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HLbL
f

Euclidean position-space approach to a

master formula

me® = A
=3 / d’y [ / d*x Lip olyuwa(6,¥) Moo (X, y )]
QFD QCD
= 4r [T dBsin?(B) [ d|x|[x[2

=2m2|y|3d|y|

~

Pmre(y) == [ 82 2, (1)) 1o (215 0)):

® Ly o}uvr(x,y) computed in the continuum & infinite-volume

@ no finite-volume effects from the photons & affordable way (1d integral) to sample
the integrand for the fully connected contribution.

@ after contracting all indices the integrand only depends on x?, x - y and y?
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Finite Volume and Discretization Effects

~

Choices for il 7. (x, y)

@ continuum, infinite volume
—rallows to test the kernel together with an exact correlation function
—allows to test discretization and volume effects due to sampling the integrand

o lepton loop
o 7° pole (in the VMD model)

o lattice QCD
o lattice QED (=lattice QCD without gluonic interactions)
corresponds to the lepton loop
o lattice QCD (will be computed in the near future)
dominated by the 7° pole
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@ Continuum, Infinite Volume
e Integration: Finite Lattice [ >, if: Continuum, Infinite Volume

© Full Lattice QED Computation

probe different Kernels (explained later)

Nils Asmussen (KPH, JGU Mainz) HLbL g-2 on the lattice March 12, 2018 4 /27



Continuum, Infinite Volume

Choices for

@ continuum, infinite volume

o lepton loop

o 7 pole (in the VMD model)
o lattice QCD

o lattice QED (=lattice QCD without gluonic interactions)
corresponds to the lepton loop

o lattice QCD (will be computed in the near future)
dominated by the 7° pole (model independent)
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Continuum, Infinite Volume

master formula

HLbL me® 3 (5 s[5 3 P A
a, = T87r dly|ly| [ d|x||x|” | dBsin Bﬁ[pygl;w,\(x,y) iMoo (X, ¥) |-
0 0 0

@ reduced to 3 dimensional integral
o try different kernels (L£(12))
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Contribution of the 7° pole (standard kernel)
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o afttt = " dlylf(ly])
@ Dashed line = result from momentum-space integration

@ Contribution is perhaps surprisingly long-range.
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Lepton loop integrand contribution (standard kernel)

0 2 4 6 8 10
lyl/fm

o numerically compatible with f(|y|) o< m,|y|log®(m,|y|) for small |y|

@ analytic result reproduced at the percent level

@ peaked at very short distances — good probe of the kernel there
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What next?

achievements

e reproduced 7°-pole contribution

@ reproduced lepton loop contribution

challenges in the view of lattice computations

@ contributions are quite long range — finite volume effects

@ integrand peaked at small distances — discretization effects
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achievements

e reproduced 7°-pole contribution

@ reproduced lepton loop contribution

challenges in the view of lattice computations

@ contributions are quite long range — finite volume effects

@ integrand peaked at small distances — discretization effects

A way to improve

@ do subtractions on the kernel (first proposed by Blum et al '17)

@ we try (short notation):
o LO =L, ;1 uua(x,y) (standard kernel, £(0,0) = 0),
o LW = E[Pﬂ]:uvA(X»Y) - %E[paol;wk(xv x) — %E[p,fr]:wh(y»)’)
o B8 = Z[p’ol:uw\(xv}’) - E[p,o]:uvk(ov}’) - Z[p,c]:W/\(X’ 0)

A\
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o £ similar to standard kernel, maybe even a bit worse

o £ better: peak less pronounced, falls off faster
— expect reduced lattice artifacts
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HLbL

Pion-pole contribution to a

7
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@ very similar observations as for the lepton loop
e again £® seems to be best
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HLbL
0

Lepton loop integrand contribution to a

Xperp/fm Xperp/fm Xperp/fm
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Integration: Finite Lattice f — >, ifl: Continuum,
Infinite Volume

master formula

HLbL 27‘(‘ Zalﬂb’l |: ZZ[M];W)\(X,y) iﬁp;pu)\a(xay):|.

