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The theoretical uncertainty of ðg − 2Þμ is currently dominated by hadronic contributions. In order to
express those in terms of directly measurable quantities, we consider a sum rule relating g − 2 to an integral
of a photoabsorption cross section. The sum rule, attributed to Schwinger, can be viewed as a combination
of two older sum rules: Gerasimov-Drell-Hearn and Burkhardt-Cottingham. The Schwinger sum rule has
an important feature, distinguishing it from the other two: the relation between the anomalous magnetic
moment and the integral of a photoabsorption cross section is linear, rather than quadratic. The linear
property makes it suitable for a straightforward assessment of the hadronic contributions to ðg − 2Þμ. From
the sum rule, we rederive the Schwinger α/2π correction, as well as the formula for the hadronic vacuum-
polarization contribution. As an example of the light-by-light contribution, we consider the single-meson
exchange.

DOI: 10.1103/PhysRevLett.120.072002

Introduction.—The anomalous magnetic moment
(AMM) of the muon, ϰμ ≡ 1/2ðg − 2Þμ, serves as a strin-
gent precision test of the Standard Model (SM). And at
present, it does not work out for the SM—the experimental
value is about 3σ away from the SM prediction [1,2]. While
the uncertainties of the SM and the experimental value are
comparable, the new Fermilab experiment [3,4] will, in a
few years, reduce the experimental error bar by nearly a
factor of 4. The prospects for reducing the SM (theory)
uncertainty are, on the other hand, more obscure. The SM
error bar is dominated by the hadronic contributions,
which are very difficult to compute in the SM due to the
nonperturbative nature of quantum chromodynamics
(QCD). In the present SM value, these contributions are
determined empirically, using general relations to other
experimental observables in combination with mesonic
model calculations, rather than from QCD directly. It is
the necessity of resorting to models—particularly in evalu-
ation of the so-called hadronic light-by-light (HLbL)
contributions [cf. Fig. 1(b)]—which makes it difficult to
reduce the uncertainty of the current SM value.
In the future, lattice QCD will deliver a sufficiently

precise ab initio calculation of the HLbL contribution;
for recent progress in this direction, see Refs. [5–8]. Until
then, the best hope for improvement is to replace the
model evaluations with model-independent, “data-driven”

approaches based on dispersion theory. The data-driven
approach is fairly well founded and routinely used for
the hadronic vacuum polarization (HVP) contribution
[Fig. 1(a)], since it can be written exactly as a dispersion
integral of the decay rate of a virtual timelike photon into
hadrons, which to a good approximation is expressed in
terms of the observed ratio μþ μ−/eþ e− → hadrons; see,
e.g., Refs. [9,10]. The HLbL contribution is much more
complicated from this point of view, because it involves the
dispersion relations for three- and/or four-point functions,
rather than for a two-point function as in the case of HVP;
see Refs. [11–14] and [15] for the two recent approaches to
this problem.
Here we consider yet another approach to a data-driven

evaluation of hadronic contributions rooted in dispersion
theory. It is based on sum rules for Compton scattering, of
which a famous example is the Gerasimov-Drell-Hearn
(GDH) sum rule [16–18]:

α
m 2

ϰ2 ¼ 1

2π2

Z
∞

ν0

dν
σ3/2ðνÞ − σ1/2ðνÞ

ν
: ð1Þ

On the left-hand side (lhs), we have α ¼ e2/4π ≃ 1/137, the
fine-structure constant, and ϰ, the AMM of the spin-1/2

(a) (b)

FIG. 1. Hadronic contributions to ðg − 2Þμ: (a) HVP, (b) HLbL.
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THE SCHWINGER SUM RULE    

Reproducing ϰ(1) = 𝛼/2π 

HADRONIC VACUUM POLARIZATION AND LIGHT-BY-LIGHT 
CONTRIBUTIONS ON THE SAME FOOTING

MUON STRUCTURE FUNCTIONS FROM INELASTIC MUON-
ELECTRON SCATTERING
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Uncertainty of the SM prediction for the muon anomaly (g−2)μ is 
dominated by hadronic contributions (HVP and HLbL)

HVP is calculated with a data-driven dispersive approach:

{HVP =
↵

⇡2

Z 1

4m2
⇡

ds

s
Im⇧had(s)K(s/m2)
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F. Jegerlehner, Springer Tracts Mod. Phys. 274 (2017). 

M. Davier, Nucl. Part. Phys. Proc. 287-288, 70 (2017)  

(a) (b)

Im⇧had(s) =
s
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HLbL is not as simple, data-driven, systematic

Schwinger’s sum rule is an exact dispersive formula which treats HVP and 
HLbL (and everything else) in the same way.
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Schwinger Sum Rule
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photo-absorption on muon: 
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photo-absorption threshold ν0
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J. S. Schwinger, Proc. Nat. Acad. Sci. 72, 1 (1975); ibid. 72, 1559 (1975) [Acta Phys. Austriaca Suppl. 14, 471 (1975)].  
A. M. Harun ar-Rashid, Nuovo Cim. A 33, 447 (1976).
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a.m.m.  
ϰ=½(g­2)μ
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Spin-dependent forward doubly-virtual Compton scattering: 

Im ∝
2

Optical theorem:
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Origin

6

Sum rules are model-independent relations based on 
general principles of: 

• Analyticity/causality (dispersion relations),  

• unitarity (optical theorem) 

