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In this thesis I present several theoretical methods to explore the excitation dynamics
of ultracold Rydberg systems in various regimes. For some applications the details
of interactions between Rydberg atoms have to be carefully examined, while for oth-
ers, the many-body aspect of Rydberg excitation may be crucial. In both cases,
the basic prerequisite is to know the interactions sufficiently well. I will review the
basic concepts how to evaluate molecular potentials in various Hund’s cases and ap-
proximations. Long-range Rydberg-Rydberg interactions between Rydberg atoms
induce £-mixing which in certain situations gives rise to molecular resonances. For
these resonances, we calculate long-range potentials in Hund’s case (c) by diagonal-
ization of an interaction matrix. The excitation dynamics of the resonances is always
modeled as pair excitation. At high principal quantum number n, the interactions
between Rydberg atoms can blockade the excitation of many surrounding atoms in

the range of few yum. The atoms within this range are strongly correlated so that
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many-body treatments are, in general, needed. To describe this blockading effect
and other manifestations of the collective behavior of Rydberg excitation, such as the
many-body Rabi oscillations, spatial correlations between atoms and the ﬁuctuati‘ons
of the number of excited atoms, T have used three different approaches. In the mean-
field approach the interactions between different atoms is modeled by a distribution
of mean-field shifts for which a distribution of probabilities is calculated. A good
agreement between the theoretical model and experimental measurements is found.
To study the correlations between atoms the many-body wavefunction is numerically
computed. The possibility of observing the many-body Rabi oscillations of Rydberg
excitation and other aspects of many-body dynamics is analyzed. Although strong
interactions cannot be‘treated perturbatively other expansions may be feasible. I will
show that the expansion in powers of the single atom Rabi frequency can be evaluated
in the interaction and Heisenberg picture. The expansion is expected to behave well

for arbitrary strong interactions.
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Introduction

Rydberg atoms have long been studied for their unique properties, such as long ra-
diative lifetimes, large cross sections or huge polarizabilities [1,2]. These exaggerated
properties of highly-excited Rydberg atoms provide the motivation for this recent
interest [3,4]. Long lifetimes and the possibility to interact strongly at large distances
have made ultracold Rydberg atoms interesting systems for possible quantum infor-
mation applications. Nutral atoms are good candidates because of their weak coupling
to the environment [5-7]. The electron in a Rydberg state is very far from the nucleus
and thus sensitive to external fields or the presence of neighboring Rydberg atoms.
Due to the huge polarizabilities of Rydberg atoms, it is possible to induce relatively
large electric dipole moments using small electric fields. The capability to turn on
and off the interactions just by switching the external field is an important aspect of
this approach to quantum computation. In this way decoherence effects due to the
interactions between atoms or with the environment, can be significantly reduced.
Strong interactions can be used to entangle neutral atoms and achieve fast quantum
gates [8,9], as well as to blockade excitation by shifting many-atom excited states out

of resonance. It has been proposed to use this blockading effect to realize scalable
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quantum gates [10]. The evidence of excitation blockade has been found in several
experiments with a narrow laser bandwidth. In [11], a local blockade of Rydberg state
excitation in a mesoscopic sample due to strong van der Waals (vdW) interactions
has been observed using a pulse-amplified single-mode laser. Significant suppression
of Rydberg excitation has also been observed using cw excitation [12]. This Rydberg
excitation, strongly influenced by interactions, exhibits sub-Poissonian atom counting
statistics [13,14]. The blockade effect due to dipole-dipole interactions in an ultracold
sample of Cs atoms [15] has been reported. Also, an interesting antiblockade effect
in two-step excitation processes was predicted [16,17)].

At high principal quantum numbers, interaction forces between Rydberg atoms be-
come extremely large. These forces have been shown to accelerate ultracold rubidium
(Rb) Rydberg atoms from 10 cm/s to 10 m/s [18]. The classical treatment of these
collisions [19] shows that 0.1-1% of the internal binding energy can be transferred into
kinetic energy, which is for ultracold Rydberg atoms significantly larger than their
initial kinetic energy. For larger interaction times and higher Rydberg atom den-
sities, Rydberg gases spontaneously evolve into ultracold plasmas [20-23], while for
moderate densities long-lived Rydberg states are formed due to ¢-changing collisions
between slow free electrons and initially excited (low-£) Rydberg atoms [24]. A selec-
tion of initial colliding pairs of atoms has been done experimentally [25,26] by varying
the detuning of the excitation laser. In this experiment the production of ions in col-

lisional processes is consistent with the assumption of an attractive van der Waals
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potential and a theoretical estimate of its magnitude. Manifestations of long-range
interactions have been also seen in ultracold collisions [27-29] and density-dependent
line broadening of resonances in atomic beams [30].

In ultracold Rydberg systems, the thermal motion and Doppler shifts are greatly re-
duced so that the effects of interatomic interactions can be investigated and utilized
in a more controllable manner. In many situations the motion of atoms can be com-
pletely ignored and the system considered as a “frozen Rydberg gas”. In such a frozen
Rydberg gas resonant éxcitation exchange has been reported [31,32] and described as
a many-body diffusion process [32,33]. Resonant conditions can be achieve by tuning
the energy levels of Rydberg atoms using external electrical fields [34,35]. In this
process, pairs of excited states, not atoms, diffuse. An ss’ pair of excited states is
first created into a pair of closely-spaced Rydberg atoms and then $ubsequently trans-
ferred to another pair of Rydberg atoms via resonant ss’ — pp’ processes and so on.
Long lifetimes of highly excited Rydberg states also bring the possibility of trapping
Rydberg atoms. High-angular momentum Rydberg atoms have been trapped in a
superconducting magnetic (B = 2.9 T) trap [36].

There have been two proposals for weakly bound long-range molecules involving Ry-
dberg atoms but they have not been detected yet. The term “long-range molecules”
was coined a long time ago, referring to molecules in high vibrational states close
‘to the dissociation limit, whose properties are determined by the long-range interac-

tions [37-39]. The so called “trilobite” and “butterfly” states are molecular states
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formed by a pair of atoms, with one of the atoms in the ground state and the other
one in a Rydberg state [40-44]. Weakly bound states of two Rydberg atoms, la-
beled macrodimers, have also been proposed [45]. Although such exotic molecules
have not been detected yet, molecular resonances caused by Rydberg-Rydberg in-
teractions have been observed [46]. Here the important effect is -mixing caused by
interactions, so that otherwise forbidden transitions become allowed.

To make quantitative predictions and to interpret experimental data, one needs to
obtain accurate expressions for the long-range molecular potentials. Also, different
potential curves are accessible in different excitation schemes and processes so it is
important to systematically study long-range interaction potentials between Rydberg
atoms. The most often used method to evaluate long-range potentials is based on the
perturbation expansion of (in general) degenerate level [47] and the bipolar expansion
for the residual Coulomb interaction. The bipolar expansion in various cases of over-
lapping and non-overlapping electronic distributions is presented in [48]. Recently,
these potentials have been systematically calculated for various asymptotes of many
heteronuclear diatomic molecules [49]. The same type of calculations has been done
for homonuclear molecules as well [50-52]. This approach has been extended to high
Rydberg states in [45,52]. Accurate calculations that include retardation [53,54] and
relativistic effects [55,56] have been performed. In most cases, the potential curves
are evaluated ignoring fine structure. However, in many experiments, fine structure

can be resolved. It can be included in the second order of perturbation theory as well
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[54,57-59]. However, for the study of long-range molecular resonances perturbation
theory is not applicable. Also, for Rb and cesium (Cs), atomic fine structure cannot
be ignored in the calculation of molecular potentials. Including fine structure, I have
obtained long-range molecular potentials, in Hund’s case (c), by diagonalization of

an interaction matrix.

This thesis

In this thesis, I present several theoretical methods to evaluate the excitation dy-
namics of ultracold Rydberg systems in various regimes. For some applications, the
details of interactions between Rydberg atoms have to be carefully examined, while
for others, the many-body aspect of Rydberg excitation may be crucial. In both cases,
the basic prerequisite is to know the interactions sufficiently well. The theory of how
to calculate molecular potentials in various Hund’s cases and approximations is given
in Chapter 1. Some technical notes related to this chapter are located in Appendix
A.

In Chapter 2 we describe in detail several treatments of long-range molecular reso-
nances. In single photon UV excitation of the 5s ground state, the resonances occur
at energies corresponding to excited atom pairs (n—1)d+ns and (n—1)ps/2+ (n+1)ps/2
due to ¢-mixing caused by long-range Rydberg-Rydberg interactions. For these res-
onances, we need to calculate long-range potentials in Hund’s case (c) by diagonal-

ization of an interaction matrix. The excitation dynamics is always modeled as pair
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excitation. Appendices B and C are related to this chapter. Appendix B contains all
the matrices used to connect diatomic states in the space and molecule-fixed frames.
In Appendix C, I show our results on (n—1)ps/s + (n41)ps/2 resonances, which are
closer than (n—1)d + ns ones to the atomic np resonance.

