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Recap: Work - a measure of force applied 
di tover distance

In one dimension:
More generally, work depends on the component of force in g y, p p f f

the direction of motion:
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Recap: the scalar product
Work is conveniently characterized using the scalar 

product, a way of combining two vectors to produce a 
scalar that depends on the vectors’ magnitudes and thescalar that depends on the vectors  magnitudes and the 
angle between them.

ˆ ˆ ˆ ˆ ˆ ˆWith vectors in component form,
the scalar product can be written  

G
A = Axî + Ay ĵ + Azk̂ and

G
B= Bxî +By ĵ +Bzk̂,

G
A ⋅

r
B = A B + A B + A B

• Work is the scalar product of force with displacement:
A ⋅ B = Ax Bx + Ay By + Az Bz

r r

Slide 13-3

W = F ⋅Δrr



Recap: work done by a varying force

When a force varies with position, it’s necessary to integrate to 
calculate the work done.

Geometrically, the work is the area under the force-versus-
i iposition curve.
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Recap: varying force in multiple dimensions
In the most general case, an object moves on an arbitrary path 

subject to a force whose magnitude and whose direction 
l ti t th th ith itirelative to the path may vary with position.

In that case the integral for the work becomes a line integral, 
the limit of the s m of scalar prod cts of infinitesimallthe limit of the sum of scalar products of infinitesimally 
small displacements with the force at each point.

rr

W =
r
F ⋅ drrrr1

rr2

∫ 
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Recap: work done in stretching a spring
A spring exerts a force Fspring = –kx.
Therefore the agent stretching a spring exerts a force F = +kx, g g p g ,

and the work the agent does is

( ) 1x

∫
x

∫ 2 x 1 2 1 ( )2 1 2W = F x( )dx = kx dx = 1

20

x

∫0

x

∫ kx2

0
= 1

2 kx2 − 1

2 k 0( )2 = 1

2 kx2

• In this case the work is the area under the triangular 
force-versus-position curve:

Slide 13-6



Recap: work done against gravity
The work done by an agent lifting an object of mass m against 

gravity depends only on the vertical distance h:

W = mgh

• The work is positive if the• The work is positive if the 
object is raised and 
negative if it’s lowered.g
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Work and net work

The work you do in moving an object involves only the force you
apply:pp y
But there may be other forces acting on the object as well.
The net work is the work done by all the forces acting—that isThe net work is the work done by all the forces acting—that is, 
the work done by the net force.

Example:
Lif bj d d d k hLift an object at constant speed, and you do work mgh.
But gravity, acting downward, does work –mgh.
So the net work in this case is zero.
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The work-energy theorem
Applying Newton’s second law to the net work done on an object 

results in the work-energy theorem:

Wnet = Fnetdx∫ = ma dx∫ = m dv
dt

dx∫ = m dx
dt

dv = mv dv∫∫  ∫ ∫ dt∫ dt ∫∫
• Evaluating the last integral between initial and final velocities v1

and v2 givesand v2 gives

Wnet = mv
v2∫ dv = 1

2 mv2
v2

= 1
2 mv2

2 − 1
2 mv1

2

• So the quantity          changes only when net work is done on an 
bj t d th h i thi tit i l t th t k

  
1
2 mv2

  net v1
∫ 2 v1

2 2 2 1

object, and the change in this quantity is equal to the net work.
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Kinetic energy and the work-energy theorem

• The quantity          is called kinetic energy, K.  Kinetic energy is a 
kind of energy associated with motion:

  
1
2 mv2

kind of energy associated with motion: 

• Then the work-energy theorem states that the change in an 
bj ki i i l h k d hobject’s kinetic energy is equal to the net work done on the 

object: 
1 2 1 2ΔK = 1
2 mv2

2 − 1
2 mv1

2 =Wnet
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Power and energy
• Power is the rate at which work is done or at which energy is 

used or produced.  If work ∆W is done in time ∆t, then the 
thi ti iaverage power over this time is

• When the rate changes continuously, the instantaneous power is 

P = lim
Δt→0

ΔW
Δt

=
dW
dt

• Power is measured in watts (W), with 1 W = 1 J/s.

• Total work or energy follows from power by multiplying (forTotal work or energy follows from power by multiplying (for 
constant power) or integrating (for varying power): 

W PΔt or W P dt
t2∫
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W = PΔt or W = P dt

t1
∫



Summary
W k i l f li d di• Work involves force applied over distance:
• Constant force, one dimension:  W = Fx∆x
• Varying force, one dimension:
• In general:

W = F (x)dx∫
W =

r
F ⋅drr

B

∫g

• The work-energy theorem relates the net work done on 

   A∫

gy
an object to the change in its kinetic energy,                 :

∆K = W
K = 1

2 mv2

∆K  W

• Power is the rate at which work is done or energy is• Power is the rate at which work is done or energy is 
produced or used:  P = dW/dt
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