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Dispersion relations for meson transition form factors

Ingredients for a data-driven analysis of 7%, n,n’ — y*v(*)

e summary: from yr — rrviaeTe™ — 3 to ¥ — ¥y
see M. Hoferichter 2017

e Nnew: implementation of high-energy asymptotics
first preliminary results: doubly-virtual, (¢ — 2),
e summary: from radiative decays n") — 7 tr—~
to (singly-virtual) transition form factors n") — ~*~ see BK 2017

e factorization breaking for
doubly-virtual form factor:

— = +o— o=t —
ete” =T, N >t W 0 /
T, 1,1

Summary / Outlook
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Pseudoscalar transition form factors and

e largest individual HLbL contribution:
pseudoscalar pole terms
singly / doubly virtual form factors

FPfyfy* (q27 0) and FP’y*’Y* (C]%, q%)

(9 — z)u




Pseudoscalar transition form factorsand (g — 2),,

e largest individual HLbL contribution:
pseudoscalar pole terms
singly / doubly virtual form factors

FPfyfy* (q2, O) and FP’y*’Y* (C]%, q%)

e normalisation fixed by Wess—Zumino—Witten anomaly, e.g.:

62

A2 F
F.. pion decay constant — measured at 1.4% level PrimEx 2011
planned at 0.7% level (preliminary: 0.85%) PrimEx 2015, in progress
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Pseudoscalar transition form factorsand (g — 2),,

e largest individual HLbL contribution:
pseudoscalar pole terms
singly / doubly virtual form factors

FPfyfy* (q2, O) and FP’y*’Y* (C]%, q%)

e normalisation fixed by Wess—Zumino—Witten anomaly, e.g.:

62

A2 F
F.. pion decay constant — measured at 1.4% level PrimEx 2011
planned at 0.7% level (preliminary: 0.85%) PrimEx 2015, in progress

Fro.-(0,0) =

e ¢’-dependence: often modelled by vector-meson dominance
— what can we learn from analyticity and unitarity constraints?

— what experimental input sharpens these constraints?




Dispersive analysis of 71'0/77 — YY"

e ISOSpin decomposition:

-F%s(Q%aqg)‘+-FL8(qqu%)
-F%U(Q%aqg)'+*FES(Q%7q§)

'F%OW*V*(Q%7Q§)

Fm*v* (Q%, q%)




Dispersive analysis of 71'0/77 — YY"

e ISOSpin decomposition:
Fronenys (43, 43) = Fus(ai, 43) + Fus(43, 47)

an*v* (Q%,qg) — Fvv(Q%aqg) + FSS(Q%a (]3)

e analyse the leading hadronic intermediate states:
Hanhart et al. 2013, Hoferichter et al. 2014

> Isovector photon: 2 pions
>« pion vector form factor x AT —an/n— 7TEYy
all determined in terms of pion—pion P-wave phase shift
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e ISOSpin decomposition:
Fronenys (43, 43) = Fus(ai, 43) + Fus(43, 47)

Fn'y*'y* (q%,q%) — Fvv(Q%:Q%) =+ FSS(Q%? qg)
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> Isovector photon: 2 pions
>« pion vector form factor x AT —an/n— 7TEYy

all determined in terms of pion—pion P-wave phase shift
> Isoscalar photon: 3 pions




Dispersive analysis of 71'0/77 — YY"

e ISOSpin decomposition:
FT('O’Y*’}/* (Q%a qg) — Fvs(q%7 qg) + Fvs(q§7 q%)
an*v* (Q%a qg) — Fvv(Q%a q%) + FSS(Q%7 (]3)

e analyse the leading hadronic intermediate states:
Hanhart et al. 2013, Hoferichter et al. 2014
()
i To/s
W, P

QPAVAVAVA®

770/77 7TO/77

> Isovector photon: 2 pions
>« pion vector form factor x AT —an/n— 7TEYy

all determined in terms of pion—pion P-wave phase shift
> Isoscalar photon: 3 pions — dominated by narrow w, ¢

< w/¢ transition form factors; very small for the n




Charged pion form factor: Omn es representation

1
21
— final-state theorem: phase of FV (s) is just §1(s) Watson 1954

disc FY (s) = ImEY (s) = FY(s)x0(s—4 M2)xsin o} (s) e 101




Charged pion form factor: Omn es representation

1
21
— final-state theorem: phase of FV (s) is just §1(s) Watson 1954

disc FY (s) = ImEY (s) = FY(s)x0(s—4 M2)xsin o} (s) e 101

e solution:
1% s [~ 01(s")
R0 =P, o =e{ [ v 2t
P(s) polynomial, £2(s) Omnes function Omneés 1958

> 7 phase shifts from Roy equations
Ananthanarayan et al. 2001, Garcia-Martin et al. 2011

> P(0) =1 from symmetries (gauge invariance)

e below 1GeV: FY (s) ~ (14 0.1 GeV 25)Q(s)
slope due to inelastic resonances o/, p”. .. Hanhart 2012




Pion vector form factor vs. Omn es representation

Data on pion form factorin 7= — 7w~ 7% Belle 2008

10°¢

[F7 (s)]?

