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Introduction Lattice calculation Results with Ny = 2 Preliminary results with N =2 + 1 Conclusion

Motivations

e Pion-pole contribution to the hadronic light-by-light scattering contribution to the (g — 2),
— dominant contribution in model calculations

— dispersive approach [Colangelo et al. 14, "15]

Frequent estimates
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e Estimation of the finite-size effects of the full lattice QCD calculation o
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— Short-distance constraints : Brodsky-Lepage behaviour, OPE prediction
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Introduction

Motivations : the pion-pole contribution
[Jegerlehner & Nyffeler '09]

T = cos(0)

Q1 - Q2 = Q1Q2cos(P)

7.‘.0”/

HLbL® _ [ = ' 2 2 2
a, o= /0 dQl/O dQQ/_ldT wl(Ql,QQaT) fwov*'y*(_ 1 _(Ql + QQ) ) ‘Fﬂow*w*(_Q%O) +
w2(Q17 QQ»T) ]'-Trofy*'y*(_Qi _Q%) ‘Fwofy*w*(_(Ql + Q2)270)

— Product of one single-virtual and one double-virtual transition form factors
— w1 2(Q1,Q2,7) are model-independent weight functions
— Spacelike virtualities

— Weight functions are concentrated at small momenta below 1 GeV (here for 7 = —0.5)
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o
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Antoine Gérardin



Introduction Lattice calculation Results with Ny = 2 Preliminary results with N =2 + 1 Conclusion

The pion transition form factor

e The single-virtual transition form factor has been measured (CELLO, CLEO, BaBar, Belle)

[Belle '12]
— Belle data agree with Brodsky-Lepage (~ 1/Q?) 0.35
S
]
— Belle and Babar results are quite different Q 03 l
G oos |
— No measurement for Q < 0.8 GeV g 0.25 4+7 "
. I ke}
(dominant contribution) 02t | . e ——
— New results planed at BESIII 0-15
= BaBar
0.1 [y — fit(A)
+ e
e No result yet for the double-virtual transition form factor 0.05 | o Belle
— fit(A)
< measurement planned at BESIII 0 , — e
. . 0 10 20 30 40
< challenging (small cross section) Q2 (GeV?)
o Adler-Bell-Jackiw (ABJ) anomaly in the chiral limit :  F, (0,0) = b
Y B R Py ol

e Short-distance constraints

2F 2F.
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Froyen (—Q%,0) m > Froyey (—Q%, —Q7) QQj} 302
Brodsky-Lepage behavior OPE prediction
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Lattice calculation

Lattice calculation J
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Lattice calculation

In Minkowski space-time :

€uvas @5 @5 Froon (47, 43) =i / d*z e (0|T{J,.(x) J,(0)} |7 (p)) = Myuw(ai, a3)

e J,(z) hadronic component of the electromagnetic current : J,(z) = 2u(z)y,u(z) — $d(z)y,d(z) + . ..

In Euclidean space-time : [Ji & Jung '01] [Cohen et al. '08] [Feng et al. '12]

MER ) = - [dre” [@se 0 {1, 01(0.0)} )

J,u y 41
e Analytical continuation : ¢; = (w1, q1)

™(p) Jv @
o We must kept ¢, < My = min(M}, 4m2) to avoid poles 7

lr T
The main object to compute is the Euclidean three-point correlation function

O tei7.508) = 3 (T { Bt 1P 1)}y i

e We use one local and one conserved vector current. We focus on = 0 and compute all ¢}
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Kinematic reach in the photon virtualities

Photons virtualities (pion rest frame) :

Q% = w12 = |§1|2 = ‘(ji|2 - (2W/L)2|ﬁ‘2 ) |ﬁ|2 =1,2,3,4,5,...
¢ = (mr—w1)” = |@1[*

5. %

= w; is a (real) free parameter

@ |GeV?