|yl xeN

@ we can evaluate 3, aj,| on an arbitrary set of |y| and do the integration
using e. g. the trapezoidal rule

o the O(4) symmetry allows to choose the direction of y freely
o il still in the continuum

@ focus on default kernel £(© and kernel £(®) which seemed to be best

Nils Asmussen (KPH, JGU Mainz) HLbL g-2 on the lattice March 12, 2018 13 /27



Integration: Finite Lattice f — >, ifl: Continuum,
Infinite Volume

y integrand m;=2m,

[y] [fm]
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o dashed line: default kernel, solid line: £(2
@ constant volume m,L = 7.2

o different lattice spacings a
Nils Asmussen (KPH, JGU Mainz) HLbL g-2 on the lattice March 12, 2018 14 /27




Integration: Finite Lattice f — >, ill: Continuum,
Infinite Volume

continuum extrapolation

LbL

Lepton-loop contribution to a;* (m; = 2m,)
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o default kernel (black curve): extrapolation is missing some of the curvature

o £ (blue curve): extrapolation works pretty well
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Integration: Finite Lattice f — >, ifl: Continuum,
Infinite Volume
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o dashed line: default kernel, solid line: £(2
@ constant volume m,L = 7.2

o different lattice spacings a
Nils Asmussen (KPH, JGU Mainz) HLbL g-2 on the lattice March 12, 2018




Integration: Finite Lattice f — >, ill: Continuum,
Infinite Volume

continuum extrapolation

Pion-pole contribution to (l,]‘:bl“ (mx = 300 MeV)
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o the discretization effects for the kernel £ are smaller
@ but still the extrapolation works very well for both kernels
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Full Lattice QED Computation

Choices for

@ continuum, infinite volume

o lepton loop

o 7 pole (in the VMD model)
o lattice QCD

e lattice QED (=lattice QCD without gluonic interactions)
corresponds to the lepton loop

o lattice QCD (will be computed in the near future)
dominated by the 7° pole (model independent)
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Full Lattice QED Computation

master formula

HLbL 27r Za|y‘|y| [ Zﬁ_[p,a];uvk(x’)’) iﬁp;#l,)\g(x,y)]
ly| x€eN
Moo (,9) = =8> 2, (Ju(x) (1) o (2)17(0)).
zeN

o iflin lattice QED
@ same code as for lattice QCD (just the free case)

@ we use local vector currents and conserved vector currents
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Full Lattice QED Computation

y

preferred choice y = (i, 1,1/, i) (lattice diagonal)

3 o reduced volume effects (distance from border larger
than for other choices)

@ reduced discretization effects

Nils Asmussen (KPH, JGU Mainz) HLbL g-2 on the lattice March 12, 2018



Full Lattice QED Computation

continuum extrapolation

Lepton-loop contribution to a‘LLbL (my = 2my,)
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@ dashed line: continuum extrapolation for m, L = 7.2 using a quadratic fit

@ solid line: volume extrapolation: curve shifted by the difference between the
results for lattice extents m,L = 7.2 and 14.4 at a fixed

@ precise extrapolation is difficult for the standard kernel
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Full Lattice QED Computation

continuum extrapolati

Lepton-loop contribution to aL‘hI‘ (my = 2my,)
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o for the kernel £(?) the extrapolation works pretty well
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Full Lattice QED Computation

nuum extrapolation

Lepton-loop contribution to at"l‘ (my =my,)
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@ the extrapolation works pretty well if all currents are local

@ using conserved currents, the extrapolation is a bit low
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Conclusion

Tests of the QED kernel: 7° pole, lepton loop

e Standard kernel: 7%-pole and lepton-loop contributions are long range and
peaked at low distances. This leads to large volume and discretization effects
on the Lattice.