- ! | ! | ! | ! | ! | ! ! ]
0.2 0.4 0.6 0.8 2 14 16 1.8
V5 [GeV]

mm P-wave phase shift / effective form factor phase incl. p’, p”
Schneider et al. 2012
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w0 — v*(q?)v*(q?) transition form factor




w0 — v*(q?)v*(q?) transition form factor

x F§ x T'(ym — 7o)




w0 — v*(q?)v*(q?) transition form factor

x FJ x T'(ym — 7o)




Anomalous process Yymw — TT

e ~m — wm. Crossing symmetry, WZW low-energy theorem

F(s,t,u) = F(s)+ F(t)+ F(u), F(0,0,0) = F3, =

e
A2 F3




Anomalous process Yymw — TT

e ~m — wm. Crossing symmetry, WZW low-energy theorem

F(s,t,u) = F(s)+ F(t)+ F(u), F(0,0,0) = F3, =

e
A2 F3
e left-hand cut F(s) and right-hand cut F(s) self-consistent:

F(S)ZQ(S){QJrE/ ds Slnél(s);( )}
4
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Anomalous process Yymw — TT

e ~m — wm. Crossing symmetry, WZW low-energy theorem

F(s,t,u) = F(s)+ F(t)+ F(u), F(0,0,0) = F3, =

e
A2 F3
e left-hand cut F(s) and right-hand cut F(s) self-consistent:

]:(S)ZQ(S){QJr%LOO ds’ sin di (') F (5 )}

vz 8 |Qs)|(s" = )

COMPASS 2012

T+ Nio+ 1+ Ni

e high-accuracy data from
Primakoff spectrum cCcoOMPASS

events/3 MeV/c?

3500

e fit dispersive representation 3000

to data, extract F5,. ~
Hoferichter, BK, Sakkas 2012

free K decay (494.2 MeV/cZ)}
PDG: 493.7 MeV/c{2

N

a1

o

=]
—IIII|IIII|IIII|IIII|IIII|IIII|IIII|IIII|IIII|III

e radiative couplings of p, p3 1000
Hoferichter, BK, Zanke 2017 °00

. 0 0.I2 — 0.4 — 0.6 — I0.8 — 1 I ll2 - 1.14 4._2

(] Iattlce HadSpeC coll. 2015 mass of 1t 1€ final-state [GeV/c?]

Seyfried, MSc thesis 2017




Extension to decays: w/¢ — 37

e Same quantum numbers as yr — Niecknig, BK, Schneider 2012
Danilkin et al. 2015

e first w — 37 Dalitz plot measurement WASA-at-COSY 2017

e test accuracy on ¢ — 37 Dalitz plot: 2 - 10° events KLOE 2005
8000/ ]
o0l s T o o 4
40001 ]
2000 | \ ]

0750 800 80 90 950 L1000 1050 100 1150 1200 1250

F=0 once-subtracted twice-subtracted
x?/ndof  1.71...2.06 1.17...1.50 1.02...1.03
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Transition form factor w(¢) — wl€TL~

— W — W
disc 'M./ =

e w transition form factor related to

pion vector form factor x w — 37 decay amplitude

o form factor normalization yields rate I'(w — 7%)
(2nd most important w decay channel)
— works at 95% accuracy Schneider, BK, Niecknig 2012

B. Kubis, 7t°, 7, and ?7’ transition form factors — p. 10



Numerical results: w — ﬂ0u+u_

T 9
- —_ 8 |
100: - NAG60°'09 : T
I - NA60'11 d > 7 -
- Lepton-G o I
-~ VMD e O il
W fi(s) =aQ(s) = i
B full dispersive a |
~ 4 _|
\1 |
3 _
Ol< |
I g 2 |
—~ L‘ r
R 3 1 _
05 |
= v 07

e clear enhancement vs. VMD

e Incompatible with data from
heavy-ion collisions
NAG60 2009, 2011

T e w — mlete data: no tension

0 0l 02 03 04 05 06 _
Vs [GeV] (but less precise) A2 2016

e NAGO data potentially in conflict with unitarity bounds
Ananthanarayan, Caprini, BK 2014, Caprini 2015
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Numerical results: ¢ — wo€T€~

100—

VMD

fi(s) = afd(s)

once subtracted f;(s)
twice subtracted fi(s)

10}
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Schneider, BK, Niecknig 2012
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e Measurement in p peak region
would be extremely helpful
e ¢ — 3w partial-wave amplitude
backed up by experiment
Niecknig, BK, Schneider 2012
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One step further: eTe™ — 3w, ete™ — wl~*

o decay amplitude for w/¢ — 3w M, /4 o< F(s) + F(t) + F(u)

F(s) = aw/g Q(S){l i % A; cis’/ Slgl(ﬁ)(lﬁ’ﬁ—(i)) }

a, /4 adjusted to reproduce total width w/¢ — 3




One step further: eTe™ — 3w, ete™ — wl~*

e PR 70
ad 7T_|_
et T
e decay amplitude for ete™ — 3m Mt o- x F(s) + F(t) + F(u)

> ds’ sinéi(s")F (s, )}
vz s [QUs")|(s" = )

a.+.— (¢*) adjusted to reproduce spectrum ete™ — 3

F(5,0%) = acie (q°) Qs ){1 = [1

e parameterisation:

F 4 , ImBW (')

2 37 2 q

_ —_ - d

Aete (q ) 3 ‘1‘5@ + T Jinr S 8/2(8/—(]2)
C

BW(¢*) = ) -

V=w,¢ M\2/ —q* —i\/¢*T'v(q?)