In Chapter 3, we analyze the mean-field methods used to describe a local blockade
of Rydberg state excitation in macroscopic samples due to strong vdW interactions
[11,12]. The 5s ground state atoms were excited by one photon UV transitions to high
npsj2 Rydberg states. Rydberg excitation exhibited dramatic suppression compared
to the non-interacting case. A mean-field type model was proposed [11] to explain
these experimental results. In the model, different atoms interact differently depend-
ing on their locations. Different interaction energies were modeled by a distribution
of mean-field shifts for which a distribution of excitation probabilities was calculated.
A good agreement between the theoretical model and experimental measurements
was found. |

We investigate the collective aspects of Rydberg excitation in Chapter 4. Strong
interactions between Rydberg atoms influence the excitation process and impose cor-
relations between excited atoms. The manifestations of the collective behavior of
Rydberg excitation are the many-body Rabi oscillations, spatial correlations between
atoms, as well as the fluctuations in the number of excited atoms. We study these
phenomena in detail by numerically solving the many-body Schrédinger equation. We

explore the dynamics of such systems, especially the possibility of many-body Rabi
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oscillations of Rydberg excitation. It is plausible to investigate these oscillations in
smaller systems because one would not normally expect to achieve the coherent ma-
nipulation of large groups of atoms. The many-body approach developed in [60] is
quite suitable for this analysis and we use it here. We only modify some technical
details on how to treat interactions in this approach.

Finally, In Chapter 5, I show how to evaluate the {2-expansion of the most interesting
physical quantities in the interaction and Heisenberg pictures. This Q is the Rabi
frequency for a single atom. The expansion is expected to be well-behaved for arbi-
trarily strong interactions. For homogeneous large samples, I give the explicit form
of the expansion of excitation probabilities, up to 4, for the most important cases
of excitation pulses and interactions. The main results of my thesis are summarized

in the conclusions.
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Chapter 1

Molecular Potentials and Excitation Resonances

Very long lifetimes of Rydberg atoms allow studying utracold Rydberg gases under
various experimental conditions. For long experimental times (several us), the large
internal energy of Rydgerg atoms can be released due to collisions and ultracold
plasmas can be formed. For shorter times (g 100 ns), the effects of interactions
between Rydberg atoms can be explored. For such experimental times the motion of
atoms is usually ignored completely and the system considered as a “frozen Rydberg
gas”. In order to analyze experimental results and make predictions, we need to learn
more about molecular potentials. These potentials are described by some quantum
numbers defined by the symmetry of diatomic molecules. In this chapter, I review

the basic elements needed to calculate these molecular potentials.

1.1 Molecular symmetries

All geometric symmetry operations of homonuclear diatomic molecules form the point
group Dy, [61,62]. The symmetry elements that we usually consider are rotations

about the internuclear axis, reflections through a plane containing the rotation axis
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and the inversion 7 of the spatial coordinates about the center point between both
atom cores. Multiple applications of these symmetry operations generate the whole
point group.

In quantum mechanics, we are rather interested in the representations D(G) of the
symmetry group G [63,64]. We consider how molecular states are transformed un-
der symmetry operations D(g), g € G. Depending on their properties under these
transformations, molecular states are divided into several sets. We commonly call
them symmetries, but strictly speaking, these sets are related to different irreducible
representations [64,65] of G. The labels and quantum numbers of irreducible represen-
tations are used for the classification of molecular states. States of different irreducible
representations form orthogonal subspaces of the Hilbert space. The importance of
symmetry in quantum mechanics relies on the reduction of the Hamiltonian in each
of these subspaces. In other words, the Hamiltonian commutes with all the projectors
onto subspaces of irreducible representations. These projectors and the Hamiltonian
form a complete set of commuting observables. This would not be very useful if we
did not know, in general, how to construct these projectors. Wigner has shown that
they are linear combinations of D(g) and entirely defined by D(G) and G [66]. In
our case G = Dy, and we present two constructions of properly symmetrized states
in Appendix A. The symmetry group is relatively simple so we do not need the help
of the general theory by Wigner to find proper basis sets.

The projection of the total electronic angular momentum M = m; + mgy onto the
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molecular axis is conserved as a consequence of the rotation symmetry. The exact
definitions of M and m; depend on the actual physical problem. If spin-dependent
molecular interactions are negligible, the spin part of the diatomic wavefunction is
separable and can be excluded from the analysis. In this case M and m,; are re-
spectively the projections of b+ ég and £; onto the molecular axis, where é, is the
orbital angular momentum of atom “”. This M is usually labeled as A. We also
consider spin-dependent interactions, where M and m; are respectively the projec-
tions of 7, + 32 and 51 In this case 3, is the total angular momentum of atom
“” and M is labeled as Q. If M # 0, reflections through a plane containing the
molecular axis, represented by the reflection operator o, changes the sign of the pro-
jection of the angular momentum on the axis. For M # 0, the reflected molecular
state has the same energy as the initial one. Consequently, the (anti)symmetrization
IM*) = ((1+0,)/V2)|M) of the M # 0 states does not break the degeneracy
between the states with the same absolute value of M. Only for ¥-states can the
(anti)symmetrization |S%) = ((1 £ 0,)/v/2) |Z) give nondegenerate states. Thus the
symmetry property under reflections can be used to distinguish different molecular
potentials. It turns out that the representation of ¢, in the molecule-fixed coordinate
system is not unique because the position of the symmetry axis of a linear molecule
is determined only by two Euler angles [67]. The absence of off-axis nuclei impedes a
unique definition of the way the third Euler angle is transformed under a space-fixed

inversion, giving an additional phase factor in the representation of o,. This factor
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is fixed by an additional convention (1.1.3) [67].

The inversion operation i inverts the single electronic state relative to the respective
atom core and then translates the state to the other atom core so that the first electron
is located near the second atom core and vice versa. As i2 = 1 the eigenvalues p of
¢ must be either +1 or —1. Molecular states which do not change the sign of the
spatial wave function under this symmetry operation are called gerade (g) states and
those that change the sign are called ungerade (u) states.

The choice of a convenient basis of molecular states is very important. This choice Ais
not completely determined by symmetry alone, although all good quantum numbers
from the symmetry have to be built in the basis. As mentioned, it also depends
on the actual physical problem, i.e. type of interactions. The Rydberg-Rydberg
interaction is essentially the residual Coulomb interaction, so it is spin-independent,
and cannot mix states with different A, total spin S, or eigenvalues of 7 and o,,. It can
be diagonalized in the basis |25+1Ag /u) 1S, Ms). We consider two molecular basis sets
in Hund’s cases (a) and (c). In Appendix A, we show that the symmetrized spatial
part of the electronic wave function of the homonuclear atom pair, with no overlap

of atomic wavefunctions, has the following asymptotic form in Hund’s case (a)

ni1limy
nolamsg?

A;o;p) ~
(1.1.1)
|n1éymy; Ry) [nolamo; Ro) + 0])(—1)h+e2 [nalame; Ry) [nifimy; Ra)

where 0 = (—1)°, n; and ny are the principal quantum numbers, and ¢; and ¢,

the angular momentum quantum numbers. The separate projections of the angular
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momentum of each atom onto the molecular axis satisfy the constraint A = m; +ma.
In our notation, the ket |n;f;m;; Ry) |n;éjm;; Ri) means that the first electron is
in state n = n;, £ = £; and m = m,; while the second electron is in state n = n;,
¢ ={; and m = m;. Ry and Ry are the positions of the two nuclei ¥ and &', where
kK =1,2.

The previous symmetrization is appropriate if fine structure can be ignored, which
is not always possible. Because the spin-orbit interaction Hy depends on spin, it
mixes states with different A. It is diagonal in the basis of properly symmetrized
|€1 1, m1) |€2 j2, o) states. This basis is more appropriate to describe molecular
asymptotes (at B — o00), and it facilitates the calculation of lineshapes in the next
section. The projection of the total angular momentum onto the molecular axis
Q0 = my + my is conserved. This is Hund’s case (c). Assuming that there is no
overlap of the electronic wave functions belonging to different atoms, the properly

symmetrized asymptotic states for Q2 # 0 have the form [68]

|nts, myi '€, Q@ —my; Q) ~
(1.1.2)
|n7 e, j7 mj) |n,a ela jl7 Q- mj> - P(“l)(uel)l"]; elaj,7 Q- mj)ln, e? j, mj>'
This expression is also derived in Appendix A.

If Q = 0, we distinguish between symmetric and antisymmetric states under o, via

’0;/u> = ((1 £ 0,)/v2) |0y/u); the action of the o, operator is consistent with the
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following rules [67]

o, lA) = (=D*|-A), (1.1.3)

0, |8, Ms) = (=1)°"Ms|S —Ms) . (1.1.4)

The action of the o, on states (1.1.1) is also given by the first rule (1.1.3). It is
obviously not applicable if A = 0. The correct result of o, on such states follows from
its action on atomic states o, |, m) = (—1)™|¢, —m).

We have asumed in this analysis that there is no background electric field. If a back-
ground electric field is included, then the group symmetry of the electronic Hamilto-
nian is not Dyyp. Consequently, the quantum numbers based on this symmetry are
not good anymore and we cannot reduce the interaction matrix in the basis of states
of a given symmetry. In general, one has to include all possible basis states and used

them to diagonalize the interaction matrix [69,7]. |

1.2 Long-range interactions

The residual Coulomb interaction between two charge distributions for large separa-
tions R is conveniently expressed by the bipolar expansion in powers of 1/R [47,48]

o~ Vip(r1,12)

V(r,m) = RG+E+1

(12.1)
{,L=1

with r; and ry the relative position of each electron with respect to its atom core,

and
_1)k4 IANAEY . .
Vi (e, 1) = (_\/)_e_il )3 \/ (e+ m) ( o m)rfrgnm(nm_m(rz) (122)
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where £ = 2¢+1, L = 2L + 1, (}) = n!/[k!(n — k)!] is the binomial coefficient and
Yim(7) is the spherical harmonic. In order for equations (1.2.1) and (1.2.2) to be valid
the electron wave functions of the two atoms must not overlap so that exchange and

charge overlap interactions can be neglected. This is the case if R is larger than the

Le Roy radius Rrg [71]:
RLR =2 [(n1€1] 7‘2 |n1€1)1/2 + (n2€2| 7‘2 |n2€2)1/2] y (123)

with (n;4;| 7% |n,€;) being the expectation value of 72 for the radial wave function
belonging to the valence electron of an alkali atom. The most important contributions

to Eq. (1.2.1) are from dipole (~ 1/R®) and quadrupole (~ 1/R®) interactions.

