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Motivations

e Model calculations and dispersive approach
< The pion-pole contribution to the HLbL scattering in the (g — 2),, is dominant
— n and 7’ are not negligible : their contribution can be computed using a similar method (more challenging)
— Other contributions : more difficult on the lattice (resonances : require a dedicated study)

e Light-by-light forward scattering amplitudes
7*()‘17 ql) 7*(A3a 111)

Y (AL 1) Y (A2, q2) — v (A3,q1) v (A4, g2)

< Can be computed on the lattice (involve spacelike photons) ~ 7"(A2:42) 7" (A1 q2)
— Independent calculation : no QED kernel needed here

— But the lattice object to be computed is the same : four-point correlation function

Strategy :

1) Compute all the forward LbL scattering amplitudes on the lattice [Green et. al '15]
2) Use a simple model to describe the lattice data (input : TFFs)
3) Extract information about TFFs by fitting the model parameters to lattice data

< The LbL forward scattering amplitudes contain more information than the scalar aELbL

< Can obtain information about TFFs of resonances in an indirect way [de Rafael '94, Colangelo et. al '14]

— Complementary to the direct lattice QCD calculation [RBC-UKQCD, Mainz group]
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Light-by-light scattering amplitudes

e Forward scattering amplitudes My a0 0 VAL @) Y (A2, q2) — v (A3, ¢1) v (M4, g2)

* (A3, q1) » 81 helicity amplitudes (\; = 0,+1)
Mg = Muvpo €7(X]) €(X3) (A1) €7(N2)

7*()‘17 ql)

» Photons virtualities : Q? = —¢? > 0 and Q3 = —¢3 > 0

7* (A2, q2) 7 (A1, q2) » Cross symmetric variable : v = ¢ - ¢o

e Using parity and time invariance : only 8 independent amplitudes

My + My ), May ——, Moo, Mio+0, Moto+, (Mt o0 + Mot,—0),
(Mg = My ), My 00 — Mot ,—0)

— Either even or odd with respect to v

< The eight amplitudes have been computed on the lattice for different values of v, Q%, Q3

e Relate the forward amplitudes to two-photon fusion cross sections using the optical theorem
[Pascalutsa et. al '12]

— Eight independent dispersion relations for Mrr, Mbp, MG, Mrrn, Mpr, Mgy, M% and Mgy

[Carlson et al.'71] [Brown et al. '71]
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Dispersion relations

1) Optical theorem

Y*(A1,q1) Y*(A3,q1) ¥*(A15q1)
Optical

theorem

Imaginary part

X (p)
MA3>\4,>\1>\2

Y* (A2, q2) Y* (A4 q2) Y (A2, q2)

< X can be any C-even final state

1 *
W/\3)\4,)\1>\2 = AbsM)\3>\4,)\1)\2 - 5 /dFX(Qﬂ-)éld(ql + ]-2 - pX)M>q>\2 (q17 q27pX) M)\3)\4 (qla Q2aPX)

2) Dispersion relations  [Pascalutsa et. al '12]

v A
Once-subtracted sum rules : cross-symmetric variable v = ¢1 - ¢2

1

/
— 2 ’LE) Weven(V )

Meven(v) = M (0)+2”2/O°d'
evenV) = even 7 v Z//(I//2

Pl 1
Moaa(v) = vMoaa(v) + T/ dv V(12— 12 —ie) Woaa(v)
Vo

3) Higher mass singularities are suppressed with 12 :

< Only a few states X are necessary to saturate the sum rules and reproduce the lattice data
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Description of the lattice data using phenomenology

— For each of the 8 amplitudes, we have a dispersion relation (o, /7, (/') : cross-section / interference term) :

2 o] / !
BVl R L NN G

M,
) T S, V(=1 —ie)
Lattice calculation v (A1, q1) + 7 (A2, q2) — X(px) fusion cross sections
< 4-pt correlation function v*(A1,q1)
Q3% = 0.352 CeV?
tor ‘ ‘ ‘ ‘ 012 —a |
\ 0.23 s X(p)
o | R
0.58 =
60 | % % * P o ] 7 (A2, q2)
5 % ! LR iy e
1.04
= 40’* } } } % by . iy i ii i s :1.15;*?;—3 < X : any C-even states contribute
¥ '
20 [ * * } " J : 2 ;o IS 1 .i.i < Main contribution is expected from mesons :
i, i bt E*_{E;i%:. e, Pseudoscalars (0~ )  Axial-vectors (111)
00’ 0‘; . %5 ' . * 2‘54;' ;; - Scalar (07) Tensors (2771)
' @ leevy] ' — Described in terms of TFFs
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Contributions to the eight independent amplitudes