One step further: eTe™ — 3w, ete™ — wl~*

e decay amplitude for ete™ — 3m Mt o- x F(s) + F(t) + F(u)

> ds’ sinéi(s")F (s, )}
vz s [QUs")|(s" = )

a.+.— (¢*) adjusted to reproduce spectrum ete™ — 3

F(5,0%) = acie (q°) Qs ){1 = [1

e parameterisation:

F 4 , ImBW (')

2 37 2 q

— - — S d

Qete (q ) 3 ‘1‘5@ - T S 5 8/2(8/ o q2)
BW(¢*) = Y _

V= wq§M2 —q¢* — iV Ty (g?)

o fitto eTe™ — 3w data — prediction for eTe™ — 70~




Fitto eTe~™ — 37 data

10°F
3 — fit SND+BaBar
I -—-- fitHLMNT
i SND

102 BaBar ]

Oete——3rm [Hb]
o

10§ T N | . |
0.6 0.7 0.8 0.9 1.0 1.1

Va© [GeV]
Hoferichter, BK, Leupold, Niecknig, Schneider 2014

e one subtraction/normalisation at ¢ = 0 fixed by v — 37
e fitted: w, ¢ residues, linear subtraction 3
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Improved fitto ete~ — 3 data

I

1 ‘ ‘
fit SND+BaBar e

fit HLMNT 5 ---- 1
fit p=2, S;,=(1.0 GeV) —_—
1000 0 SND f—eo— 7]
BaBar
100 .
=) 10 B
=N i NI
o I‘I'EA ﬁjg_%:& e ~
1t
0.1 | .
0.01 : ‘ . L . ‘ . ‘
0.6 0.8 1 1.2 1.4 1.6

Vs [GeV]

Long Bai, Hoferichter, BK, Leupold, Schneider, in progress

e Improved description above the ¢:
unsubtracted DR, w’ poles, conformal subtraction polynomial
— exact implementation of v — 37 anomaly (sum rule)

B. Kubis, 7t°, 7, and ?7' transition form factors — p. 15



Comparisonto ete~ — 71'0')/ data
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Hoferichter, BK, Leupold, Niecknig, Schneider 2014

10 3

e "prediction"—no further parameters adjusted
e data very well reproduced
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Extension to spacelike region; slope

e continuation to spacelike region: use another dispersion relation

2 _
FWOW*W(Q 70) _FWWW—F? a2 ds S’(S’—q2)

q> /OO ,Im Fro..(s',0)
4

2

e sum rule for slope FWOW*W(QQ, 0) = FTr'y’y{l + G ]\32 - (9(614)}
71-O

Mz, 1 [ ds
a, = —I x —/ %Imeov*v(s’,O)

Fryy T Janz 8
= (30.7+£0.6) x 107? Hoferichter et al. 2014
compare: a, = (32+£4) x 1073 PDG 2014

e theory error estimate:
> 7 phases

> cutoff effects in v* — 37 partial waves and
[v* = 31 — [y* = 7]

B. Kubis, 7t°, 7, and ?7' transition form factors — p. 17



Prediction spacelike form factor

0.20 T | T | | | |
- =TT
O ————— -
<015} _-="7] + -
[N ’f’
. s s R S e
= 2 =T %‘ -
(- _: —:— T 1
N _ - H »—T—<
Qﬁ 0.10} : } -
'S = CLEO
{ e CELLO
CET* 0.05 | 1
&
OOO | L | L | L | |
0.0 0.5 1.0 ,15 . 20 25 3.0
Q° [GeV?]

— more precise low-energy spacelike data to come

Hoferichter, BK, Leupold, Niecknig, Schneider 2014

BESIII
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Towards the doubly-virtual 7V transition form factor

e so far: subtracted dispersion relation
> high precision at low energies

> uses 7’ — v+ as input for form factor normalisation

. . . 2 L
> asymptotically: leinoo Froyy( —Q%,0) = const.
. 2 2
Qyinoo Fropn (— Q% —Q%) = const.

— unfit for (g — 2),, implementation
— switch to unsubtracted representation




Towards the doubly-virtual 7V transition form factor

e so far: subtracted dispersion relation
> high precision at low energies

> uses 7’ — v+ as input for form factor normalisation

. . . 2 L
> asymptotically: leinoo Froyy( —Q%,0) = const.
. 2 2
Q£1£>noo Fropn (— Q% —Q%) = const.

— unfit for (g — 2),, implementation
— switch to unsubtracted representation

e double-spectral-function representation:

1 [ > p(x,y)
F7T * K 27 ; - 5 daj/ d ’
) =5 [ W A @)

¢ (x)

127T\/51m [EY*(2) f1(2,y)] + [z > y]

p(z,y) =

fi(s,¢%):  ~v*(¢*)m — 7w P-wave
— doubly-virtual form factor fixed from singly-virtual input!




Asymptotics and pQCD constraints (1)

e asymptotically, 7 TFF can be expressed via pion wave function:

2e’F. 1 -z _
Foonon () = =25 [(ao— 20— 0(@7")
0 Ldy

3 + (1 — x)q3
Or(x)=062(1 —x)+... Brodsky, Lepage 1979-1981
o 2¢*F, _
e implies Fropp (— Q% —Q%) = 0 +0(Q™%)
2e*F,. _
Faoneoe (—@%0) = 27 +0(Q7)

QQ




Asymptotics and pQCD constraints (1)

e asymptotically, 7 TFF can be expressed via pion wave function:

2e’F. 1 xlx _
Foomor (B0) = =257 [ o 28 s 0(@7)
0 Ldy

3 + (1 — x)q3
Or(x)=06x(1l—2)+... Brodsky, Lepage 1979-1981
. . 2e*F,.
e implies Froenr (— Q% —Q%) = 307 +0(Q™%)
2eF
2 4 —4
FWO’Y*’Y*(_Q7O): Q2 +O<Q )
e change of variables: rewrite this as dispersion relation
QCD 2
1 [ ImFV " (x,q
Fre (g, a) = —/ dp— 2 ”2( 2)

2me’ F.
Im FPRCD (x,y) = e O ( a ) Khodjamirian 1999
3(z—y) \z—y




Asymptotics and pQCD constraints (2)

e formally, write this as a double-spectral representation:

QCD

CD pP 5’3 y)