3 |GeV?|

B —1‘.5 —‘l —6.5 6 -2—2 —1‘.5 -1 6.5 0
qi [GeV?| qi [GeV?|
Figure — L/a = 48 at a = 0.065 fm. Figure — L/a = 64 at a = 0.048 fm.
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Shape of the integrand for F7 (a = 0.065 fm and m, = 270 MeV)

A, (m)= lim C,(r, I

) ) 2E [e'e) _ tr—00
F, : x ” dr A, (1) e“1"
ﬂow(% Q2) Z. /_oo NV( ) Fi ( )_ A,W(T) >0
w\T) = A(r)e B 7<0
0'2 T T T T T T T T T Jl‘L ,Jl
A(r) ~(7) 5 @
0.15 9 i
= |2 2_7-( _
0.1 F ' - On the lattice :
. . - Discrete sum over lattice points :
005+ e y | /dT — az
0 ....--"‘ BT - Finite size of the box :
20 -15  -10 5 0 5 10 15 20 IT| < Timax # 00
T/a - Signal deteriorates at large |7| : e*'7
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Shape of the integrand for F7 (a = 0.065 fm and m, = 270 MeV)

e The vector meson dominance (VMD) model is expected to give a good description of the data at large 7
aM

FVMD
M — ) (M — ¢3)

Oy* % (q%’ q%) = (

— A(r) = .. (known analytical expression)

e Fit the data at large 7 and use the result of the fit for 7 > 7. = 1.3 fm

0.2 T T T T T T T T T
A(T) VMD ——
0.15 ¢ S 9 97\ 2 LMD —— 1 e Check the dependance on the model
‘C_h’ =2 (f) s using LMD rather than VMD :

0-1 % | pmo (@, ) = aMy + B(qf + ¢3)
TR (MY — qf) (M — 3)

0.05 | 4

e The difference between the two models
is included in the systematic error.
0

-20 -15 -10 - 0 ) 10 15 20
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Results with Ny = 2 J
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Results with

Results with Ny = 2

e In our published paper [Phys. Rev. D 94, 074507 (2016)] : Ny = 2 Wilson-Clover ensembles (CLS)

— Several pion masses (down to 190 MeV) and several lattice spacing (down to 0.048 fm)
— Continuum and chiral limits

< Quark connected and disconnected contributions
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Introduction

Results with Ny = 2

Lattice calculation

Results with Ny = 2

Preliminary results with N,

e In our published paper [Phys. Rev. D 94, 074507 (2016)] : Ny = 2 Wilson-Clover ensembles (CLS)

— Several pion masses (down to 190 MeV) and several lattice spacing (down to 0.048 fm)

<3 Continuum and chiral limits

< Quark connected and disconnected contributions

P(p,t)

— Computed on one ensemble only (a = 0.065 fm, m, = 440 MeV)

Juldis i)
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— Disconnected contributions are known to be much more challenging on the lattice

P =2 (%)

AConn ()
AConn+Disc(r)

—100 x APe(r)

——

——

——

L .. ]
L ety . ]
Ll‘!ﬂ : ;!i"l;
. . . . . . .
15 -10 5 0 5 10 15
T/a

20

0.14

0.12

0.08

0.06

0.04

0.02

Ju(@h tz)

@ Jl/((jﬁv tf)

Conclusion
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— The disconnected contribution is below 1% (but could be enhanced at smaller pion masses ...)

Antoine Gérardin

20



Introduction Lattice calculation Results with Ny = 2 Preliminary results with Ny =2+ 1 Conclusion

Results with Ny = 2

e In our published paper [Phys. Rev. D 94, 074507 (2016)] : Ny = 2 Wilson-Clover ensembles (CLS)

— Several pion masses (down to 190 MeV) and several lattice spacing (down to 0.048 fm)
— Continuum and chiral limits

< Quark connected and disconnected contributions

e We used phenomenological models to describe our data and extrapolate to the physical points

- VMD model

M4
FYMD (2 2y _ ally
w8 = O (0ag )

- LMD model (Lowest Meson Dominance) [Moussallam '94] [Knecht et al. '99]

2 2)_ aMé+5(Q%+qg)
(M3 — q7) (M — g3)

LMD
.F,]TO,Y*,Y* (ql ) q2

- LMD+V model [Knecht & Nyffeler '01]

ho Ga3(q} + @3) + ha(q? + 63)? + ha G343 + hs M MZ, (qf + ¢3) + a My M,
(M, — q}) (M, — q) (M, — g3) (M, — q3)

