MATH 3410

Spring 2018

BESSEL FUNCTIONS

http://www.phys.uconn.edu/~rozman/Courses/m3410_18s/

Last modified: March 19, 2018

Bessel functions are the canonical solutions of Bessel’s differential equation:

xzy”+xy’+(x2—v2)y: 0

(1)

for an arbitrary complex number v. The parameter v is called the order of the Bessel
function. Bessel’s equation arises when finding solutions to Laplace’s equation and the

Helmholtz equation in cylindrical or spherical coordinates.

1 Frobenius series solution

(ee] (ee]
y(x)=x" Zanx” = Zanx””.

n=0 n=0

Derivatives and products, for the reference:

n=0 m=1 n=1

[o¢] (o] o
ny(x) — E anxr+n+2 — § am_2xr+m — E an_zxr+n

n=0 m=2 n=2
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2 Bessel equation

ny”+xy’+(x2—v2)y:O. (11)

x>y +xy - vy +xty =0, (12)
Zr+n r+n—1)a,x" "+ ) (r+n)a —y? Zanxr+”+2an_2xr+”:0 (13)
n=0 n=0 n=0 n=2

n=2
o0 oo

—v2agx" —v2ia xtt =2 > a,x"" + > ay_rx =0 (14)
n=2 n=2

aoxr(T(T—1)+r—V2)+ﬁ1xr+1 (r(r+ 1)+ (r+ 1)_V2)

+Zxr+”{[(r+n)(r+n—1)+(1’+”)—v2] an—}—an_z} =0 (15)
n=2
aoxr(r2 v? +a xr+1((7’+1) 2)
+ xr+n{[r+n an+an—2} =0 (16)
n=2
ao(Tz—VZ)ZO — ag#0, 1ry=4%v, (17)
al((r+1)2—v2)=0 — a; =0. (18)
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An-2
=— ) 19
#n (r+n+v)(r+n-v) (19)
Hence,
a3 =as =...=az1... =0 (20)
an-2
=—-—" 21
f2n 22n(n+v) (21)
The choice of a is arbitrary. By convention, for integer v = m,
1
0= Jm (22)
2.1 Bessel equation of order one-half
For v = %,
1
xzy”+xy’+(x2—z)y:0. (23)
The largest solution of the indicial equation Eq. (17) is r = %, and Eq. (21) gives:
A2n-2
== 24
Y T2+ 1) (24)
40 49 ) 40 40
==, = y = — = — y 25
27753773 45 2.3-4.5 ° 734567 2
The general term,
(=1)"ag
=, =0,1,2,... 26
= oney " (26)
Taking ay =1,
1 (_1)nx2n 1 sl (_l)nx2n+1 1
v(x)=x2 ) ————=x2) ——F— =—sinx. (27)
(2n+1)! ; (2n+1)! Vx
[ ——
sinx
The canonical solution,
2 2
=4/— =4/— sinx. 28
1300 =\ S p1(x) = [ sinx (28)
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Wronskian of Eq. (23)

d 1
W(x) = exp(—f—x) . (29)
X X
The second solution,
W(x) . sinx dx  sinxcosx 1

- - = = COSX. 30
y12(x) Vx sin?x \x sinx \/}COSX (30)

]_;(x)z\/gyz(x):,/% COS X. (31)

2.2 Bessel equation of order zero

pa(x) = yl(x)j

The canonical solution,

x*y” +xy +x*y = 0. (32)
v=0 —> r=0. (33)
_ A2 _

aZn——22n2, n=1,2,... (34)

ao ar a0 aq ao
=—-—, = — = , Ag = — = — y 35
27Ty MT TR T i T T30 7 Th6(2.3)2 (33)
ag = % _ %0 apg= -8~ %0 (36)

2242 28(2.3.4)2" 107 22527 310(2.3.4.5)2

The general term

= 9 (37)

Chosing per Eq. (22) ay =0,
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We search for the second solution, y,(x), in the following form:

Y2(x) = Jo(x) In(x) + ) b,x" (39)

(1o(x) ) = Jg(2) () + T2 (40)

( Jo(x) 1n(x))” = Jg(x) In(x) + ]Oix) + ]O)(Cx) - ]Ox(f ! (41)

= J{(x) 1n(x)+2jéfcx) —]Ox(zx ) (42)

2 (o0 100) +x (Jo(x) In(x)) 452 Jo(x) ) = (43)

(%I 06+ X130+ 22 Jo(o) ) In(x) + 2250~ Jo(0) + Jo() = 2xJ(0)  (44)

The summation in Eq. (45) is over even powers of x, starting from x?. Therefore the

summation in the “counterterm” ) b, x" must be over even n (b; = b3 =... =0) and by = 0.
Using Eq. (45) and Eq. (16),
Y @) bay +bapny =) e 1 n' (46)
n=1 n=1

(-1”

2 _
(21)°byy + byy-1) = TR (1) (47)
1 1 ] 1 11
ba=73 b4:_2242(1+§)’ b6:_224262(1+2+3) (48)
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The general term,

(_1)m+1Hm

bow = —5—15

22m(m!)2

where - .
Hy=1+-4+-+...+—.
2 3 m

(¢]

n+1 2nH

V(%) = Jo(x lnx+Z—22nn'

n=

Bessel function of the second kind of order zero,

Vo) = = [pax) + (= 1n2) o ()]

where y = 0.577 is known as Euler constant.

(49)

(50)

(51)

3 Three term recurrence relation for Bessel functions

x2],'1'+1 +x]) .4 +(x2—(n+ 1)2)]n+1 =0.

le;ll_l +x]lfl—1 + (x2 —(i’l— 1)2)]11—1 =0.

Yu(X) = Joo1 (%) + Ty (%)

X2yl +xy), + (xz—nz—l)yn =0.

Julx)

X

Yn(x) ~

55

X x  x?

(I_n)": o2, 2n

X x x?  x3
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xz(%)”+x(%)’+(x2—n2—l)% = x],;’—2],2+%+I;—%+(x2—n2)];"—%
= % (%21 =T+ (x* =n?)],,) = 0 (60)
0
™™ =, )+ ) (61)
Forx« 1,
Jo(x) = agx = 5 (62)
"
e XU () + () 27 n-1)
C(n) = )lcl_)r% 7.0 = x_” =2n (63)
2mn!
2
) @+ ) (64
The result is valid also for non-integer order v.
2
) g )4 S (65)
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