F0. (a7, 03) / dx/ dy >
55' - q1 — q2)

pPRED (1 4) = —27‘(‘262F ryd’(x—y)




Asymptotics and pQCD constraints (2)

e formally, write this as a double-spectral representation:
pQCD
FPCP (a1, 43) / da / Iy - (x y)2
T (z — CI1 (¥ — q3)
PRED (1 ) = —2m2e? Frxy 6" (x — )

0

e decomposition of the full form factor:

1 (©. @] @]
ol d dr | d
/ I e K R

—QQ)

C_l2
p(x y 1 [~
+ — d:I: dy 5 dx dy
(z —¢)(y — ¢3) 7T 0 (z — ql

_qz)




Asymptotics and pQCD constraints (2)

e formally, write this as a double-spectral representation:
QCD
C PPz, y)
F0. (a7, 03) / dx/ dy >
x'—'Q1 (¥ — q3)
T,1y) = —ZWEQF’xy5"ar—y)

prCD<

o decomposition of the full form factor:

1 (©.@) ©.@)

—QQ)

C_l2
p(z,y) 1 [~
+— d:I: dyyc—q — 7r2 dx dyx_
1 q2 0 CI1

e use dispersive p(x,y) at low energies
o doubly-asymptotic: pP?P (2, ) o 2y
— does not contribute to singly-virtual TFF!

e mixed regions: nothing known, pPQ¢P (2. y) vanishes there
— all constraints can be fulfilled setting these to zero

_qz)




Asymptotics and pQCD constraints (3)

dlSp pQCD
x_ql —q2 33_611 _qz)

2
e PQCD piece alone:  Fro -« (— Q% —Q?) = 2§QF2’7T +0(Q™")
e dispersive part: / de/ dy it =0(Q™")
T+ Q2 )y + Q?)




Asymptotics and pQCD constraints (3)

dlSp pQCD
Froyens (43, q3) / de/ +—/ d*’”/ )
:E—ql —q2 51?—6]1 —q2)

2e%F.

e pQCD piece alone:  Fro, .« ( — Q% —Q%) = 30° +0(Q™)
. . _ pP(z, y) 4
e dispersive part: / d:p/ +Q2 o109 0(Q™)
e all constraints okay if p4*P(z, y) fulfils two sum rules:
dlSp 62
— / dx / dy =1 2 [anomaly]

dlSp
— / dx / dyp ) = 2e%F), [Brodsky—Lepage]
7™ Jo 0 L




Asymptotics and pQCD constraints (3)

dlSp pQCD
Froeys (61, 43) / de/ +—/ d*’”/ a
m_ql —q2 f_ch (y — QQ)

e pQCD piece alone:  Fro, .« ( — Q% —Q%) = 2;2;177 +0(Q™)
. . _ pP(z, y) 4
e dispersive part: — d:p/ +Q2 o109 OQ™)
e all constraints okay if pdlsp(a: y) fulfils two sum rules:
pdisp (4 o2
— / dx / dy =1 2 [anomaly]

dlSp
— / dx / dyp ) = 2e%F), [Brodsky—Lepage]
™ Jo 0 X

ezgeff
42 F,
find geg ~3...8% (small), M. ~ 1.8...2.5GeV (reasonable)

e add effective pole:  peff = T2 M50 (x — M23) 6 (y — MZ;)




Uncertainties in the dispersive approach

Normalisation
e uncertainty on 7° — v~ £0.85% (— down to £0.7%)  PrimEx prel.
e Implemented via effective pole coupling g
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Dispersive input
e different phase shift inputs:

> Bern phase Colangelo, Caprini, Leutwyler
> Madrid phase Garcia-Martin et al. 2011
> effective form factor phase (incl. p’, p”) Schneider et al. 2012

e cutoff in Khuri—Treiman integrals 1.8...2.5 GeV




Uncertainties in the dispersive approach

Normalisation
e uncertainty on 7° — v~ £0.85% (— down to £0.7%)  PrimEx prel.
e Implemented via effective pole coupling g

Dispersive input
e different phase shift inputs:

> Bern phase Colangelo, Caprini, Leutwyler
> Madrid phase Garcia-Martin et al. 2011
> effective form factor phase (incl. p’, p”) Schneider et al. 2012

e cutoff in Khuri—Treiman integrals 1.8...2.5 GeV

Effective pole

e variation in effective pole mass M g
— uncertainty around Brodsky—Lepage limit, here +25%




Preliminary results: singly-virtual

Q°F(0,-Q%)/e? [GeV]

in comparison to Gérardin, Meyer, Nyffeler 2016
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Long Bai, Hoferichter, BK, Leupold, Schneider, in progress




Preliminary results: singly-virtual

in comparison to Gérardin, Meyer, Nyffeler 2016
0.35 ——————

LMD+V-Lattice
disp g
TCELLO FH—%— 4
CLEO &=+
0.3 BABAR —B— ]
Belle
B Limit----

0.25

Q°F(0,-Q%)/e? [GeV]

0.05 [

O I | | | | | | | | | | | | | | | | | | | | | | | | | | | | | | | | | | | | | | |
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Q° [GeV?]