LMD+V,/ 2 2
]:71—07*’; (qlv 2):

— All fit parameters were not fitted (My;, ...)

e We assumed a simple dependance on the lattice spacing and pion mass

a(mg,a) = a(mzg,a) + V4 + Ym, mz — global fit of the eight lattice ensembles
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Results with IV

Final results for the form factor (at the physical point)

e Results in the continuum and chiral limit for each model

Q2 ‘Fm*’y*(_Q27 _QZ)’ Q2 ’Fm*v*<_Q2v 0)’
0.1 : : : : :
02
0.08 |
0.15 |
006 F .
?‘5 e — ?‘5
S Ll g~ T O o1t
VMD
0.02 | LMD —— | 0.05 | VMD CELLO
LMD+V —— / LMD CLEO
OPE —— LMD-+V BL
0 ‘ 0 : ‘ !
0 0.5 1 15 2 0 0.5 1 15 2
QQ [GGVQ] Q2 [GGVQ]
e In practice we know the TFF for all Q7 and Q3, not only Fro - (—Q?, —Q?) and Fro, - (—Q?,0)
e VMD model : bad x> — wrong asymptotic behavior in the double-virtual case
e Results for LMD and LMD+V have good x? and are in good agreement with phenomenology :

oMMP = 0.275(18)(3) GeV ! and oMP+V = (0.273(24)(7) GeV ' compare well with the theoretical
prediction o™ = 0.274 GeV L.
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Back to phenomenology : the pion-pole contribution

[Jegerlehner & Nyffeler '09]

00 o) 1
afllPLir — /0 dQ: /0 Qs /_ a7 wi(Q1,Q2,7) Frogens (—QF, =(Q1 4 Q2)?) Froyere (—Q3,0) +
w2(Qla Q2, T) "T:Trofy*'y*(_Qi _Qg) ffro'y*’y*(_(Ql + Q2)27 0)

[ aMiblr = (65.0 £8.3) x 10711 ]

A [GeV] LMD LMD+V
— most model calculations yield results in the range 0.25 146 (21.4%) 144 (22.1%)
a5 = (50 — 80) x 1011 05 379 (555%) 372 (57.2%)
0.75 50.7 (74.4%) 495 (76.1%)
o L qon 1.0 573 (84.0%) 555 (85.4%)
- 1.5 629 (92.3%) 60.6 (93.1%)
LMD (this work) 68.2(7.4)
MDA (e work 65 0(5.3 2.0 651 (955%) 625 (96.1%)
t . .
VMD+ h( 's work) (0 ) 50 677 (99.2%) 64.6 (99.4%)
t 57.
(theory) 200 682 (100%) 650 (100%)
LMD (theory) 73.7
LMD+V (theory + phenomenology) 62.9
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Preliminary results with Ny =2 + 1 J
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The pion transition form factor with Ny =2 + 1

450 4 _ . H
N300 N202 (H200) Hio1 e Ny =2+ 1:dynamical charm quark
° ° °
400 |- , )
e Add improvement of the vector current
H102
. N302 N203 .
350 - ° ° ° ] — Full O(a)-improvement
E 300 | N200 NAOL  N101 (H105) i < Smaller discretization effects
— J303 [ J [ ] (]
£ b ° < local-local and local-conserved
S C101
D200 (] . .
200 |- ° | o Ensembles with different volumes
< can directly check finite-size effects
150 + E250 B
T rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr P iiihi’nih
100 ‘ ‘ ‘ ‘ e Chiral and continuum extrapolations under control
0 0.0502 0.0652 0.0772 0.0852
a? [fm|

e Add a new kinematic with 7'# 0 (in addition to the pion rest frame)

< access to many more points in the (Q2, Q3) plane

e Compute all spatial momenta ¢ to cover the plane 0 < Q?,Q3 < 3 GeV?