@ Tried subtractions on the kernel (first proposed by RBC)

o Analyzed discretization effects in the continuum (7° pole, lepton loop)
o Analyzed discretization effects due to lattice propagators (lepton loop)

— Subtractions help for the lepton loop and the 7° pole

We could reproduce the literature result in full lattice QED

We are ready to start the computation in full lattice QCD
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The lepton loop: fully analytic result for i/l'l\p;ﬂ,,m(x,y)

inp;ul/)\a(xv y)

5(1
n(p'LVAa(X’ y)

r,1
+I—Ipu)\#a(y_x _X)+XP I_IE/)\,u,)a( - X, _X)

r,1
+I—Ip)\upa( X y_X)+XP I_I()\Vp,)a'( X,y—X)-

m g (=xa)x = y)g Ka(m|x|)Kp(m|x — y[)
(2

N Ki(m|x])Ky(m]x — yI)

s ) - Trd{yavypu g Yv Yy Yo Y5 YN}
[x|2|x = yI2

eyl - Tr{vpvvvova}

8 Ka(mlx|)Ka(mlx — y[)

[x12]x — yI2
—xa) Ko(mlx|)Ki(mlx — y[)

Pyl - Tr{vavuvgrvvova}

Ay (¥) - Tr{vaYuYv Yy Yo YA}

(x = y)g Ki(mlx])Ka(mlx — yI)

Ixlx — yI2
(—xa) Ka(mIx|)Ky (mlx = y1)

cay () - Tr{vpvg v vy Yo YA}

a5 (v) - Tr{vavurvYovs YN}

8 Ki(mlx|)Ka(mlx — y[)

—yl)
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The lepton loop (continued)

ﬁ;l;)p.u/\cr(x'y) _ 2(21)8[( Xa)(x ,V‘Lﬁgi("j)j‘);z(m\x yl) sy ) - Te{ v v Y05}

+K1(m|><\)K1("’\X -yl
Ix|1x =yl

Ky (m|x|)Ky(mlx — y|)
Ix|1x =yl

+(*Xa)(>< = ¥)g Ka(mlx)Ka(m|x — y|)

sy ) Tr{vu v vy Yo vs YA}

gp(y) - Tr{vpvvvyova}

gp () Tr{vavuvgTwyovx}

Ix[2|x = y|2
(=xa) Kp(mlx|)Ky(m|x — y])
2ix = y] hpy(Y) - Tr{vaYuYv¥yYovr}

(x = y)g Ki(mIx])Ka(mlx — yI)

el B hoy (v) - Tr{vpvg v ¥y Yo Y}
x||x —y

(=xa) Kp(m|x)Ky(mlx —y|)
fos ) - Tr{vavpuyrvo¥s Y2}

Ix121x = y|

(x = y)g Ki(mlx|)Ka(m|x — y|)
Vg FlmixDaimix — ¥ fpg(}/)-Tr{’Y;L’Yﬁ’YV’YG’Yé'YA}}

Ix|1x = yI?

=2 Ki(mlyl)

2

-
——). by ) = —5 (I35 iyl Ki(mly]) = 85 pKo(mlyD).

mly| m

—5 (9795 Ka(mlyD) = 615
2. oam2
fps(v) = §{Yp)/5 mly|Ki(mlyl) + 6,,5Ko(mly\)} ay(y) = el Ki(mlyl),
w2 . . . 272
o5~y ) = g{y»yygyp mly|Ka(mlyl) + (859 — d~vpIs — d~59p) K1(’"M)}, plyl) = ey Ko(mlyl).
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The 7° pole contribution

Assume a vector-meson-dominance transition form factor (parameters: my, my
and overall normalization)

Nem?
f 22 — ¢ = — <V .
Ch R S @ my C T e
R 2 9 0 0 0
My e (X, y) = —77{6 vaB€o (7—’_7)}(“ X
pro(X:Y) m2,(m?, — m2) Ox, dys L " preen Oxy — yy 0o)

0 0
apftvo 7K7r - oaptr 7K7T s N T }
+€uraBe way’y (Y = %, ¥) + €uoapt Aﬂvax’y (x,x —y)
where

Kex) = [ @*0(Gne () = Gy (6)) G (x = 0)Giny ( — 4) = Koy, )
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