Long Bai, Hoferichter, BK, Leupold, Schneider, in progress




Preliminary results: doubly-virtual (diagonal)

Q’F(-Q?-Q?)/e? [GeV]
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Preliminary results: doubly-virtual (diagonal)

Q’F(-Q?-Q?)/e? [GeV]
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in comparison to Gérardin, Meyer, Nyffeler 2016
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Q° [GeV]
Long Bai, Hoferichter, BK, Leupold, Schneider, in progress




Comparison dispersive vs. LMD+V-lattice

¢ plOt (Q% + Q%)Fwov*v* ( o %7 _Q%):

dispersive LMD+V fit to lattice
0.25
3
s 02 2
% 0.15 N’E'
[ g
Né” 0.05 |- 100 N‘+§
5
0o
0 Q,” [GeV?] Q. [GeV?]
60 60
Q” [GeV7] o Q,” [GeV?]
Long Bai, Hoferichter, BK, Gérardin, Meyer, Nyffeler 2016

Leupold, Schneider, in progress
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Preliminary results: (g — 2), from 7 pole

Very preliminary estimate of the =«° pole contribution [10711]

60.2 + 1.4 chiral anomaly / #° — ~~
+ 1.6 dispersive input
: %
t Brodsky-Lepage *25°9
+ 0.4 onset of pQCD contribution s,

e dominant uncertainties are all accessible in real-photon or
singly-virtual experiments

B. Kubis, 7t°, 7, and ?7' transition form factors — p. 27



Final-state universality: m, ' — wTw ™~

e n\) — 71—~ driven by the chiral anomaly, #+7~ in P-wave
— final-state interactions the same as for vector form factor

e ansatz: F1) = A x P(s) x Q(s), P(s)=1+a"s, s=M2

Ty
e divide data by pion form factor — P(s) Stollenwerk et al. 2012
15 i w w w \ !
1.4 H{ v i
’ i /%%ﬁ [ |
13 igg/#ﬁi .
E: Hfﬁff .
22 o
M s
L % # ? % i
11/(ﬂ%§ -
104 010 o5 00 0B o.go
s [GeV?]
— exp.: axloe = (1.52+0.06) GeV "~ of. KLOE 2013
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n, 77’ —> 7T+7T_")/ with left-hand cuts

e include a,: leading resonance in 7n(") |

// // // // - // ............ ——
/ / / / ) |7'('
(/> (’) 4 77( )
! o " TR o
gl Y Y
2.6 ——————————————————— 16—
i //// 18] |
C | prad 1 14 P |
20
53:/1.8 i’@ 1-37
16 12
L4l o
1l n— Tty ol n — Tty
10 nl
0‘%io 01 02 03 04 05 06 07 08 09 10 00501 0z 03 04 05 06 07 08 08 10
s [GeV?] s [GeVv?]
KLOE 2013; BK, Plenter 2015 BESIII 2017; Hanhart et al. 2017
e induces curvature in P(s) e curvature, plus p—w mixing
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Transition form factor 1 — ™~

Hanhart et al. 2013, BK, Plenter 2015

2 00 5
Z fond (s )\
P60 = Lt gl [ dso P PeIR ) 2
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N
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+ AF, (¢, 0) [— VMD] . }J
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Transition form factor 1 — ™~

Hanhart et al. 2013, BK, Plenter 2015

Foyen(q?,0) =1+ _fond” /:O dso(s)> Py ()P, (s )‘Q< i

96712 F2 [ ar2 s —
/Y*
+AFI=Y (¢2,0) [— VMD] o ,rr)
| | 7T+/”
. 77 A
N
‘/I/ — huge statistical advan-
d tage of using hadronic input

for n — =7~ over direct
measurement of n — (¢~
(rate suppressed by a2gp)

| 0 0.05 0.1 0.15 0.2 o.;s data: NA60 2009, 2016
¢* [GeV?] A2 2014, 2017




Prediction for 7" transition form factor

e isovector: combine high-precision data
onny - ntn yandete — wtn™

e Isoscalar: VMD, couplings fixed from
n — wyand ¢ — n'y

10—

|Fn’7*v* ((Jz; O)|

¢* [GeV?]

1 1
0.7 0.8 0.9

S. Holz, BSc thesis 2016
data;: BESIII 2015
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How to go doubly virtual? — ete™ — nmwtw™

e Idea (again): beat o%ED suppression ol
of ete™ — nete~ by measuring L {fﬁ
ete” — prtw instead 7T+'v\”;..’.

,y* /ﬂ__




How to go doubly virtual? — ete™ — nmwtw™

e Idea (again): beat o%ED suppression ol
of ete™ — nete™ by measuring .. {fﬁ
ete” — nrtw instead T Ry

P
fy* /ﬂ__
U

e test factorisation hypothesisinete™ — nrtn—:

I (s, k) = fITT(s) ) FTC(R)
> allow same form for f{"""7(s)asinn — xtw "~y
> fit subtractions to 7™ x~ distributionineTe™ — nrt ™
— are they compatible to the ones inn — 77— ~?
> parametrise F7" (k?) by sum of Breit-Wigners (p, p')

Xiao et al. (preliminary)




How to go doubly virtual? — ete™ — nmwtw™

200 — T

150

=
o
o

do/dy/s [arb. units]

a
o

1.0 15 20 25 3.0

V&2 [GeV]

Utot(kz)
Xiao et al. (preliminary); data: BaBar 2007

e do/d,/s integrated over 1GeV < Vk2 < 4.5GeV
e factorisation seems to work only if curvature (~ a-) retained
e more differential/binned data highly desirable!
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How to go doubly virtual? — 77’ —S Tt T

e prediction of " — 47 branching ratios based on ChPT + VMD:

— By »rtr ataT) = (10£3) x 107>  Guo, BK, Wirzba 2012
exp: B —ata wtrT) = (854£0.7£0.6) x 107> BESII 2014




How to go doubly virtual? — 77’ —S Tt T

e prediction of " — 47 branching ratios based on ChPT + VMD:

— By »rtr ataT) = (10£3) x 107>  Guo, BK, Wirzba 2012
exp: B(y = rtr rta™)=(8.5+£0.7+£0.6) x 107° BESII 2014
e start analysis of doubly virtual n’ transition form factor from here?

p(] ) ) - \I‘\/\/\/ ,y*
{rf T :<,'
SR T
PN . 2%
. —
factorising non-factorising

— more differential info on " — 77~ 77~ highly desirable!