— w? [ VX'o/r(V)
M(V):?/ dv V(U2 — 12 —de)
1o
Amplitude Pseudoscalar Scalar Axial Tensor Scalar QED
Mrpr 00/2 00/2 00/2 ”O—';'Q orT
M —00 a0 —00 o0 TrT
T 00/2 00/2 00/2 cs wiry
Mrr X X oTL oTL oTL
Mpr X X oLT oLT oLT
M, X TTL TTLL TTL TTIL
TL X TL —TTL TTL TTL
ML X OLL X OLL OLL

e o : physical cross-section (positive contributions)

e T : interference terms
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Lattice calculation of the amplitudes |

Y* (A1, q1) Y* (A3, q1)

Y* (A2, q2) Y* (A4, G2)
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Lattice calculation

e Four-point correlation function

HEVpU(Q17Q2) = Z (Jﬁ(Xl) Jo(X2) Jé(Xg) J5(0)) @1 (X1=X3) g1Q2X2 | (ontact terms
X1,X2,X3

= Ju(z) = 2u(z)y.u(z) — %E(x)wd(:v) (3 conserved + 1 local vecor currents)
< Method of sequential propagators (two values of Q?, all Q5 such that Q3 < 4 GeV?)

< The eight amplitudes are obtained from
M(q%7 q%? l/) = 64 T/E/y’z/’ (Q17 QQ) HEV,U/V/ (Qh Q2)

e Five CLS ensembles (Ny = 2 dynamical quarks, O(a)-improved Wilson-Clover)
— 4 ensembles at a ~ 0.065 fm and m, down to 180 MeV

< 1 ensemble at a ~ 0.048 fm

e Only the fully-connected diagrams are included for all the ensembles

e |eading 242 disconnected diagrams computed for two ensembles
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Lattice QCD amplitudes

e Results for a given ensemble at a given value of Q? = 0.352 GeV?

e Four of the eight lattice amplitudes

Q? = 0.352 GeV?

Q? = 0.352 GeV?
GeV?
100 : v [GeV?] 50 ¢ R » [GoV?]
0.117 —ui
0.234 —a—
0.234 —a— 40 -
0.351 —a—
0.351 —=—
0.467 —a—
0.467 —a— 30
. & 0.583 =
0.583 s & bom
0.698 S o0l oo
i 0.812 e o
=~ 0.927 —=— 10 + g Y ———
= 1,039 —a
1.039 s ) ¥
AR YL My gy BEwa o 1.150 —a—
1.150 or § AL M
0 05 1 15 2 25 3 35 4
Q3 [GeV?]
2 =(.352 GeV?
v [GeV?] Q‘l ‘ : v [GeV?]
0.117 +—m— 25 L 10117
7 0234 —a— 20 | 10234 e
0.351 —a— s 0351
0.467 —a— . 0.467
0.583 3 10+ 0.583
0.698 s 5| 0,608
0812 —=— ol 0.812 —a—
0.927 —a— . | 0927
1.039 —a—i 1039
11150 10 11.150

0 05 1 15 2 25 3 35 4
Q3 [GeV?]
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Connected and disconnected contributions : flavor structure

0 4

e There are five different topologies :

<
qQ

5o
SQ

q

e Wick contractions lead to :

HLbL 4 4
I Z Q I + Z Qfl Q2 H2+2 + Z Qf1 sz H3+1 + Z Qfl sz Qf3 H2+1+1
f f1.f2 fi.f2 fi.f2,f3

+ Z Qfl sz Qfs Qf4 i
fi:f2,f3:fa

e The contribution to TTTP™ of an isovector (isoscalar) resonance M; (Mj) can be written as
PR (M) = (QF — Q)° My,
IHEE (M) = (Q5 + Q) Ta + (Qu + Qa)*(Q + QF) T + (Qu + Qu)'*

— consequence of the isospin decomposition of the electromagnetic current :

== (ay,u — dy,d), JO = QutQa

e.m. 1 0 1 _ Qu Qd
J,=dy+Jy, J u >

= 5 (y,u + dy,d).