— Important to reduce statistical noise (multiplicity)

Antoine Gérardin The pion transition form factor from lattice QCD



Introduction Lattice calculation Results with Ny = 2 Preliminary results with Ny =2+ 1 Conclusion

Preliminary results with Ny =2 +1

e Ensemble m, ~ 280 MeV at a ~ 0.065 fm
e Color code :

- Black points : pion rest frame
- Blue points : pion with on unit of momenta 27/L

0.1 T T T T T T T T 0.1 T T T T T T T T 0.3
0.08 _ 025 ¢
5 S i 1 g
3 - >
. S S T T < T
: iy £
S o <]
LMDV —— < LMDV ——
6 U:5 i 1‘,5 é 215 Z‘i 3.‘5 -‘1 4.5 . R é 215 Z‘*: 315 4‘1 4.5 R
Q* [Gev?) Q* [Gev? Q* [Gev?
e good statistical precision
e data with 7 # 0 are valuable!

< but require one more (sequential) inversion of the Dirac operator

e We have now data on all 14 ensembles (physical pion mass still missing), analysis ongoing.

.0
We are trying several methods to obtain a model independent determination of aELbL’”
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z-expansion inspired fits

e Assumes the following double z-expansion for spacelike momenta : F(Q2,Q3%) = E Cnm 21 29

n,m=0

tc“‘Q? - vtc_tO
to = tc (1 -1+ Q?nax/tc>

v\ te + Q2 + Vit — to

e 1 is the optimal choice which reduces the maximum value of |z;| in the range [0, Q2 ]

where ¢, = ¢y and with 2 =

e For the VMD or LMD models, one can compute the coefficients exactly :

Vl\lD 2 LMD 2 2
WOW’Y(Q ) F’]T’y’y(Q7Q)
0.3 0.12 \
Exact — Exact
N=1 _
25 4 1L N=1 i
0.25 =1 0 N=1
N=3— N=3—
0.2} N=4— | 08} N=4— |
0.15 | / 0.06 |- =
0.1 - 4 0.04+ B
0.05 + 4 0.02+ R
0 | | | | | | | 0 | | | | | | |
0 0.5 1 1.5 2 2.5 3 3.5 4 0 0.5 1 1.5 2 2.5 3 3.5 4

Q |GeV] Q |GeV]

< Needs N relatively large to ensure good convergence
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z-expansion inspired fits

e Fit the LMD or LMD+V model using a double z-expansion

— Estimate the systematic from a finite V

e Results for the LMD+V model with Q2. =4 GeV? :

max

Q2 |F7w*’y*(_Q2> _Q2)| Q2 |F7F’Y*’Y*(_Q27 0)|
0.1 0.25 T
0.08 | B 0.2 + 1
0.06 | 0.15 | -
JR— — J— e
S S
— 0.04 | 4 T 01 // 1
1l — 1 —
- / —
0.02 1 1 0.05 |/ A 1
5 — 5 —
0 L L L L L L L 0 L L L L L L L
0 0.5 1 1.5 2 2.5 3 3.5 4 0 0.5 1 1.5 2 2.5 3 3.5 4
Q? |GeV? Q? |GeV?|

< N =3and Q% =4 GeV?is already sufficient to get a precision bellow 1 % for the TFF

max

< The anomaly is recovered with a precision of 2 %

e We are currently testing this method with lattice QCD data

0
e For the pion-pole contribution HLbL (a,I}LbL”T ) : try to integrate data directly
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Conclusion

e We have published a lattice calculation of the pion transition form factor Fo.+,+(¢i, ¢3) with two dynamical
quarks and in the momentum region relevant for the (g — 2),,.

The LMD and LMD+V models describe our data successfully.
— In particular we recover the anomaly prediction (ot = 0.274 GeV™!) in the continuum and chiral limit
oM™MP = 0.275(18)(3) GeV™! | oMMPTV = 0.273(24)(7) GeV™*

— 7 — 9% accuracy

Disconnected contributions have been computed on one lattice ensemble.

Provides a first lattice estimate of the pion-pole contribution aﬁi‘f\%&v = (65.0+8.3) x 1071

We are now using the new CLS ensembles with 2 + 1 dynamical quarks

— Full O(a)-improvement to reduce discretisation effects, dedicated study of finite-size effects

— New kinematics included, higher statistics

HLbL;70

— Model independant extraction of a;;

Use the results to study finite-size effect correction for the full HLbL lattice calculation on the lattice (see
previous talks by Andreas Nyffeler and Nils Asmussen)
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