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Midterm project: Internal Structure of White Dwarf Stars

1. (20 points) Derive the dimensionless differential equations that describe the radial mass distribution, ρ(r),
inside a white dwarf stars. Write your derivation in the space provided below, after the description of the
problem. How many parameters are left in your equations. What are the initial conditions?

It is advisable that at this point in your project you show your equations to the course instructor.

2. (20 points) Warm-up: write a program that solves the differential equations that you derived. Chose the
dimensionless central density ρc = 10. Determine the total mass of the star and its radius.

Plot the density profile ρ = ρ(r). Prepare gnuplot scripts to generate a png graph from your data file.

3. (20 points) Write a program that solves the differential equations for a set of values for the dimensionless
central density ρmin = 0.08 ≤ ρc ≤ ρmax = 1000000. For each value of ρc print the total mass of the star
and its radius. Calculate at least 100 data points.

Plot the dependence of the radius of the white dwarf vs. its mass. Prepare gnuplot scripts to generate a png
graph from your data file.

Hint: in order to produce a nice-looking graph it is advisable to use geometric progression of values for ρc
that includes ρmin and ρmax as the first and the last elements respectively. The following code illustrates the
concept:

do ub l e rho min = 0 . 0 8 ; /∗ l ower l i m i t f o r c e n t r a l d e n s i t y ∗ /
do ub l e rho max = 1 0 0 0 0 0 0 . ; /∗ upper l i m i t f o r c e n t r a l d e n s i t y ∗ /
i n t np = 100 ; /∗ number o f p o i n t s t o c a l c u l a t e ∗ /
do ub l e f a c t o r = exp ( l o g ( rho max / rho min ) / ( np − 1 ) ) ;

r h o c = rho min / f a c t o r ;

f o r ( i = 0 ; i < np ; i ++) {
r h o c = r h o c ∗ f a c t o r ; /∗ r h o c = rho min ∗ pow ( f a c t o r , i ) ∗ /
. . . .

4. (15 points) Write README.md in markdown that includes all graphs that you generated with an explana-
tion of your work

5. (15 points) Your code must be elegant and well formatted. Make sure you use valgrind to check your
code for memory leaks. In the spirit of reproducible research approach, compilation of your code, actual
calculations, and graphs generation should be controlled by your Makefile
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6. (10 points) Upload your code, Makefile, .gitignore, README.md, your graphics files to GitHub and
provide the link to the project:

https/github.com/

You may edit README.md directly on github (to have an immediate preview).

Coding advice: your differential equations include the term m(r)
r2

, where m(r) is the mass of the star inside the
sphere of radius r. Due to the denominator, r2, this term may misbehave for very small values of r. To avoid
this spurious divergence, you may approximate the term in the numerator as following: m(r) ≈ 1

3
r3ρc (valid

only for very small r!) and simplify the whole expression.
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Structure of White Dwarf Stars

Computation Physics, Midterm II Project

Last updated: December 8, 2014

1 Introduction
This project applies numerical integration of ordinary differential equations to the prediction of the internal
mass distribution of white dwarf stars. The final goal is to determine the dependence of the radius of a white
dwarf stars versus its mass. Both the radius and the mass can be determined from astronomical observations
and thus the predictions can be verified.

Figure 1: Observational support for the white dwarf mass-radius relation. In the axis labels Mo and Ro are the
mass and the radius of the Sun. From: J. L. Provencal and H. L. Shipman, Testing the White Dwarf Mass-Radius
Relation with Hipparcos, The Astrophysical Journal, 494, 759–767, 1998.

White dwarfs are the final evolutionary state of stars whose mass is not high enough to become neutron
stars. After the hydrogen fusing lifetime of such a star ends, it will expand to a red giant which fuses helium
to carbon and oxygen. If a red giant has insufficient mass to generate the core temperatures required to fuse
carbon, around 1 billion K, an inert mass of carbon and oxygen will build up at its center. After shedding its
outer layers to form a planetary nebula, the star will leave behind the core, which is the white dwarf.