How to go doubly virtual? — 77’ —S Tt T

e Work in progress: S. Holz, J. Plenter, MSc theses
implement a,, left-hand cut fory’ — #tn~ 7t 7~ too!

e pairwise rescattering only (no Khuri—Treiman for four-body!)
e a>-exchange provides natural factorisation-breaking

e aim: build double-spectral function for ") transition form factor
based on n") — 7#t7~ 7t~ amplitude

e next step: consistency with »’ — 7~ ~ data
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Summary / Outlook

Dispersive analyses of 72, n{) transition form factors:

e high-precision data on

0

ete” -t wY var./ n—7ntn~y KLOE [ 7' — w7~ BESII

allow for high-precision dispersive predictions of 7, n(") — ~*y




Summary / Outlook

Dispersive analyses of 72, n{) transition form factors:
e high-precision data on
0

ete” -t wY var./ n—7ntn~y KLOE [ 7' — w7~ BESII

allow for high-precision dispersive predictions of 7, n(") — ~*y

Merge with high-energy constraints on  #°:
e double-spectral representation, dispersive (low) + pQCD (high)
e addition of one effective pole allows to fulfil constraints:
anomaly Brodsky—Lepage limit PQCD Ilimit
e very preliminary: #° pole (g — 2);;0 = (60.2 & 3.2) x 10~

uncertainty: =¥ — ~~, dispersive uncertainties, BL limit
— all improvable by singly-virtual experimental input




Summary / Outlook

Dispersive analyses of 72, n{) transition form factors:

e high-precision data on

ete” =t 7" var. /| n—7atn~y KLOE [ n' — w7~ BESII

allow for high-precision dispersive predictions of 7, n(") — ~*y

Merge with high-energy constraints on  #°:
e double-spectral representation, dispersive (low) + pQCD (high)
e addition of one effective pole allows to fulfil constraints:
anomaly Brodsky—Lepage limit PQCD Ilimit
e very preliminary: #° pole (g — 2);O = (60.2 & 3.2) x 10~
uncertainty: =¥ — ~~, dispersive uncertainties, BL limit
— all improvable by singly-virtual experimental input

Theoretical work in progress on  n):

e improved doubly-virtual n") (< n) — 47) S. Holz, J. Plenter et al.




Spares
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Summary: processes and unitarity relations for 0 — Y™

process unitarity relations SC1 SC2
Froyy
Fs, o(yr — 7m)
[,
F37r %(w, ¢ — 37'()

Colangelo, Hoferichter,
BK, Procura, Stoffer 2014

YT — T

w — 3T, ¢ — 3T

v — 3

common theme:
resum 77 rescattering
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w /¢ — 3m: dispersive solution

e identical quantum numbers to v — nw

f<8>=aﬂ<s>{1+i [ sin 61 () (5 }

7 Juz 5 1N — s — 00

./%(S) = g/ dz (1 — z2).7:(t(s,z))

—1
— fix subtraction constant « to partial width(s) w/¢ — 37




w /¢ — 3m: dispersive solution

e identical quantum numbers to v — nw

f<8>=aﬂ<s>{1+i [ sin 61 () (5 }

T Janz S |Q)|(s" — s — i€)
A 3 [t+(s) . ,
F(s) = 5/t () (- =0)Fw
— fix subtraction constant « to partial width(s) w/¢ — 37
tIm(?)
e complication:
. . . t+(s)
analytic continuation in /-\
decay mass My required S l_ .
o My < 3M,: Re(t)
okay t_ ()




w /¢ — 3m: dispersive solution

e identical quantum numbers to v — nw

f<8>=aﬂ<s>{1+i [ sin 61 () (5 }

7 Juz 5 1N — s — 00

A 3 [t+(s) . ,
A(s) = _/ A )
t_(s

— fix subtraction constant « to partial width(s) w/¢ — 37

e complication:
analytic continuation in
decay mass My, required
o My > 3M;:
path deformation required K




w /¢ — 3m: dispersive solution

e Identical quantum numbers to vy — 7w

f<8>=aﬂ<s){1+i [ sin 61 () (5 }

7 Juz 5 1N — s — 00

) t+(s)
Fls)= 2 /t(s) dt (42 (1 — =(1)°) F (1)

— fix subtraction constant « to partial width(s) w/¢ — 37

e complication:
analytic continuation in
decay mass My, required

o My > 3Mj:
path deformation required
— generates 3-particle cuts




w /¢ — 37 Dalitz plots

0.8
0.6
0.4

0.2

-0.2
-04
-0.6

-0.8

e subtraction constant « fixed to partial width
— normalised Dalitz plot a prediction

w — 37 :
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e w Dalitz plot is relatively smooth
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e ¢ Dalitz plot clearly shows p resonance bands

Niecknig, BK, Schneider 2012
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Naive extensionto etTe~ — wow

100 NAG60 '09

NA60 "11 }
Lepton-G
CMD-2 :
VMD {

|l NI A !