Ty = (QZ - Q?l) Foo FMoyy = (Qi + Qi) Fo+(Qu+ Qd)2 Fb
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Connected and disconnected contributions : flavor structure

e |dentification of the polynomials in @, and Qg : leads to two sets of three equations

HM1 — HM 4 H2+2 + H3+1 + H2+1+1 + H1+1+1+1

1

~My, = 0 + IO+ 0 + oyt 4 smyp it

0 =0 + 0 M3 4 om2 i o amhp e
s+ 1Ig + ¢ II H?\joz + H?j\}rol 4 H%Hl n H}\Z)Hlﬂ
Ma+Tp+3c = 0 + I3/2 + 0+ I3 4 3Imppiti!
3llp + 4ll¢ =0 + 0 + H%}:}l + QH?\Z}H + 4H11\j01+1+1
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Connected and disconnected contributions : flavor structure

e |dentification of the polynomials in @, and Qg : leads to two sets of three equations

My, = I, + H2+2 + 1'[3+1 + H2+1+1 i H1+1+1+1
L 1
—y, = 0 + 32 + 0+ IGFM + smppti
= 3+1 24141 1+1+141
0 =0 + 0 I, + 2, + AT}

Iy +1Ig + ¢ II Hf\joz + H?j\}rol 4 H%Hl n H}\Z)Hlﬂ
Mo+ +3llc = 0 + H?\Z)Z + 0 + H?\Z)l—i—l i 3H]1VJ[01+1+1
Blip+4llc = 0 + 0 + I + 2mipi ™t 4 a4

e Assume that all disconnected contributions with at least one isolated quark loop are negligible (then IT4 ~ II;y,)

War, + Ty = (I, +T04,,) + (1352 + TI312)
—Ipy + 1y, =~ (H?\/}'_lz + H?\;}f)
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Connected and disconnected contributions : flavor structure

e |dentification of the polynomials in @, and Qg : leads to two sets of three equations

_ 4 242 3+1 2+1+1 1+1+1+1
My, = 10y, + M7 + It 4 IO + I
I, = 0 + 32+ 0 + H2+1+1 + 3H1+1+1+1
1
0 =0 + 0 + I + 2f*t + 4ttt
My+Tp+1c = 0§, + 37 + I3 + M 4 !

— 2+2 24+1+1 1414141
Ma+Hp+3le = 0 + 17+ 0 + I + 3HJ\jIE)
3llg + 41l =0 4+ 0 4+ H%z)l + QH?\Z}H + 4H11\Z)1+1+1

e Assume that all disconnected contributions with at least one isolated quark loop are negligible (then IT4 ~ II;y,)
242 242
{ Mo, + gy~ (Mg, + Ty, ) + (" + 1055
242 242
—Ipy + 1y, =~ (H]\/_I’_l +Hj\j[; )
e Then the contribution to the fully connected and 2 + 2 disconnected contributions read

(@ + QI a2 (@1 + QT ~ 29T @ ) o 3o )
ey Q2 - Qi g

(Q2 + Q )2H2+2 ~ (Q’LZL + Q?l)2 HHLbL(M ) + HHLbL(M ) ~ —§HHLbL<M ) + HHLbL<M )
u d) ““Mi+Mo ™ (Q%_Q?i)z 1 0)~ 9 1 0

— This was already noticed by [Bijnens '16] using large- N, arguments (See also talk from Thuesday)
Light-by-light forward scattering amplitudes in Lattice QCD
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Description of the model to describe lattice data |

'7*()\1, Q1)

X (p)

'7*()\2, QZ)
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Consequences : particle content

Lattice calculation Results Conclusion

e For the fully connected contribution :

— we consider only isovector resonances but with a factor 34/9

e Higher mass resonances contributions are suppressed in the dispersion relations