1.2.1 Interaction potentials: Hund’s case (a)

At large internuclear separations R, the interaction between two atoms can be ex-
panded as a sum of powers of 1/R [47]. For two atoms in the same np state, and

neglecting fine structure effects, it takes the following form [45,51]
(1.2.4)

where the C’s are the dispersion coefficients. In [45,52], these coefficients were com-
puted. The Cs, Cs, and Cy coefficients scale as n®, n!!, and n!®, respectively. The
exact values of these coefficients depend on the molecular symmetry: for the np + np
asymptote, a total of 12 molecular states exist, grouped in 6 pairs, each pair having

the same dispersion coefficients. For Rb atoms, the Cs van der Waals coefficient of
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one pair of 12; —3 ¥F states is almost two order of magnitude larger than for any
other Cs of np + np molecular potentials (for n = 70, Cg ~ 2 x 1022 a.u.). The reason
is that this is the only pair strongly coupled with nearby (n+1)s+ns states. Because
Rydberg-Rydberg interactions do not mix states with different A, S, and eigenvalues
of ¢ and o, only configurations of the same symmetry (described by the same quan-
tum numbers) can be coupled. By examining all possible symmetry configurations,
we find that !X} — 3%} is the only common symmetry of asymptotic (n + 1)s + ns
and np + np states. Therefore, the coupling between (n + 1)s + ns and np + np
states exists for this symmetry only. Besides the strong coupling, the proximity of
(n+1)s+ ns and np+ np states greatly enhances the Cs coefficient of the 'L — 3y
pair, according to Egs. (A.3.9-A.3.10).

These potential curves may intersect potential curves correlated to nearby asymp-
totes, leading to avoided crossing and/or mixing between states with the same sym-
metry. In general, the np+np potential curves can couple to curves correlated to
n18 + nas, S + nad, or nyd + ned through dipole interactions. The Cg coefficients
depend on the couplings by dipole interactions. Quadrupole interactions are mostly
relevant for the couplings within np+np states. This coupling determines the Cy
term in the previous expansion (1.2.4). Although higher order multipoles could cou-
ple other states, the strength of such couplings decreases rapidly.

At large R, the leading terms of the curves for nys 4 nss, which are denoted as V,y,
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Cs Cg

‘/ss’(R) - _ﬁ'é' - 'ﬁa

(1.2.5)

while those for nys + nad or nyp + nop, labeled Vi and V,y respectively, have the

same form as Eq. (1.2.4), namely

‘/sd/pp’(R) - —% - gg - 9_8_ . (1.26)

Cs Cs C
RS RS R’

(1.2.7)
Naturally, the C,, coefficients are different for the various asymptotes, and depend on
the particular molecular symmetries considered (see [52] and Appendix A for details).
For some applications, the details of the interactions are not crucial, and one can
safely ignore effects such as fine structure coupling, ¢-mixing, etc. For example, in
the study of inhibition of Rydberg excitations due to long-range interactions [11],
the interaction between atoms in npz/, states was described by the Cs-coeflicient,
assuming that all np states had the energy of the nps/; fine structure component.
This approximation greatly simplified the description of the excitation dynamics. In
addition, the internuclear separations R between atoms were significantly greater in
[11] than those considered here, so that curve crossing/mixing was not an issue. To
describe strong ¢-coupling relevant for the molecular resonances, a much more accu-
rate description of the interactions is needed. We have to diagonalize the interaction

matrix to find molecular potentials and to see how states with different £ are coupled
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together.

The dispersion coefficients are obtained using perturbation theory. The technical
details are explained in A.3. We give a list of the unperturbed molecular states in
Table A.1 for the ns-ns, np-np and nd-nd asymptotes. In Tables A.2-A.6 we list the
Cs, Cs, and Cyq coeflicients for the ns-ns asymptotes, the Cs, Cs, and Cy coefficients
for the np-np asymptotes and the Cs, Cs, and Cy coefficients for the nd-nd asymptotes

of all alkali atoms. The major dependence on n of Cs, Cs, Cr, Cg and Cjy is n®, n!!,

12 15

nt2, n1s n2

, respectively. The residual dependence on n is fitted to a polynomial of
the form a + bn + cn?. In a few cases, for some symmetries and some values of n,
two adjacent diatomic asymptotes are very close to each other and the second-order
correction (A.3.9) gives large values. For these cases perturbation theory fails. We
have added a resonance term of the form ¢;/(n — ng) to the polynomial in order to
simplify the representation of the data by the fitted polynomial when faraway from
the resonance. Atomic fine structure, which is especially important for Rb and Cs,
was ignored in these calculations. Depending on whether one takes the center-of-
gravity for the energy levels entering the second-order perturbation expressions or
the energy of one of the fine-structure components, for Rb the results deviate for
some Cg by a factor of 3-5. The reason for these large uncertainties is explained in

the following section.
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1.2.2 Potentials and symmetries: Hund’s case (c)

The potentials in the previous section are obtained in the second order of perturbation
theory, and thus share its limitations. In addition, the effects of spin and /-mixing
were ignored. To describe the resonances observed in a cold dense gas of rubidium
Rydberg atoms, we cannot use them directly, since the interaction energies of pairs
of Rydberg atoms contributing to these resonances are many times greater than the
energies for which perturbation theory is applicable. Also, formally, the C-dispersion
coefficients are well defined only if fine structure can bg ignored, which is appropriate
only if the energy separation between adjacent nf + n'¢’ asymptotic levels is much
greater then the relevant fine-structure splitting. This is not true for Rydberg states
of rubidium. For example, the asymptotic (R — oo) spacing between the 70s;/,+
71sy/o and 70ps/o+70ps/, levels is 213 MHz, and the fine-structure splitting of the
70p1/2+70p1/2 and 70p3/2 4 70p3/; diatomic levels is 569 MHz. Depending on the
energy separation, states belonging to different fine structure levels of 70p;4-70p; are
coupled differently to the |7031 127151 /2) states. It turns out that the coupling between
|np;np;) and Insl so(n+ 1)s1/2) states is very important for the strongly attractive
np+np potentials. This happens because the np states lie almost exactly halfway
between the adjacent ns and (n41)s states, and because of the large dipole moments
between ns and np, as well as (n + 1)s and np states. In our discussion, we focus on
such strong potentials because they will mix with other potential curves as soon as

they get close enough, resulting in avoided crossings and strong ¢-mixing (especially
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the mixing of p-character which allows states with otherwise forbidden transitions to
be coupled to the 5s ground state). An additional reason to include fine structure in
our theoretical treatment is that the experiment [46] has shown that the resonances
are related to certain fine-structure components.

We include long-range Rydberg-Rydberg interactions Vryq(R) and the atomic spin-
orbit interaction Hg (which gives rise to atomic fine structure). We then diagonalize

the interaction matrix for a given R

U(R) = VRyd(R) + Hg . (1.2.8)

The eigenproblem of the interaction matrix is greatly simplified by molecular sym-
metry, which gives some good quantum numbers and a prescription for constructing
a symmetry-adapted basis. As explained in section 1.1, for homonuclear diatomic
molecules, the quantum numbers corresponding to the D, point group are associ-
ated with rotations about the internuclear axis, reflections through a plane containing
the rotation axis, and the inversion ¢ of the spatial coordinates about the center point
between both atom cores. The appropriate basis is given by Eq. (1.1.2). We choose
to represent U(R) in this basis since it is more appropriate to describe molecular
asymptotes (at B — o0), and it facilitates the calculation of lineshapes (see next
section). Note that only a few molecular states with similar quantum numbers 74
and ny need to be considered, because coupling (i.e. the multipole matrix element
(n11||r*||n2g2)) vanishes very fast as |n; — ns| increases.

The resonances we want to describe require strong /-mixing; the strong mixing of p
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Fig. 1.1: (a) Potentials curves for the 0} symmetry. We present all the potential
curves between 70s+71s and 68s+73s. Molecular states, besides those that
coincide with the asymptotic 70p + 70p states, may become accessible due
to £-mixing induced by interactions. The resonance is dominantly produced
by the 69d + 70s states, altough, significant contributions are due to the
68d+71s and 68p; 2+ 72p; /3 states. There are two 69d+70s and 68d+71s
states of this symmetry and only one from the 68p; /3 + 72p;/2 asymptote.
(b) Average radial dependencies of the two-photon Rabi frequency. The
excitation probability of an atom pair depends on its separation R since the
fraction of p-character of any molecular state is a function of R. The radial
dependence is shown for all states of the three asymptotes contributing to
the resonance.
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character corresponds to crossings with the strongly attractive np+np potentials. As
explained before, strong np-+mnp potentials correspond to the 123‘ — 3%+ symmetries
in Hund’s case (a). After adding spin, there are three possible symmetries in Hund’s
case (c), 0;', 07 and 1,, and only these states lead to strongly attractive potentials.
Although molecular symmetries give a necessary condition for strong mixing, one has
to diagonalize the interaction matrix (1.2.8) for each symmetry individually to find
which states of these molecular configurations actually give strong mixing.