The material in a white dwarf no longer undergoes fusion reactions, so the star is not supported by the heat
generated by fusion against gravitational collapse. It is supported only by electron pressure, causing the star to
be extremely dense.
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To describe the stricture of white dwarf star, we chose as a model in which the collective electrons form
a gas, similar to the electrons in a metal, and are responsible for the internal pressure of the star. The heavy
nuclei random motion and pressure is neglected but they are responsible for the mass of the star and the force of
gravity holding the star together. We neglect the relatively small mass of the electrons.

2 The Equations of Equilibrium
If the star is in mechanical equilibrium, the gravitational force at each point inside is balanced by the force
due to the spatial variation of the pressure P . The radial component of the gravitational force acting on a unit
volume of matter at a radius r is

Fgrav = −G m(r) ρ(r)

r2
, (1)

where G is the gravitational constant, ρ(r) is the mass density, and m(r) is the mass of the star interior to the
radius r:

m(r) =
∫ r

0
ρ(r′) 4π r′2 d r′ (2)

The radial component of the force per unit volume of matter due to the changing pressure is

Fr =
dP

dr
. (3)

When the star is in equilibrium, the net radial component of the force (gravitational plus pressure) on each bit of
matter vanishes, so that, using Eq.(1), we have

dP

dr
= −Gm(r)

r2
ρ(r) (4)

A differential relation between the mass and the density can be obtained by differentiating the integral Eq. (2)
with respect to r:

dm

dr
= 4π r2 ρ(r). (5)

The description is completed by specifying the “equation of state”, an intrinsic property of the matter giving the
pressure, P (ρ), required to maintain it at a given density. Using the identity

dP

dr
=

dρ

dr

dP

dρ
, (6)

Eq.(4) can be written as
dρ

dr
= −

(
dP

dρ

)−1
Gm(r)

r2
ρ(r). (7)

Equations (5) and (7) are two coupled first-order differential equations that determine the structure of the star
for a given equation of state. The values of the dependent variables at r = 0 are ρ = ρc, the central density, and
m = 0. Integration outward in r then gives the density profile, the radius of the star, R, being determined by the
point at which ρ vanishes. The total mass of the star is then M = m(R). Since both R and M depend upon ρc,
variation of this parameter allows stars of different mass to be studied.
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3 Quantum Mechanics and Equations of State
We must now determine the equation of state appropriate for a white dwarf. We will assume that the matter
consists of a single kind (e.g. oxygen) large nuclei and their electrons. The nuclei, being heavy, contribute
nearly all of the mass but make almost no contribution to the pressure since they hardly move at all. The
electrons, however, contribute virtually all of the pressure but essentially none of the mass. We will be interested
in densities far greater than that of ordinary matter, where the electrons are no longer bound to individual nuclei,
but rather move freely through the material. A good model is then a free gas of electrons at zero temperature,
treated with relativistic kinematics.

We then need the derivative dP/dρ to make use of Eq.(7). The result of the relativistic quantum-mechanical
calculations is as following:

dP

dρ
= Ye

me c
2

Mp

γ(x) (8)

in which me is the mass of of the electron, c is the speed of light, Ye is the number of electrons per nucleon:
if the nuclei are all 56Fe, then Ye = 26/56 = 0.464, while Ye = 1/2 if the nuclei are 12C. The dimensionless
function γ(x) is

γ(x) =
x2

3
√

1 + x2
. (9)

Here

x =

(
ρ

ρ0

)1/3

(10)

and

ρ0 =
Mpm

3
e

3π2Ye
. (11)

For the reference, ρ0 = 9.79× 105/Ye g/cm
3.

Using Eq.(4) in Eq.(7) we get the following differential equation governing the evolution of ρ (recall that
dimensionless γ is a function of x which is a function of ρ which is a function of r):

dρ

dr
= −

(
Mp

me c2 Ye

)
Gm(r)

γr2
ρ(r). (12)

Equations (5) and (12) completely describe the internal structure of a white dwarf star.

4 Scaling the Differential Equations
It is always useful to reduce equations describing a physical system to dimensionless form, both for physical
insight and for numerical convenience. To do this for the equations of white dwarf structure, we introduce
dimensionless radius, density, and mass variables:

r = R0 r̄, ρ = ρ0 ρ̄, m = M0 m̄ (13)

with the radius and mass scales, R0 and M0 to be determined for convenience.
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