< consider only the lightest state in each channel

e We work with Ny = 2 lattice simulations : no 7 |

Antoine Gérardin

Isovector Isoscalar Isoscalar
0+ ™ ' U
0+t ao(980) £0(980) £0(600)
1+ a1(1260)  f1(1285)  f1(1420)
2++ a2(1320)  fo(1270)  £4(1525)
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Two-photon fusion cross sections : modelisation

7*(>\1aQ1)

X (p)

7*(>\27 QZ)

e Example : contribution of the pseudoscalar to the amplitude Mpr

2WX T Fpoerr (Q2,Q9)77
opr = 8128(s — m> x—vwx[ Shul
( P) m% " mp Fp+++(0,0)

o Similar results for other mesons (assume Breit-Wigner shape for resonances)

e We assume a constant mass shift in the spectrum (scalar, axial, tensor)

h 3
mX:mI)’(yb—i-(mlpat—mghys) , X=AS8T

2
e The two-photons decay width Iy, = %Qms [ngw*(O, 0)] is taken from experiment

[AII the non-perturbative information is encoded into the meson transition form factors]
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Assumptions on form factors

e Pseudoscalar meson
< experimental data are available only when at least one photon is on-shell
— Fp7*7*(Q%, Q2) has been computed on the lattice [Gerardin, Nyffeler, Meyer '16]

— We use the lattice result (no free parameter is introduced)

e Scalar mesons
— can be produced by two transverse photons (T) or two longitudinal photons (L) : ng*v* and ng*w*
— ng*y* has been measured experimentally in the region Q% < 30 GeV? for the f3(980) meson [Masuda '15]

— results are compatible with a monopole form factor with Mg = 0.800(50) MeV

Fpe (QF,Q3) 1
FE..(0,0)  (1+Q3/MZ)(1+Q3/M32)

< In the following, Mg is considered as a free parameter
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Assumptions on form factors

e Axial mesons

© . and FY

< Two form factors F' Aoy

A (A = 0,1 corresponds to the two helicity states of the axial meson)

< Quark model inspired parametrisation [N. Cahn '87]
F.(QF,Q3) = m3AQ}, @3)
v
Fig (QF.Q3) = - (v+@3) mAAQ}, Q).

X
Flio (@3,@D = =5 (v+ Q) mAa(@h, Q)

in which 2v = m? + Q% + Q3 with m 4 the meson mass,

A(Q1,0) 1
A0,0)  (1+Q3/M3)?’

< Single virtuel case : L3 Collaboration in the region Q? < 5 GeV? [Achard '01 '07]
— M4 = 1040(78) MeV for the f1(1285) meson

< One free fit parameter : My
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Assumptions on form factors

e Tensor mesons

< Amplitudes are described by four form factors F,(r[;),y*( 2.Q3) with A = (0,7), (0,L), 1, 2

< The single-virtual form factors for helicities A = (0,7), 1,2 have also been measured experimentally in the region
Q? < 30 GeV? by the Belle Collaboration [Masuda '15]

< data are compatible with a dipole form factor [Danilkin '16]

A
Fp-(Q1,Q3) 1
F®_ 0,00 (1+Q/Mp ))*(1+Q3/Mp )2

< Four free fit parameters : My )

e Scalar QED

v*4* — w7 7~ evaluated using scalar QED dressed with monopole form factors
— Monopole mass set to the (lattice) rho mass
e Conclusion

The model has 6 independent parameters (monopole and dipole masses of TFFs)

< global fit of the model to the eight lattice amplitudes (for all Q% and Q2)
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Lattice calculation

Model

Conclusion

Results on F7 - dependance on v and Q3

e Each plot correspond to a fixed Q3

e Different colours correspond to different values of v = Q% - Q3

100 g

Q? = 0.352 GeV?

v [GGVZ] 50
0.117 —=—
0.234 —=— 40
0.351 +—=—
0.467 —=— 30
0.583 = 3 E
0.698 \2 20

~_. 0.812 —=—
= 0.927 —=—

1.039 —a—
1.150

v [GeV?
0.117 —=—

M 0.234 —a

0.351 +—=—
0.467 +—=—
0.583 +—u—

] 3
0.698 |§

10.812 —a—

0.927 —=—
1.039 —a—

4 1.150

Q? = 0.352 GeV?

v [GeV?]