We consider dipolar and quadrupolar interactions only. The interactions obtained
from Eq. (1.2.2) for £ = L = 1 (dipole terms) and £ = L = 2 (quadrupole terms)

have the following form

—1)4r/L . e <y n
Vi(R) = ‘(—1%)2“—1/_2357 rErLYm (7)Y ™ (), (1.2.9)

where L =1 (L =2) for dipolar (quadrupolar) interactions and B is the binomial
coefficient.

Defining |a)|b) = |na, ¥, Jas Ma) |7, b, Jb, €& — M), one can show that the matrix
elements of V;(R) are

R13R24
R2L+1

4 L 45 L L 1y i L js Jo L js

X < >
\ /
L L ( ; L \
n J3 J2 Ja
X Z BL™ )
m==L —my m mg \ —Q+my —m Q—ms )
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Fig. 1.2: Same as Fig. 1.1 but for the 0, symmetry
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where §; = 2¢; + 1, 7 = 2j; + 1, and Ri; is the radial part of the matrix element
(et ). |

The asymptotic basis used to represent U(R) consists of all np+np, (n—1)d+ns
and (n—2)d+ (n+1)s asymptotic states, as well as all the states in between with
a significant coupling to these asymptotes. These include the (n—1)p+(n+1)p,
(n — 1)s+(n+ 2)s and (n—2)p+(n+2)p asymptotes. These states are our primary
interest, but to describe them correctly at short internuclear distancés one should also
include other nearby states strongly coupled to them. Included nearby asymptotes
are ns+(n + 1)s, (n — 2)s+(n+3)s, (n—3)d+(n+2)s, nd+(n—1)s, (n—3)f+np
and (n—2)f+(n—1)p. While the dipole-dipole interaction couples states belonging
to different né + n'¢’ asymptotes, the quadrupole interaction is mainly relevant for
states within the same nf + n'¢’ asymptote. The only exceptions are the off-diagonal
quadrupole matrix elements between (n—1)d+ns and (n—2)d+(n+1)s asymptotes.
As mentioned before, the coupling depends on |n; — ng|, or to be precise, |n} — n}|,
where the quantum defect J; is included in the effective principal quantum number n}
as follows: n} = n; — d,. Since the difference in effective principal quantum numbers
of states (n—1)d and (n+1)s, as well as (n—2)d and ns states, is only 0.22 for Rb (for
high Rydberg states 6p_o ~ 3.13 and 6, ~ 1.35 [74]), the off-diagonal quadrupole
matrix element is several times larger than the diagonal ones. These asymptotes are
very close in energy (separated by only 200 MHz for n = 70) so that at R ~ 30000

ag and n =70, quadrupole off-diagonal coupling is comparable with the asymptotic
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Fig. 1.3: Same as Fig. 1.1 but for the 1, symmetry, except that each nd + n’s
asymptote has four states of this symmetry.
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energy spacing and these states become well mixed. This off-diagonal quadrupole

coupling is relevant for the shape of (n—1)d+ns and (n—2)d+(n-+1)s resonances.

1.3 Molecular resonances

In this section we primarily study the (n — 1)d + ns resonances reported in [46].
They occur at the average energy of excited atom pairs (n — 1)d and ns, and do
not correspond to any single-atom transitions. The theoretical treatment of (n —
1)pss2 + (n + 1)ps/ resonances is presented in [68] and the main results are collected
in Appendix C. The contribution of diatomic potentials which coincide with the
asymptotic (n—1)d+ns levels is dominant, although, there is a significant contribution
of (n —2)d + (n+ 1)s and (n — 2)py/2 + (n + 2)p1/2 potentials, with approximately
the same asymptotic energies. In one-photon transitions from the 5s ground state,
dipole transitions to nd and ns states are not allowed. However, at high principal
quantum numbers, long-range Rydberg-Rydberg interactions cause ¢-mixing so that
other molecular states, besides np + np, become accessible. Although the physics
of this resonance and the (n — 1)p + (n + 1)p one is very similar, the treatment of
(n — 1)d+ ns resonances is technically much more demanding. There are many more
asymptotic states between np + np and (n—1)d + ns asymptotes and they all have
to be included in order to describe the £-mixing correctly. To make the potentials
accurate at short distances, many nearby asymptotes have to be also included in the

asymptotic basis. In addition, the laser intensity used to excite them was almost
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two order of magnitude greater than that used for (n — 1)p + (n + 1)p resonances
so there could be more power-dependent terms to consider, besides the two-photon
Rabi frequency. We have used several different approaches to evaluate the results of

the Rydberg excitation of atom pairs and they all give consistent results.

1.3.1 Excitation of a pair of interacting Rydberg atoms

We treat the (n — 1)d + ns molecular resonances as two-body phenomena, which is
supported by the fact that their energies coincide with the average value of only two
atomic energies [46]. The resonances are far red-detuned, so normally there should
not be many excited atoms and presumably pair-wise excitation is the dominant
mechanism. The general problem to be solved is the same as in [68] for (n — 1)p +
(n + 1)p resonances. However, the analysis of (n — 1)d + ns resonances is technically
much more demanding and some approximations we have applied before may not
be satisfactory here. To check it, we have used several different ways to evaluate
the contributions to the number of excited atoms from various molecular states. We
discuss them in the results section.

We consider a two-body Hamiltonian that includes long-range interactions and a
linearly polarized optical field. For simplicity, we include only one molecular state

|ox) and the corresponding molecular potential €x(R). The Hamiltonian is (in the
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rotating frame and in the rotating-wave approximation)

2
Z Aa +A’ e,e, Z[ aeg+ :g+h.c.

+[Ax+ ex(R)] |oa){eal (1.3.1)
where w, ', and A, A’ are single-photon Rabi frequencies and detunings relative
to the nps/; and np;/; fine-structure components, respectively. Here A, is the two-
photon detuning from the asymptotic €x(R — o) molecular level. The operators o7,
and o, are defined as follows: of, =3, |e;, m){g;,m| and %, =3, |e;,m){e;, m|.
To calculate w and w' we use the experimental values for the oscillator strength fs/o
[73] and the ratio [72] w/w’ = /fsja/f12 ~ 2.3, which reflects the non-statistical
character of the oscillator strengths f3/2 and fi/,.

The excitation process is essentially a three-level scheme, although the number of
states involved in the process is greater than three. We assume that a pair of ultracold
Rb atoms is initially in the 5s 4+ 5s ground states. There are four possible ground
states |5s,m;)|5s,m}), corresponding to different projections of spin m; = +1/2.
Ultimately, the total probability is averaged over all possible initial states. In the
first excitation step, one of the atoms is excited to a given np, state. There are
two intermediate states if the ground-state atoms have the same projections m;,
otherwise there are four of them. These intermediate states are further excited in the
second step. The final state in this excitation scheme can be a single molecular state
|pA(R)) or a superposition of states. We consider both cases but in the equations

a single molecular state is assumed. Including more states in the equations is very
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straightforward and there is no need to do it explicitly. Eventually, to get the final
excitation probability per atom for a given optical frequency, the contributions from
all molecular potentials and all atom pairs that include a given atom are collected.
To get pair excitation probabilities we are solving the time-dependent Schrédinger
equation for the ground diatomic state, all intermediate states and a given doubly-
excited molecular state |,). Here we present in detail the treatment if two m; of
the diatomic ground state are different and give the final result when they are the
same (this case is considered in detail in [68] and Appendix C). Utilizing the fact
that symmetric and antisymmetric states have independent time evolutions, the first
step is to construct symmetric and antisymmetric combinations

lid) = % (i, m) 15, ~m) + g liy —m) |, m)} (13.2)

where ¢ = 1(—1) for symmetric(antisymmetric) states and m = 1/2 for linear laser
polarization. In this way the diatomic ground state |gg), four intermediate states |ge),
leg), |ge’), |€'g), and four doubly-excited states |ee), |e€’), |€'e), |€'e’) are defined. Here
e and €’ refer to nps/y and np; o states, respectively. If there were no interactions,
diatomic states |ee), |ee’), |€'e), |e'e’) would be the states directly accessible in two-
photon excitation. Any molecular state |@,) is accessible if it has some components
of these diatomic states. Due to ¢-mixing induced by interactions, many | (R)) gain
a significant np fraction at some finite internuclear separation R.

The wave function is modeled as follows

[¥) = colgg) + ci1 |ge) + cialeg) ++cyy |g€’) + cip|€'g) + ca|a) - (1.3.3)
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Solving the time-dependent Schrédinger equation 0y /0t = Hy (h = 1) leads to the

coupled system for the excitation amplitudes c(t),

90— et o) + (s + ), (13.4
z% = Aepp + ;Co + %*(eeko)\)q + %i(e’ekp)\)cz, (1.3.5)
z% = Acip + %co + %(eelgoﬂcz + gJg(ee'lgoA)CZ, (1.3.6)
z%i = Acj; + %,co + %*(ee'lgo,\)cz + %Ii(e'e’ko)\)cz, (1.3.7)
1%—1—2- = Acys + gco - %*(eelgo,\)cz + —wg(ee'ko,\)cz, (1.3.8)
z(fi—ctz = (Ax+ ex(R))ca+ (%((p,dee) + %,(go,\le’e)) et (§(¢A|ee)+%’(m|ee’) 12

+ (St + 5 (orleeh) ot (lorkea+ 5 loree) ) o (139

The analogous system of equations for m; = mj = 1 /2 was considered in detail
[68] and is shown in Appendix C for the analysis of (n — 1)p + (n + 1)p resonances.
The projections onto the molecular state are defined as: ae.(A) = (e€|py), teer(A) =
(e€'@n), aere(X) = (€'e|pn), and aee(X) = (€'€'|pr). We assume that all of the a;
coefficients are real.