• crossing symmetry

Examples of sum rules include:  

{2 = � m2

⇡2↵

Z 1
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⌫
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Burkhardt—Cottingham 
sum rule (1970)

Gerasimov—Drell—Hearn 
sum rule (1966)

{ =
m2

⇡2↵

Z 1

⌫0

d⌫


�LT (⌫, Q2)

Q

�

Q2=0

Schwinger sum rule (1975)
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F2(0)=ϰ ϰ(1) = 𝛼/2π

Input: longitudinal-transverse photo-absorption cross section

ϰ(0)=0
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Hadronic Contributions:  
4 channels to order 𝛼3
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Reproducing the HVP formula
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q2 = -Q2

Cross section of hadron production through timelike Compton scattering:

timelike  

Compton scattering

 virtual-photon  

decay into hadrons
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Timelike Compton scattering cross section:

s = m2 + 2m⌫
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q’2 = Mx2 + crossed diagram
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HVP from Schwinger sum rule
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kernel function: 

reproduces the HVP standard formula

for Mx=0, we find K(0)=1/2, and therefore 

the Schwinger term: ϰ(1) = 𝛼/2π 
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Light-by-Light contributions
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I.    Hadron photo-production channels

II.   Electromagnetic channels

(pseudo-)scalar
contribution+

+

x

x
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Paseudo-scalar contribution in full glory
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217 photon decay into hadrons σðγ" → XÞ. The latter is, by
218 unitarity, expressed via the absorptive part of the hadronic
219 contribution to vacuum polarization, ImΠhadðq02Þ. The

220tree-level LT cross section of Compton scattering, with
221initial and final photon virtualities given by q2 ¼ −Q2 and
222q02 ¼ M2

X, respectively, is easily computed to yield
223224
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234235 is exactly reproduced.
236 In practice, a determination of the HVP contribution
237 through the Schwinger sum rule has an important con-
238 ceptual difference from the standard practice of measuring
239 the ratio of μþμ−/eþe− → hadrons. The latter method
240 involves an approximation of the single-photon exchange;
241 the two-photon exchange effects ought to be removed. In
242 the sum-rule method, the two-photon exchange and other
243 subleading effects need not be removed; they are part of the
244 sought hadronic contribution.

245Further novel features of calculating the hadronic con-
246tributions through the Schwinger sum rule can be seen in
247the following example of the meson exchange contribution.
248Pseudoscalar meson contribution.—The neutral pseu-
249doscalar mesons π0 and η play a significant role in the
250HLbL contribution through the mechanism shown in Fig. 7.
251Let us see how this mechanism is evaluated using the
252Schwinger sum rule.
253In the hadronic channel, we need to know the LT cross
254section for the single-meson photoproduction off the
255lepton. This can in principle be measured directly, or
256calculated to leading order by evaluating the diagrams in
257Fig. 8. Note that, in addition to the Primakoff mechanism
258(last diagram), we have here the subleading (in α) mech-
259anisms of the type shown in Fig. 3. The latter mechanisms
260are effectively represented by the first two graphs in Fig. 8,
261where the meson-lepton-lepton (πll) coupling is fixed

F8:1 FIG. 8. Single-meson photoproduction off a lepton.

F6:1 FIG. 6. The HLbL contribution through two-photon produc-
F6:2 tion. F7:1FIG. 7. π0-exchange HLbL contribution to ðg − 2Þμ.

F9:1FIG. 9. Pseudoscalar meson coupling to leptons.
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• No doubly-virtual transition form factors needed, 
if hadronic channels are measured
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Feasibility of measurement at COMPASS 
as part of MUonE ?
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 cf. The Workshop on  
Evaluation of the Leading Hadronic Contribution 
to the Muon Anomalous Magnetic Moment  
Mainz (Germany), 2 - 5 April 2017
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Possible refinements of the HVP 
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size of the effect: 𝛼 ∼ 1%

vs.

e-

𝛾*

e-

𝜇

hadrons
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Summary and Conclusions
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1. Schwinger sum rule — dispersive formula applying equally to 
HVP and HLbL  

2. Reproduces 𝛼/2π and HVP formula: 

4. Near future: 
 evaluate the PS contribution by plenary meeting in Mainz
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measurable

calculable by lattice



Vladimir Pascalutsa — Hadronic Contributions via Schwinger sum rule — HLbL Workshop —- UConn—  Mar 14,  2018                

Backup slides
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The Cross section σLT
Example: tree-level QED Compton scattering cross section

with conserved helicity:

d��0
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longitudinal-transverse photo-absorption cross section:
𝛾*(𝜆𝛾=0) + 𝜇(𝜆𝜇=-1/2) → 𝛾(𝜆’𝛾=1) + 𝜇(𝜆’𝜇=1/2)

𝜆𝛾=0

𝜆𝜇=-1/2

𝜆’𝛾=1

𝜆’𝜇=1/2

spin flip

helicity difference photo-absorption cross section:
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(a) (b)

hadrons

+ crossed diagram
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phase space of the 
final state

initial flux factor 

I2=(p·q)2 - p2 q2

ρ𝜇𝜈: squared matrix 
element of timelike CS

𝛬𝜈: virtual-photon 
decay vertex

Virtual-photon decay width into hadronic state X:

Im ΠX: contribution of state X to the VP
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Final factorized cross section:

Combine into:

TIME-LIKE CS & PHOTON DECAY