D I WP P
1 11 1 III|

Terschlisen et al.
fi1(s) = afl(s)

full dispersive

10

|[Fmo ()2

1 | 1 | 1 | 1 | I | 1 | 1
O'10 0.2 0.4 0.6 0.8 1 1.2 1.4
Vs [GeV]
e full solution above naive VMD, but still too low

e higher intermediate states (47 / mw) more important?
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Anomalous decay 1) — Ty

o ayioe = (1.5240.06) GeV ™ * large

— Implausible to explain through o', p”. ..

e for large t, expect P(t) — const. rather

e 1 — ~*~ transition form factor:
— dispersion integral covers
larger energy range




Anomalous decay 1) — Ty

o ayioe = (1.5240.06) GeV ™ * large
— Implausible to explain through o', p”. ..

e for large t, expect P(t) — const. rather *

N
e 1 — v*~ transition form factor: /df
+n

— dispersion integral covers T,
larger energy range g m

Intriguing observation:
e naive continuation of 777 = A(1 + «t)2(t) has zero

TTY
att = —1/a ~ —0.66 GeV?
— test this in crossed process yn~ — 7 1

— "left-hand cuts" in 7 system? BK, Plenter 2015




Primakoff reaction ~ymw — 7™n

e can be measured in Primakoff

reaction COMPASS  —
e S-wave forbidden

P-wave exotic: JF¢ =1+

D-wave a5 (1320) first resonance




Primakoff reaction ~ymw — 7™n

e can be measured in Primakoff

reaction COMPASS  —
e S-wave forbidden

P-wave exotic: JF¢ =1+

D-wave a5 (1320) first resonance

e Include a, as left-hand cut in decay
couplings fixed from ay, — 7n, w7y

> compatible with decay data?
> predictions for vr — 7 cross sections and asymmetries
BK, Plenter 2015




Formalism including left-hand cuts

d n n '
ay as az
8 8 Y

e a- + rescattering essential to preserve Watson’s theorem
e formally:

fﬂm(s, t,u) = F(t) + Gu, (s, t,u) + G, (u,t, s)
F(t) = Q(t){A(l +at) + t* /°° dz sind(z)G(z) }

™ Janz 2 [Qz)|(z - 1)

G: t-channel P-wave projection of a» exchange graphs
e re-fit subtraction constants A, «
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Total cross section ~ymw — 7N

B
- 0.4

02

Il | Il | Il | Il | Il |
0.7 0.8 0.9 1.0 11 1.2 1.3 14

v's [ GeV]

blue: t-channel dynamics / "p" only red: full amplitude

e t-channel dynamics dominate below /s ~ 1 GeV

e uncertainty bands: I'(n — 7t 77 ), a, as couplings BK, Plenter 2015
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Differential cross sections ~ymw — 7N

e amplitude zero visible in differential cross sections:

0~20 T T T T T T 0~4 T T T T T T T T T T T T T
- /s =0.9GeV Vs =1.0GeV, o /s=1.1GeV

—0.15 —0.3] = — |
ol QO Q 06
Y El EX
Nu@.lo:— l\c?o.z— 13304
S 3 3
he530.05: "8 0.1 % 021

0'0917.0 05 00 05 10 09% 05 00 o5 10 09 05 0.0 05 10

zg = cos Og zg = cos Og zs = cos bOg

blue: t-channel dynamics / "p" only red: full amplitude




Differential cross sections ~ymw — 7N

e amplitude zero visible in differential cross sections:

" T " T " T 0.4 " T " T " T " " T " T " T
- /s =0.9GeV Vs =1.0GeV, o /s=1.1GeV
—0.15- ——0.3 - — |
a 0 Q6
Y I | El
.10 00.2- o
N T N N 04
= = ! i)
~ | ~ ~
k005 o1 o2
= | e < |
0'0-017.0 05 00 05 10 %%’ -05 00 05 10 04 05 00 05 10
zg = cos Og zg = cos Og zs = cos bOg
blue: t-channel dynamics / "p" only red: full amplitude

1.0

e strong P-D-wave interference

0.5

e can be expressed as forward-

backward asymmetry Eoo

< | j

o(cosf > 0) — o(cosf < 0) 05) )

App = : |
Ototal ,

‘ ‘ N N N ‘
0.7 0.8 0.9 1.0 11 12 13 14

Vs [GeV]




	sf �f Dispersion relations for meson transition form factors
	sf �f Pseudoscalar transition form factors and �oldmath {smash {$(g-2)_mu
$}}
	sf �f Pseudoscalar transition form factors and �oldmath {smash {$(g-2)_mu
$}}
	sf �f Pseudoscalar transition form factors and �oldmath {smash {$(g-2)_mu
$}}

	sf �f Dispersive analysis of �oldmath {smash {$pi ^0 / eta 	o gamma ^*gamma ^*$}}
	sf �f Dispersive analysis of �oldmath {smash {$pi ^0 / eta 	o gamma ^*gamma ^*$}}
	sf �f Dispersive analysis of �oldmath {smash {$pi ^0 / eta 	o gamma ^*gamma ^*$}}
	sf �f Dispersive analysis of �oldmath {smash {$pi ^0 / eta 	o gamma ^*gamma ^*$}}

	sf �f Charged pion form factor: Omn`es representation
	sf �f Charged pion form factor: Omn`es representation

	sf �f Pion vector form factor vs. Omn`es representation
	sf �f �oldmath {smash {$pi ^0 	o gamma ^*(q_v^2)gamma ^*(q_s^2)$}
transition form factor}
	sf �f �oldmath {smash {$pi ^0 	o gamma ^*(q_v^2)gamma
^*(q_s^2)$} transition form factor}
	sf �f �oldmath {smash {$pi ^0 	o gamma ^*(q_v^2)gamma
^*(q_s^2)$} transition form factor}

	sf �f Anomalous process �oldmath {$gamma pi 	o pi pi $}
	sf �f Anomalous process �oldmath {$gamma pi 	o pi pi $}
	sf �f Anomalous process �oldmath {$gamma pi 	o pi pi $}

