to match the data at mL = 4.8. The right most point for the finite volume weighting function lies a bit o↵ its scaling curve
because the discretization error has not been completely removed by the simple ansatz given in Tab. II, and the coe�cient k
does not contain any possible volume dependence.
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Lattice QCD ensembles for the quark loop

48I (483 × 96), L = 5.47 fm, a−1 = 1.730 GeV, mπ = 139 MeV
64I (643 × 128), L = 5.35 fm, a−1 = 2.359 GeV, mπ = 139 MeV
24D (243 × 64), L = 4.67 fm, a−1 = 1.015 GeV, mπ = 141 MeV
32D (323 × 64), L = 6.22 fm, a−1 = 1.015 GeV, mπ = 141 MeV
48D (483 × 64), L = 9.33 fm, a−1 = 1.015 GeV, mπ = 141 MeV

All of them are chirally symmetric domain-wall configurations with
2+1 flavors.

So far studied: QEDL on 24D, 48I, and 64I; QED∞ on 24D, 48D,
and 48I.

For QED∞ for now only show connected diagram since
disconnected QED∞ analysis is still too premature.

Technical progress to handle large volumes: Multi-Grid Lanczos
arXiv:1710.06884
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QEDL result from PRL118(2017)022005:
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Connected diagram in QEDL on 24D and 48I lattices:
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Short-distance: disc errors maybe small, Long-distance: effect of different volume?
(L24D = 4.67 fm, L48I = 5.47 fm)
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Connected diagram in QED∞ on 24D:
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Subtraction that helped reduce discretization and volume errors in lepton-loop case
has significant effect on on-set of plateau in this plot. LD noise large.
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Connected diagram in QED∞ on 24D and 48D:
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With current poor statistics no sign of QCD FV effect. May be hidden at very long
distances? Perform study of long-distance π0-pole contribution: talk by N. Christ
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Connected diagram in QED∞ on 48I:
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Consistency of QEDL and QED∞:
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This plot is preliminary and needs to be refined with a proper continuum limit since
24D and 48I have different lattice cutoff.
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Consistency of QEDL and QED∞:
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What is left to be done:

I Improve statistics, complete runs on 32D and 48D ensembles

I Disconnected diagrams in QED∞ (almost done)

I Take infinite-volume limit in both QEDL and QED∞ and
check for consistency
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Thank you
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