One can obtain a tractable system after the elimination of the excitation amplitudes
of all intermediate states. This is justiﬁed by the fact that the dominant frequencies
governing their time evolutions are A and A’ which are much larger than the relevant
Rabi frequencies. On a molecular resonance, A and A’ are about 27 - 2.2 GHz, while

the peak values of w and w’ are about 2.3 GHz and 1 GHz, respectively (for the actual

experimental parameters). Laser intensities used in this experiment were almost two
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order of magnitude higher than the ones used for the (n—1)p+ (n+1)p resonances so
that we have to check for the effects of higher laser fields. We adiabatically eliminate
c11, €12, ¢4; and cj,, as in [68], but this time keeping power-dependent terms. The

result is equivalent to the Bloch equations of a two-level system

.dco wy
’I,E- = -—wg(t)co - 2302 (1310)
d
i% = [Ax+ex(R) — we(t)] c2 — -"i;—‘ico, (1.3.11)
where the effective two-photon Rabi frequency is
w? ww A+ N w'?
Weff = Ka“()‘) + T_ﬂ'—(a“'()\) + age(N)) + Eae'e'()‘)’ (1.3.12)

and the power-dependent terms w, and w, are

lwl? | Jw'?
= — 4 — 1.3.13
“o TN (1:3.13)
 |waee + Wage | |waee + wacy)?
We = A + A
[ (#)acrer + w(t)aeer|?  |W'aeer + waere|?
. 3.
N + AN (1.3.14)

These wy(t) and w,(t) can be interpreted as power dependent shifts of the diatomic
ground and doubly-excited states, respectively. Also, wy is much greater than w,
because it does not depend on a;;, which measure the p-character of the doubly-
excite state. For the experimental parameters, the peak value of wy(t) on a molecular
resonance is about 280 MHz, which is comparable with the laser bandwidth.

In the vicinity of the molecular resonance, the second term on the right-hand side

of Eq. (1.3.10) is much smaller than the first one, and thus can be ignored. After
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neglecting that term, Eq. (1.3.10) can be solved

eo(t) = exp [z /t "ot dt’] . (13.15)

0
This ¢y can be used to find c; after the phase transformation c; = exp[—i(Ax +

ex(R))t — ftf) we(t') dt']c, is performed. The excitation amplitude ¢, is

b Wl (E1) i(Aster(R)t+ [ (w(t t))dt
G =i / dtl———é———e’( A+ (R + L (wp(t2)—welt2))dts (1.3.16)
i

0
We assume that excitation laser pulses have a Gaussian time profile. It has been
shown that the excess bandwidth in this experimental setup is mainly due to a linear
frequency chirp. Because of the constant ratio w/w’, both w and «' have the same
time dependence w,w’ ~ exp(—(1 + i7y)t?/o?, where ¢ measures the pulse duration

and 7 is a chirp parameter related to the laser bandwith I" and duration o as follows

72202 — 2In 2
7=\ (1.3.17)

The probability to excite |¢A(R)) from the initial state |5s,my/2)|5s,my/2) is Pi(A) =
|é2(t — o00)|?. According to Egs. (1.3.13-1.3.14), w, and w, do not depend on the

chirp. If w, and w, in Eq. (1.3.16) can be ignored, a simple formula can be derived

[68].

BN _I_%_ 7r1n222—[A,\+5)\(R)]2/21r21"2
2 2, 77 ’

sat

&) = (1.3.18)

where I, is the saturation intensity for ideal unchirped light and isolated np;/; atoms
and 7 is a Gaussian pulse duration (FWHM). The approximation applied to get this

formula is equivalent to neglecting the w,-term in Eq. (1.3.11) and both terms in
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the right-hand side of Eq. (1.3.10) (i.e. using co = 1). In Eq. (1.3.18), B(}) is a
time—indepehdent part of weg defined via weg(t) = B(A\)w?(t).

If all a-coefficients are equal to zero, according to Eq. (1.3.12), the effective two-
photon Rabi frequency is also zero. These coefficients measure different p-characters
in |pa(R)). To evaluate them, we have to express the double-excited states |ee’), |ee),
and |e'¢’) (defined in the space-fixed frame) in the molecule-fixed reference frame,
where all |p)(R)) are naturally defined [68]. Apparently, all angular dependence re-
lated to different orientations of the molecular axis is contained in these a-coefficients,
and the observable quantities have to be averaged over all spatial orientations of the
internuclear axis.

For the case m; = m} = %1/2, the ground and doubly-excited states are respec-
tively |gg) = |g,m)|g,m) and |ee) = |e,m)|e,m). Intermediate states |ge), |ge’) and
doubly-excited state |ee’) have the form |ij) = 715 {l3,m)|j,m) + |j,m)|i,m)}. The
coefficients a;; are defined as before. After the elimination of excitation amplitudes of
all intermediate states, one gets again the system (1.3.10-1.3.11) with different weg(t)
and we(t)

w? ww A+ A w”?
Weft = Kaee()\) \/— AN aee’()‘) + a’e'e’()‘) (1319)

- |waee +w aee’/\/‘|2 IOJ Qerer + waee’/\/ilz
w, = _ + o . (1.3.20)

The solutions for these initial states are also given by Eq. (1.3.16), or for low laser
intensity by Eq. (1.3.18). These excitation probabilities must also be averaged over

all spatial orientations of the internuclear axis. In (1.3.18) this is applied to B(\)
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Fig. 1.4: Pair excitation probability as a function of separation R. We show con-
tributions from all states associated with the three most relevant asymp-
totes. The total dependence includes twice the contribution of 1, since
this state is two-fold degenerate. According to Eq. (1.3.21), dPs%./dR =
dmpR2P3(R),where Py(R) is the excitation probability of an atom pair.
Note that the weighted factor R? is included in the shown dependence.
This figure shows that pairs at shorter distances are difficult to excite,
even though /- mixing and their (w2 is much greater there (Figs. 1.1-1.3)
because they are very detuned from the resonance. The main contribution
comes from pairs at separations R > 40000 ao.

only.

For an unpolarized sample of ultracold atoms, all initial states are equally probable,
so that excitation probabilities have to be averaged over all initial diatomic states
and then all contributions to a given |p)(R)) are summed up. This is done for many

|@a) to include the possibility of exciting different molecular potentials. The result is

the averaged excitation P,(R) of an atom pair. The excitation probability per atom
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is the sum of all excitation probabilities of atom pairs that include a given atom,
P = 4w / dR R?p Py(R), (1.3.21)
0

where p is the.sample density.

Molecular potentials can be very close to each other for some R, as shown in Figs. 1-3.
For such R atom pairs are excited into superpositions of molecular states. Altough the
extension of the system (1.3.4-1.3.9) to include more molecular states |p,) is simple,
the technical difficulties of solving it are not negligible. Not only do we have four pa-
rameters to vary (R, I, laser frequency and the orientation of the molecular axis), but
we also have many molecular potentials and several symmetry cases. Also, for a given
optical frequency, different molecular states are excited at different distances R. This
is especially true at short R for which the potentials vary significantly. Instead
of doing this, we choose a different approach to account for possible superpositions
of molecular states. This approach is in many ways as complete as the full numer-
ical calculation that includes the full set of doubly-excited states and at the same
time is no more difﬁcult than the calculation of molecular potentials itself. As Eq.
(1.3.18) suggests, only a few parameters related to the excitation laser, such as the
bandwidth and pulse duration, are important. The details of the laser pulse cannot
be of fundamental importance, so we can substitute for the actual chirped Gaussian
pulse a square pulse with the parameters chosen to give probabilities consistent with
(1.3.18). We have to match the pulse area and the width (actually FWHM) of the

Fourier spectrum corresponding to the two-photon Rabi frequency weg. Therefore, I'
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Ecitation fraction

92.6 24 22 -2 -1.8
Detuning from 70p,,, (GHz)

Fig. 1.5: (a) Fourier transforms of waph(t) of a chirped Gaussian pulse (dashed line)
and its counterpart square pulse (solid line). The pulse areas and I'ypp
(FWHM) of wopn(t) for both pulses are matched to minimize the differ-
ence in the excitation probabilities. The tail of the square pulse vanishes
much slower so it is truncated at Agph/T'opn = 1.6, where Agpy is two-
photon detuning. The remaining small difference between the pulses is
expected to diminish further after summing over all atom pairs in (1.3.29).
(b) Comparison between calculated molecular signals using Eq. (1.3.18)
(dashed line) and Eq. (1.3.24) (solid line). The latter one is based on the
exact solution for a square pulse assuming that, in general, superpositions
of molecular states are excited. The differences are somewhat larger just
above the molecular resonance, where there are many very close molecular
potentials, as shown in Figs. 1.1-1.3. The assumed laser bandwidth in this
plot is 200 MHz.
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and 7 are not our direct concern, but rather I'spp, and Topn, Which characterize we (®).
For a Gaussian pulse I'ypp, = V2T. This ['ypn would also be the FWHM of a square
pulse if its duration were chosen to be Ty, = 2.783/7T'9p,. The single-photon Rabi
frequency wsq of the square pulse is chosen to provide equal pulse areas of weg(t) of
the actual pulse and its substitute. A great adventage of this approach is that now we
can easily write and calculate the exact excitation probabilities of all molecular states.
The total Hamiltonian H,y; of the system consists of the long-range interaction part