0.234 —a—
0.351 —=—
0.467 —u—
0.583 —=—
0.698 =
0.812

10.927 —a—i
4 1.039 —=—
1.150 —a—

15 2 25 3
Q3 [GeV?]

Q3 = 0.352 GeV?

v [GeV?

4 0.117 —=—
0.234 —=—
0.351 +—=—
0.467 +—=—
0.583 +—=—
0.698

0.812 +—=—
0.927 +—=—
1.039 —=—
1 1.150

o
N
—L

15 2 25 3
Q3 [GeV?]
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Preliminary results : F7 - contributions from different channels

Q? = 0.352 GeV? Q3 = 1.000 GeV? Q3 =0.352 GeV? Q3 = 1.000 GeV?

100 35
P — P —
90 1S —— 1 30 1S — ,
A — o
o 1 25 [T — ]
(O 1 v
20 B
o 60 - 7 S
& &~
s 50 - 1 g 15 1
40 1 w0l |
30 - 1 +
50 ,
20 1 : -
10} ] 0 e 1
0 L _5 L L L L L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0 0.1 0.2 0.3 0.4 0.5 0.6
v [GeV?] v [GeV?]
Q? = 0.352 GeV? Q3% = 1.000 GeV? Q? = 0.352 GeV? Q3 = 1.000 GeV?
40 ; ; ; ; 18 ; ; ;

0.1 0.2 0.3 0.4 0.5 0.6 0 0.1 0.2 0.3 0.4 0.5 0.6
v [GeV? v [GeV?)
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Monopole and dipole masses

Monopole FF Dipole FF
Fx(0,0) 2 2 Fx(0,0)

e Global fit of the eight amplitudes

Mg [GeV] My [GeV] MY [GeV] MPT [Gev] MYV [Gev] MY [Gev] x2/do.f

E5 138(11)  1.26(10) 1.93(3) 2.24(5) 2.36(4) 0.60(10) 422
F6  1.12(14)  1.44(5) 1.66(9) 2.17(5) 1.85(14) 0.89(28) 1.15
F7  1.04(18)  1.29(8) 1.61(12) 2.08(7) 2.03(7) 0.57(16) 1.19
G8 1.07(10)  1.36(5) 1.37(24) 2.03(6) 1.63(13) 0.73(14) 1.13
N6 0.86(37)  1.59(3) 1.72(17) 2.19(4) 1.72(18) 0.51(8) 1.35
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Monopole and dipole masses : chiral extrapolations (preliminary, stat error only)

2 2
L5+ é 7 1~5W""' __________ T
oty *
= 1r a = 0.065 fm —@— 1 = 1r a = 0.065 fm —e—
E"’ a = 0.048 fm —a— g a = 0.048 fm —a—
0.5 | R 0.5 |-
0 L L L L L 0 L L L L L
0 0.05 0.1 0.15 0.2 0.25 0 0.05 0.1 0.15 0.2 0.25
m?2 |GeV? m?2 |GeV?
2.5 ‘ 2.5

0 L L L L L 0 L L L L L
0 0.05 0.1 0.15 0.2 0.25 0 0.05 0.1 0.15 0.2 0.25
m?2 |GeV?| m?2 [GeV?|
25 T T T T A 25 T T T T ___»__4—
- ° .- °
2L [ ) é B 2
= 4 >
& 1.5 1 il.s F
- a=0.065 fm —@— - a=0.065 fm —@—
cg Lk a=0.048 fm —A— 1 St a=0.048 fm A
0.5 + g 20.5 8
0 L L L L L 0 L L L L L
0 0.05 0.1 0.15 0.2 0.25 0 0.05 0.1 0.15 0.2 0.25
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Preliminary results : monopole and dipole masses