	sf �f Extension to decays: �oldmath {$smash {omega /phi 	o 3pi }$}
	sf �f Transition form factor �oldmath {smash {$omega (phi )
	o pi ^0 ell ^+ell ^-$}}
	sf �f Numerical results: �oldmath {smash {$omega 	o pi ^0mu ^+mu ^-$}}
	sf �f Numerical results: �oldmath {smash {$phi 	o pi ^0ell ^+ell ^-$}}
	sf �f One step further: �oldmath {smash {$e^+e^- 	o 3pi $}},~ �oldmath {smash {$e^+e^- 	o pi ^0gamma ^*$}}
	sf �f One step further: �oldmath {smash {$e^+e^- 	o 3pi $}},~ �oldmath {smash {$e^+e^- 	o pi ^0gamma ^*$}}
	sf �f One step further: �oldmath {smash {$e^+e^- 	o 3pi $}},~ �oldmath {smash {$e^+e^- 	o pi ^0gamma ^*$}}

	sf �f Fit to �oldmath {smash {$e^+e^- 	o 3pi $}} data
	sf �f Improved fit to �oldmath {smash {$e^+e^- 	o 3pi $}} data
	sf �f Comparison to �oldmath {smash {$e^+e^- 	o pi ^0gamma $}} data
	sf �f Extension to spacelike region; slope
	sf �f Prediction spacelike form factor
	sf �f Towards the doubly-virtual �oldmath {smash {$pi ^0$}} transition form factor
	sf �f Towards the doubly-virtual �oldmath {smash {$pi ^0$}} transition form factor

	sf �f Asymptotics and pQCD constraints (1)
	sf �f Asymptotics and pQCD constraints (1)

	sf �f Asymptotics and pQCD constraints (2)
	sf �f Asymptotics and pQCD constraints (2)
	sf �f Asymptotics and pQCD constraints (2)

	sf �f Asymptotics and pQCD constraints (3)
	sf �f Asymptotics and pQCD constraints (3)
	sf �f Asymptotics and pQCD constraints (3)

	sf �f Uncertainties in the dispersive approach
	sf �f Uncertainties in the dispersive approach
	sf �f Uncertainties in the dispersive approach

	sf �f cred {Preliminary} results: singly-virtual
	sf �f cred {Preliminary} results: singly-virtual

	sf �f cred {Preliminary} results: doubly-virtual (diagonal)
	sf �f cred {Preliminary} results: doubly-virtual (diagonal)

	sf �f Comparison dispersive vs. LMD+V-lattice
	sf �f cred {Preliminary} results: �oldmath {smash {$(g-2)_mu
$ from $pi ^0$ pole}}
	sf �f Final-state universality: �oldmath {$smash {eta ,,eta '	o pi ^+pi ^-gamma }$}
	sf �f �oldmath {$smash {eta ,,eta '	o pi ^+pi ^-gamma }$ with left-hand cuts} 
	sf �f Transition form factor �oldmath {$smash {eta 	o gamma ^*gamma }$}
	sf �f Transition form factor �oldmath {$smash {eta 	o gamma ^*gamma }$}

	sf �f Prediction for �oldmath {$smash {eta '}$} transition form factor 
	sf �f How to go 	extit {doubly} virtual? --- �oldmath {$smash {e^+e^-	o eta pi ^+pi ^-}$}
	sf �f How to go 	extit {doubly} virtual? --- �oldmath {$smash {e^+e^-	o eta pi ^+pi ^-}$}

	sf �f How to go 	extit {doubly} virtual? --- �oldmath {$smash {e^+e^-	o eta pi ^+pi ^-}$}
	sf �f How to go 	extit {doubly} virtual? --- �oldmath {$smash {eta '	o pi ^+pi ^-pi ^+pi ^-}$}
	sf �f How to go 	extit {doubly} virtual? --- �oldmath {$smash {eta '	o pi ^+pi ^-pi ^+pi ^-}$}

	sf �f How to go 	extit {doubly} virtual? --- �oldmath {$smash {eta '	o pi ^+pi ^-pi ^+pi ^-}$}
	sf �f Summary / Outlook 
	sf �f Summary / Outlook 
	sf �f Summary / Outlook 

	sf �f Summary: processes and unitarity relations for �oldmath {smash {$pi ^0	o gamma ^*gamma ^*$}}
	sf �f �oldmath {$smash {omega /phi 	o 3pi }$}: dispersive solution 
	sf �f �oldmath {$smash {omega /phi 	o 3pi }$}: dispersive solution 
	sf �f �oldmath {$smash {omega /phi 	o 3pi }$}: dispersive solution 
	sf �f �oldmath {$smash {omega /phi 	o 3pi }$}: dispersive solution 

	sf �f �oldmath {$smash {omega /phi 	o 3pi }$} Dalitz plots
	sf �f �oldmath {$smash {omega /phi 	o 3pi }$} Dalitz plots

	sf �f Naive extension to �oldmath {smash {$e^+e^-	o pi ^0omega $}}
	sf �f Anomalous decay �oldmath {$smash {eta 	o pi ^+pi ^-gamma }$}
	sf �f Anomalous decay �oldmath {$smash {eta 	o pi ^+pi ^-gamma }$}

	sf �f Primakoff reaction �oldmath {$smash {gamma pi 	o pi eta }$}
	sf �f Primakoff reaction �oldmath {$smash {gamma pi 	o pi eta }$}

	sf �f Formalism including left-hand cuts
	sf �f Total cross section �oldmath {$smash {gamma pi 	o pi eta }$} 
	sf �f Differential cross sections �oldmath {$smash {gamma pi 	o pi eta }$} 
	sf �f Differential cross sections �oldmath {$smash {gamma pi 	o pi eta }$} 