U(R), given by Eq. (1.2.8) and the optical field (& = 1).
2 w
Hiw(R) =U(R) + Z [Act, + Aol ] + Z [ﬂa’ + —“‘-a’ g The|. (1.3.22)

To represent Hi,, we use the basis of U(R) completed by the intermediate states
and the ground diatomic states. The matrix elements of Hi., corresponding to these
added basis states, are essentially given by Eqgs. (1.3.4-1.3.9). The only modification
is to replace |p)) by a superposition of different |p)). The matrix of Hiy is only
slightly bigger than the matrix of U(R), so solving the eigenproblem of H;, does not
impose additional difficulties. If €;(R) are the eigenvalues related to the eigenvectors

|p:(R)) of Hyn(R), then the solution of the time-dependent Schrédinger equation

i0 |v) /0t = Hot [¢) is

[Vt R)) = D ($:(R)lgg) e " |4u(R)) . (1.3.23)

Unlike Eqgs. (1.3.16,1.3.18), the last formula does not give unphysical probabilities for

large laser power. In the actual calculation we use a modification of Eq. (1.3.23) to
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account for the difference in excitation probabilities for large detunings. Excitation
probabilities for a square pulse do not vanish sufficiently fast. This happens because
the tails of the Fourier spectra of these two types of pulses are very different at large
detunings. This is illustrated in Fig. 1.5(a). We overcome this by truncating the

contributions from large detunings

¢ (t; R)) = Z O(les(R) — 2A| = nTmal) (#i(R)lgg) ™™ |8(R)),  (1.3.24)

where © is the Heaviside function and # is the cut-off parameter (our choice n = 1.6
is justified by Fig. 1.5(a)). We note that the radial dependence, shown in Fig. 1.4, is
obtained using the last equation. One can find the same dependence using the simpler
formula (1.3.16). Both ways give essentially the same radial dependence. In the last
formula all &;(R) are expressed with respect to the energy of asymptotic nps /s +nps s

states.

1.3.2 n-scaling

Now we estimate the major contribution to the n-scaling of the (n—1)d+ns resonance
signal. For this purpose we use a rather simplified description of these states and the
resonances. First we ignore fine structure. As Fig. 1.4 suggests, the major contribu-
tion to the molecular signal does not come from the region of strong ¢-mixing, but
rather from the long-range region with considerably weaker mixing. In this estimate

we completely neglect the contribution of strong £-mixing at short R to the molecular
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Fig. 1.6: (a) Calculated molecular signal for different laser bandwidths of the exci-
tation laser, as indicated in the plot. The linewidth of the resonance is
dominantly determined by the details of long-range interactions and it is
significantly larger than the laser bandwidth. (b) Comparison of the the-
oretical signals shown in Fig. 1.5(b) and experimental one. This is the
best fit of the experimental data, altough the actual bandwidth was likely
smaller than the one we used for the comparison.
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signal. The wave function of (n—1)d + ns states can be expanded as follows
|(n—1)dns; R) = |(n—1)dns@) + app(R)|np np @) + |@res; R) (1.3.25)

where |@es; R) is the residue of the expansion and |ndn’s®), |npnp®) are asymptotic
states |(n—1)dns; R — 0o) and |npnp; R — o0). In general, there are more than one
[np np©®) state in the last expansion but the scaling law, in this approximation, does
not depend of their number so keeping only one term is sufficient for our purpose.
We want to find the function op,(R) because the two-photon Rabi frequency is di-
rectly proportional to it. The Hamiltonian is still given by Eq. (1.2.8). In the first

approximation a,,(R) is

(R) = {np np®|Vgya(R)|nd n's©®)
A Edso — Eppo

(1.3.26)

where Edsy — Eppy is the asymptotic energy spacing of diatomic (n—1)d + ns and
np+np levels. The last formula is valid in the region of weak ¢-mixing for (n—1)d+ns
states. We conclude that

op(R) ~n"/R?, (1.3.27)
since only the dipole-dipole part of Vgy4(R) couples those asymptotic states, and
Edsq — Eppy ~ n3.
We proceed using the results of the previous sections, but ignoring many details which

are not of great importance for n-scaling. The n-scaling is well defined only if there

is no saturation of excitation so that the two-photon absorption probability P, per

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



40

pair is
Py ~ |weg]? . (1.3.28)
We have weg ~ w?ap,(R)/A, where w is the single-atom Rabi frequency defined in

the previous sections and A ~ (Edsy — Eppo)/2 is the detuning from the atomic

np resonance. Note that w?/A is in the first approximation n-independent because

the single photon Rabi frequency w scales as the dipole matrix element n~%/2 and
A~n3
To get the excitation probability P,,. we use Eq. (1.3.28)
Wt [
Pee ™~ 25 /R 0 dR R?|a,,(R)|? ~ n'*/R3. (1.3.29)

The lower limit Ry is set as follows. We assume that the laser frequency corresponds
to the two-photon resonance, whose position coincides, to a very good approximation,
with the asymptotic energy of the (n — 1)d + ns state. A pair of atoms will be out
of two-photon resonance if its interaction energy Uys(Ro) is greater than I'y,, ~ T,
therefore |Uzs(Ro)| ~ I'. Because the laser bandwidth is considerably narrow (close to
the Fourier transform limit), Uzs(Rp) is not very large, and assuming weak ¢-mixing,
we can use second order perturbation theory to find an estimate for it. Eventhough
the (n — 2)p + (n + 2)p states are very close to (n — 1)d + ns states, they are very
weakly coupled to them so they basically have no influence on this estimate. Ignoring
the fine structure of (n — 1)d + ns states, |Uz,(Ro)| should be equal to |Ce|/R§, where

Cg is the C coefficient for the (n—1)d + ns state. The estimate for the lower limit Ry
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is Ry ~ 4/T/|Cs|. Since Cs ~ n*', we finally find

Poye ~ 13, (1.3.30)

1.3.3 Results and discussion

Numerical evaluation of excitation probabilities

We have used four different ways to evaluate excitation probabilities. One has to
verify that the approximations are applicable for all conditions under which they
are used. These conditions are different for different asymptotes. One can try to
use the method [68] (based on Eq. (1.3.18)) to get the lineshape of (n — 1)d + ns
resonances. However, it is assumed in this method that the effective two-photon
Rabi frequency is sufficiently small and the molecular potentials are well separated.
Therefore, for any pair of atoms at a certain separation R, only one doubly-excited
molecular state is involved in the excitation (not necessarily the same one for all
R). However, the two-photon Rabi frequency is almost an order of magnitude higher
in this case so it is not obvious that some power-dependent terms can always be
ignored. Such terms are included in Eq. (1.3.16). We find that, for most potentials,
the formulae (1.3.16)-(1.3.18) give overall very similar lineshapes, with the position
of the resonance slightly shifted, but the shape and amplitude are well preserved.
It turns out that the approximate Eqs. (1.3.18) and (1.3.16), for the experimental
parameters, cannot be used for all 1aser frequencies and all asymptotes. By varying

the laser frequency, we actually vary the region of internuclear separations R for which
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Fig. 1.7: (a) Scaling of the position of molecular (n—1)d+ns resonances with respect
to the atomic nps/; resonance. The position follows the characteristic n-3
scaling. (b) Scaling of the molecular signal. Here we test the expected n®S
scaling (1.3.30). This comparison is more difficult to make because many
experimental conditions influence the signal. This plot shows a reasonable
agreement with the n®° scaling.

atom pairs are on resonance. The two-photon Rabi frequency weg is R-dependent and,

if the ¢-mixing is too large, the approximations may not be be valid. To check if such
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parameters significantly affect the final probabilities, we have numerically solved the
system (1.3.4)-(1.3.9).

It is solved for many different internuclear separations, spatial orientations of the
molecular axis, laser intensities and laser frequencies. This calculation is repeated for
the states |p,) which have dominant contributions to the resonance lineshape. They
coincide with the asymptotic 69d + 70s, 68d 4 71s and 68p,/; + 72p;/; states. In
these numerical calculations, only one molecular state |,) was considered as a final
doubly-excited state of an atom pair. As explained previously, at some R, one should
consider superpositions of molecular states |p)). This is taken into account in Egs.
(1.3.23) and (1.3.24). Even though we do not consider the actual pulse shape in this
case, the parameters of the substituted pulse are chosen to minimize any quantitative
difference between the pulses. Since we use exact solutions of (1.3.22), this approach
should give a rather fair description of the resonance phenomenon.

It turns out that all these different methods lead to the same physical results, al-
though, for some particular parameters, they may be significantly different. Most of
the differences vanish after summing over all potential curves and all atom pairs. The
remaining variations are mainly due to the slight difference in the resonance positions
and lineshapes obtained using different methods. The real physical parameters, such
as the linewidth, signal size, n-scaling or even the resonance position, are practically
unchanged, as shown in Fig. 1.5. Here we present the result based on Egs. (1.3.23)-

(1.3.24), the most complete method we use, and the results from the simplest method
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based on Eq. (1.3.18). This gives an estimate of the variations between these meth-
ods. Our calculation shows that the probabilities of the 0, asymptotes are about one
order of magnitude less then the contribution of the other two symmetries so that
for 0, symmetry we only use Eq. (1.3.16). Interestingly, for (n — 1)p + (n + 1)p

resonances, the contribution of the 0; symmetry was insignificant.