Monopole FF Dipole FF
F 27 2 = X ) F 27 5 =
X(Ql QZ) (1+Q%/A§() (1+Q%/A§() X(Ql QQ) (1+Q%/A§()2(1+Q%/A§()2

e Global fit of the eight amplitudes

Mg [GeV] My [GeV] MY [Gev] MO [Gev] MY [Gev] MY [Gev] x2/do.f

E5 138(11)  1.26(10) 1.93(3) 2.24(5) 2.36(4) 0.60(10) 422
F6  1.12(14)  1.44(5) 1.66(9) 2.17(5) 1.85(14) 0.89(28) 1.15
F7  1.04(18)  1.29(8)  1.61(12) 2.08(7) 2.03(7) 0.57(16) 1.19
G8 1.07(10)  1.36(5)  1.37(24) 2.03(6) 1.63(13) 0.73(14) 1.13
N6 0.86(37)  1.59(3)  1.72(17) 2.19(4) 1.72(18) 0.51(8) 1.35

o Mg =1.04(14) GeV : slightly above the experimental result from the Belle Collaboration (Mg = 796(54) MeV for
the isoscalar scalar meson [Masuda '15])

o My = 1.32(7) GeV to be compared with the experimental value by the L3 Collaboration M4 = 1040(80) MeV for
the isoscalar meson f1(1285) [Achard '01 '07].

. M( )= 1. 35(24) GeV, Mér} = 1.69(16) GeV and M((f)’T) ~ 1.96(9) GeV, above the experimental values for the
f2(1270) mesons obtained by fitting the single-virtual form factor [Masuda '15, Danilkin '16].
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Fully-connected contribution : test of our assumption

e Only isovector particles contribute to the fully connected diagram with a factor 34/9
4 A\ 4 34 HLbL
(Qu + Qa)lhy 4o, = gH (M)

25
(Q% + QZ)QH?\Z%FMO ~ _EHHLbL(Ml) + HHLbL(MO)

e Large-N,. approximation :
— Each JPC sector : the non-singlet resonances cancel the contribution of the flavor-singlet resonances in I12*2

e Approximation badly broken in the pseudoscalar channel (pion is much lighter than the 1’ meson) :

M) o 2 @) g
.. 9 .. .
Q? = 0.352 GeV? )
0 ‘ ‘ ‘ _ v [GeV7]
50 | 0234 We can test this assumption on F6 where we have
40 | 0-351 r—= computed disconnected diagrams :
Zﬁ 0.467 +—=—
g, 30 0.583 —=—
E 20 0.698 < Reasonable statistical precision for Mpr
0.812 —=— .. .
10 < This is not a fit
0 = 0.927 —a—
0 1.039 —=— < Relatively good agreement, but large stat errors
N 1 1.150

Light-by-light forward scattering amplitudes in Lattice QCD
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Implications for lattice QCD calculations

1) With Ny = 2 dynamical quark, one expects

M) _% M 4 )

2) Similar calculation with Ny = 3 dynamical quark :

0 ’
MEH2) —9( alI;ILbL,Tr + a/I;ILbL,n) + aEILbL,n

e LMD+V model for the pion-pole contribution : aELbL’“O =62.9x 1071
e VMD model for the  and 7’ contribution : a,I}LbL’" =14.5 x 1071

allPln’ — 195 x 1011

25 HLbL,7 HLbL,y’ —11 _
SHLBL.(242) o ) 9K ) +au = —(162£27)-10 ms = 00,
H _2(a’I;ILbL,7r + aELbL,n) + a/I:ILbL,n — _(142 + 19) .10~ 11 Ms = Muyg.

Assuming the model estimate for the full HLbL is correct aff""! ~ (102 & 39) - 107, one expect

(264 £51) - 107 m, = o0,
(244 £46) - 1071 my = myg.

HLbL,(4) _
a,u,model ~
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Conclusion

We have shown the possibility to compute the eight forward light-by-light amplitudes on the lattice

— same 4-pt correlation function as in the full HLbL calculation

They are well described by the cross sections v*v* — a few resonances, via dispersive sum rules.

Allows us to put constraints on TFFs used to estimate the HLbL contribution to the (g — 2),

< The amplitudes contain a lot of informations

— 8 independant amplitudes, several kinematics

It was a first feasibility study (N = 2 dynamical quarks, no continuum limit)

It would be interesting to consider the more realistic case with N; = 2 4+ 1 dynamical quarks and light
quarks (m, < 200 MeV)

< extract information about TFFs
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