Comparison with theoretical lineshapes

In Figs. 1.1(a)-1.3(a), we show three sets of molecular potentials corresponding to
the three symmetries considered. At short distances these potentials have very com-
plicated shapes due to multiple avoided crossings. At these avoided crossings the
{-mixing is the strongest. The np-+mnp components of various nearby potentials are
the most important for the molecular resonance. The relevant physical quantity
which depends on the fraction of np+mnp states is the two-photon Rabi frequency
wer, defined by Eq. (1.3.12). Asymptotes (n—1)d + ns, (n—2)d + (n+1)s and
(n—=2)p1/2 + (n+2)py/2 give the essential contributions to the resonance. In parts
(b) of Figs. 1.1-1.3 we present the magnitude of the radial dependence w.g for the
three asymptotes and all their states. For each of these states, the radial dependence
is obtained after averaging w?; over different orientations of the molecular axis and
initial states. Even though wes for atom pairs at short distances is larger due to
stronger £-mixing, such pairs are difficult to excite because they are very detuned
from the molecular resonance. The actual pair excitation probability as a function

of R, on exact molecular resonance, is shown in Fig. 1.4. The weighting factor R?
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is included in the presented dependence. There is a significant contribution to the
molecular signal from the pairs at larger distances, which was not quite expected.

We illustrate different methods used to calculate the resonance lineshape in Fig.
1.5(b). We present the simplest method, given by Eq. (1.3.18), and the method
based on the exact solution for square pulses (1.3.23-1.3.24). Only the latter method
allows superpositions of molecular states to be excited. This possibility is relevant if
potentials are very close to each other. These two methods give overall very similar
lineshapes, and the difference is only in the details. The relative difference between
them is somewhat larger just above the resonance, where there are many potentials
very close to each other. For the position of the molecular resonance, this method
gives —2.18 GHz from the atomic 70ps/; resonance, which is in agreement with the
experimental position of 2.21(3) GHz. It appears that the position of the resonance
obtained using the simplest method is closer to the experimental value. However, this
is likely just a coincidence because, in that calculation A and A’ were replaced by
their average value, so that fine details of the atomic level positions were not included.
We have tested the n-scaling of the molecular resonance, both numerically and ex-
perimentally. As mentioned, this scaling law makes sense only if, for a given laser
intensity, the two-photon transition is not saturated for all values of n for which the
scaling law is used. The calculated ratio (using Eq. (1.3.18)) of the signals for all
n = 70 and n = 60 is 3.915, while (70*/60*)%% = 3.920. Also the same ratio for n = 90

and n = 70 is 9.274, while (90*/70*)®5 = 9.115. The experimental dependence for
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the n-scaling of the molecular signal is shown in Fig. 1.7(b). The agreement is fairly
good and the deviation could be explained by variations of experimental parameters
between these three experimental scans. The n-scaling of the resonance position is in
an excellent agreement with the expected scaling law, as shown in Fig. 1.7(a).

In Fig. 1.6(a) we present calculated lineshapes for several laser bandwidths, as indi-
cated in the graph. The linewidth of the resonance is significantly larger than the laser
bandwidth and it is primarily determined by the details of the molecular potentials
and ¢-mixing. The convoluted lineshapes for a laser bandwidth of 200 MHz is shown
in Fig. 1.6(b). We get the best agreement for this bandwidth. The actual laser band-
width was probably smaller than this one. For the actual experimental conditions,
this theory cannot be used to fit the portion of the red tail of the spectrum closer to
the atomic resonance because the excitation fractions are much larger. The presence
of excited atoms could modify the pair excitation probability so that Eq. (1.3.21) is
not applicable. Also, the simple pair excitation model cannot be used to explain the
excitation process at larger excitation fractions. At such fractions, ¢-mixing could be
more efficient because close molecular potentials could additionally mix due to the
interactions with nearby excited atoms. This could explain why the experimental
red tail, for the experimental conditions, is just a simple monotonous function even
though there are many potential curves and avoided-crossings between np + np and
(n — 1)d + ns asymptotic levels.

We compare experimental and theoretical signal sizes assuming a typical 5 x 101°
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cm™® density. The laser intensity is typically in the range of 400-500 MW cm™2.

Experimental signals are about 300 ions per shot. The details of the experimental
setup are given in [46]. From the scaling factor introduced in order to compare the
theoretical and experimental lineshapes, we find that the calculated number of atoms
is about 6-7 times higher than the experimental value. This is probably acceptable
considering the number of factors which influence this estimate. Besides uncertainties
in the experimental parameters, this scaling factor may also suggest that there was

some excitation blockade [11,12].

1.4 Conclusion

We have presented long-range molecular potentials of 0_,‘;, 0; and 1, symmetries.
These potentials are important in describing the effects of interactions in single-photon
excitation to high np Rydberg states. We have illustrated the ¢-mixing induced by
interactions over a broad range of internuclear distances. Several methods to evaluate
the spectrum of the excitation of interacting Rydberg pairs of atoms were presented
and they all gave similar results. The analysis showed that molecular resonances
at the average atomic nd and ns energies are expected to occur. The calculated
properties of the resonance, such as position, linewidth, n-scaling and signal size are
reasonably close to the experimental observation, but a complete understanding of

the spectral features of Rydberg excitation requires improved theoretical models.
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Chapter 2

Local Blockade of Rydberg Excitation and Mean-Field
Models

In mean-field models, all correlations between particles are ignored. After neglecting
correlations, one gets a system of coupled equations for single-atom density matrices.
Even in this approximation different atoms evolve differently because the interactions
with surrounding atoms vary from one atom to another. Therefore interactions can
often be a dephasing mechanism, even in the absence of other processes, such as
spontaneous decay. In certain situations, interactions can force atoms to evolve in
phase with each other. This possibility will be discussed in the chapter on collective
oscillations. If the system is uniform on a large scale, one could ignore all differences
between atoms and essentially work with a single density matrix. In this simpler
class of mean-field models, interactions are described by some non-linear terms. First
we will derive how such basic systems can be modeled consistently, then we will
introduce a more complicated model which has been successful in explaining some

overall properties of systems with strong interactions.

48
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2.1 Simple mean-field models and nonlinear interactions

In various models, the interaction term in the Schrédinger equation is replaced by the
nonlinear term A[|2. The interactions between atoms in Bose-Einstein condensates is
usually modeled by this nonlinear term giving rise to the Gross-Pitaevsky equation.
It comes from replacing the actual potential by a delta-function contact potential.
This is justified if the spatial extent of the atomic wavefunction, is much larger then
the range of the interaction potential. In such cases, the details of the potentials are
not important and using the delta-function potential is a good approximatioﬁ. This
physical assumption is not valid for the systems we investigate. Even though the
standard approach is not directly applicable in our case, it may still be tempting to
think that the interaction energy an atom feels should be proportional to the density
of interacting atoms. Thinking along this line would lead to the interaction term A2
again. However, following another line of logic presented in the next section, one could
introduce different nonlinear terms to describe interactions. The goal of this section
is to explore which mean-field nonlinear interactions are consistent with a general
theory. For this purpose we compare some constants of motion of the appropriate
many-body Hamiltonian and the mean-field counterpart. Because the atoms are
ultracold, we ignore the effects of thermal motion during Rydberg excitation in this

analysis. We start with the following many-body Hamiltonian of two-level atoms and
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Rydberg-Rydberg interactions

N 0 N N ‘
H=AY &+ o) Y (i, +0k) + D Kyoiol,, (2.1.1)
i=1 i=1 i=1,j>i

where A is the frequency detuning from the Rydberg level and the strength of
Rydberg-Rydberg interactions is given by &;;. The nontrivial part of the g-operators
is defined as 675 = |o) (Bi|. The second term in the Hamiltonian is the dipole opera-
tor representing the interaction with the laser field. In our system, two atoms interact
only if they are both in Rydberg states. We set A = 0, since it does not affect this
analysis. In this discussion, we assume that ) describes a square pulse so that this H
does not vary during the excitation process. Therefore, the expectation value (H) of
the Hamiltonian does not vary during the excitation process as well. Assuming that
all the atoms are initially in the ground state, the initial expectation value of (H) is

zero and thus it has to be zero at all times

N N
Q ~i ni ri ~j
5 Z (<aeg> + (Jge)) + Z K;’ij(geeage> =0. (212)
i=1 i=1,j>4
This expression can be rewritten as follows
N
Q. i 1
Z (5 ((099) + (Uge)) + 55,) = Oa (213)
i=1
where the interaction energy that atom “i” feels is
N
=Y Kij(85.60,). (2.1.4)

J#i
In the following step, we make the approximation often made in mean-field theories;

assuming that the system (i.e. density of atoms) is uniform on a large scale, we ignore
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all the differences between atoms so that, after dropping the index “i”, Eq. (2.1.3)

becomes

o} O

((Geg) + (Gge)) + %s =0. (2.1.5)
We do not consider spontaneous decay because the lifetime of Rydberg atoms is much
longer than the processes we study. After making all these approximations, an atom
can be described by two excitation amplitudes ¢, and ¢, of the ground and Rydberg
state, respectively. Using these amplitudes, the first term in the previous equation

can be expressed as follows

T

Sl

((Geg) + (Bge)) = % (chee +cyc3) - (2.1.6)

Consequently, in order to be consistent with general theory, simple mean-field models

have to satisfy the following relation

Q,, o 1
5 (chee + coc3) + 7¢=0, (2.1.7)
or more compactly
€
T+%=0. (2.18)

Now we analyze constants of motion of the simple mean-field equations. In this model
the effect of interactions is given by the energy shift of the excited level. The question
is how to model this mean-field shift by the nonlinear term A|c.|® consistently with

the condition (2.1.7). The mean-field equations are

.dcg Q

’L——dt = Ece’ (219)
.dce Q . *

’LE = Ecg + )\ICel Ce. (2.1.10)
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One constant of these equations is, of course, the normalization |c,|2+ |c|*>. To obtain
another one, we first define a new quantity € as e = A|c.|**2. It is easy to verify using

Egs. (2.1.9)-(2.1.10) that the following ratio is a constant

ST _dT/dt _ d(${cie. +coc})) [dt 2

= = = . 2.1.11
de¢  de/dt d (Ace|*t?) /dt 542 ( )
Since initially both T and ¢ are zero, we find
T+ e=0. (2.1.12)

s+ 2

Comparing (2.1.12) and (2.1.8) we conclude that a simple mean-field theory is con-
sistent with general theory only if s = 2. This is a direct consequence of having
only pair-wise interactions in the many-body Hamiltonian. Consistent with this com-
parison, we can interpret ¢ as the interaction energy per atom and the mean field
shift Alce|® as the interaction energy per excited atom. Considering all atoms to be
equivalent is an important ingredient of this derivation.

The last equation can be used to find a simple relation between the suppression
of excitation and A. We define the suppression as a ratio of the largest possible
amplitudes for A = 0 and some nonzero A. For A = 0 the largest possible amplitude
is 1, since the solution of Egs. (2.1.9)-(2.1.10) is the simple Rabi flopping. For any
given ), the largest amplitude ceo is determined from d|c.|?/dt = 0, which gives the
result cyocs; — choceo = 0. This means that cgocy, is real so that cgocky = %|cgol|ceol-
According to Eq. (2.1.12), the plus sign is for negative A and vice versa. The largest

excitation fraction Py can be obtained from the constant of motion (2.1.12), after
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substituting cyocky = x|cgol|ceol and using the normalization condition. It satisfies

the following simple equation
QX1 - R) = |\R. (2.1.13)

This equation can be solved for |A| so that one can easily find out which X is needed
to achieve a certain saturation probability Py. The suppression factor is just 1/F.
This general analysis cannot tell what A is. In principle, it could be obtained by
additional modeling. It has to depend on the density of atoms p because for p — 0

there should be no interactions.

2.2 Modeling local blockade of Rydberg excitation

In {11}, a local blockade of Rydberg state excitation in a macroscopic sample due
to strong van der Walls interactions has been observed. The 5s ground state atoms
were excited by one-photon UV transitions to high nps/;, Rydberg states. Rydberg
excitation exhibited dramatic suppression compared to the non-interacting case. The
observed suppression was a function of the sample density and laser intensity. At
high principal quantum number 7, the interaction between Rydberg atoms is quite
strong and it can blockade the excitation of many surrounding atoms in the range of
a few pym. In the experiment [11], the ultracold sample of #Rb atoms had typically
107 atoms, with a peak density of up to 10! em~3. The bandwidth of the excitation
laser was about 100 MHz, which was approximately twice the Fourier transform limit

due to frequency chirping.
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We have proposed to describe this blockading with a mean-field model which also
includes the many-body interaction through nonlinear terms of excitation amplitudes.
The novelty is that we have a distribution of probabilities and the overall probability
will be the average over this distribution. The distribution can be obtained by solving
a system of nonlinear differential equations. A simple explanation of how one can
come up with a distribution of probabilities might go as follows. Let’s assume we
have some density of excited Rydberg atoms in an ultracold gas. The excitation of
a given ground-state atom will be suppressed because its excited level will be shifted
due to its interaction with surrounding Rydberg atoms. However, not all atoms will
be equally shifted because the shift depends on the separation from other excited
atoms. So we have a distribution of shifts and thus a distribution of probabilities.
Clearly, there is a consistency condition to be satisfied. The shifts depend ultimately
on the density of excited atoms. On the other hand, the average of the distribution
of probabilities has to be equal at all times to the assumed density of Rydberg atoms.
So the density of excited atoms we calculate from the distribution of probabilities has
to be equal to the density of Rydberg atoms used to get the distribution of mean-field
shifts. Because of this condition, different components of the probability distribution
do not evolve independently, and thus they all have to be calculated simultaneously.
First we have to decide how to treat interactions because there are many np + np

potentials. If we consider an nps;s Rydberg atom located at r;, labelled |p;), the
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first-order shift due to its interaction V;nt with |p) is
€ = (Pibk] Vi (Ts — Tx) |PiDR) - (2.2.1)

Interestingly, this form of interactions has also been used in [75]. to study Rydberg
interaction in various situations At large separations, this shift is dominated by the
vdW interaction corresponding to a pair of molecular states 'L} and *%} [45,51,52].
The orbital part |2) is the same for these states and the only difference between them
is the spin part. Since the interaction between Rydberg atoms is spin independent,
these two states are degenerate. For n=70, Cs ~ 2 x 10?2 a.u. for both states. The
other np + np potentials are almost two order of magnitude weaker. Ignoring the

weak potentials, the following form for IA/}nt is more convenient

A ~C,
Vine (s — 12) = = If‘,|6|2><21 ® I, (22.2)

where I® is the identity operator in the spin factor space of both atoms. The asymp-

totic (R — oo) form of |X} is [51,52]

2
) =/ =|npm=0)|npm=0)+
%) \/;I pm=0)|npm=0) 223)

\/%(Inpm=1>|npm=—1> + Inpm=—1)|npm=1)),
where [npm) are atomic orbital wavefunctions with the molecular axis as the quanti-
zation axis. Note that |X) is given in the molecule-fixed frame while |p;px) is defined
in the space-fixed one.

The details of the model depend on how we construct the distribution of mean-field

shifts. This construction could be refined, in principle, but we propose a simple one.
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For simplicity, we consider a spherical domain of radius R4 and volume V; = 47 R3/3
which contains several atoms, but by definition, only a single Rydberg atom |p;). This
means that the domain radius Ry4(t) is constructed so that at all times, a domain
contains on average a single excited atom. The domain radius is initially very large
because the density of excited atoms is very small, and it decreases to reach its
final value at the end of the laser pulse. This excited atom in the domain does not
necessarily have to be in the center, but could be anywhere within the domain. All
other excited atoms, by construction outside the domain, contribute to the total shift

of this Rydberg level
& = Z Eki- (224)

The shift of |p;), and therefore its probability of excitation, depends upon its location
within the domain. The atoms near the center are the least shifted, thus most likely to
be excited. For each value of the shift of the excited state, the excitation probability
is calculated by solving the Bloch equations for the ground-state c, and excited-state
c. amplitudes. The key point is to include the energy level shift € due to interactions
with nearby Rydberg atoms.

The domain radius Ry is determined from the condition

p | d&rle(r,t)]? =1, (2.2.5)
\Z}

where p, the local density of atoms, is assumed uniform within the domain. The
amplitude c.(r,t) of an atom located at r depends on its shift £(r,t). In our mean-

field model, we calculate this shift by replacing the discrete sum by an integral over
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the excited atoms outside the domain (V' = V — V) and considering their density

pe(t) to be locally uniform in V':m

~C;
J

ol 9P (2:26)

e(r,t) = 2mp.(t) / i
VI

The radius Ry and density p. are related self-consistently via p.Vy = 1. The shift of

an atom located at r =y Ry can be rewritten as

e(y,t) = —21Cs 9(y)/RE(1), (2:27)

where the effective vdW coefficient, Cs, and the spatial variation of the shift, g(y)

(with g(0) = 1), are obtained by numerical integration of Eq. 2.2.6. Substituting

R =p [ dyleyof (2.28)
lyl<1

into the expression for ¢(y,t) leads to non-linear Bloch-like equations for the time-

dependent amplitudes cy(y,t) and c.(y, t),

,dcg(t,y) _ 2 i6t?
l dt - 26 Ce(t, Y)a (229&)
de, - 2 qQ .
i Yl fft Y _ —2mp*Ceg(y) / y'le.(t,y')|? ce(t,y)+-2—e“’ﬂt2cg(t,y). (2.2.9b)
lyl<1

Here 3 characterizes the chirp of the laser pulse and €(¢) is the Rabi frequency. The
scaled position y is a continuous parameter. Therefore, the system (2.2.9) contains an
infinite number of coupled equations. Fortunately, it can be approximated very well
with a finite system. Using the adapted zeroth-order wavefunction (2.2.3) for |X) and

averaging over projections m; of the excited states Inpj=3/2 mj> for atoms outside
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Energy (MHz).

0 02 04 06 08 10
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Fig. 2.1: Our theoretical model divides the region into domains of radius R;. Within
a given domain, any one of the numerous ground-state atoms may be ex-
cited into a Rydberg state. Because of strong Rydberg-Rydberg vdW
interactions, the mean-field energy shift £ depends on the particular loca-
tion, as does the excitation probability |c.|?. Atoms near the domain center
are less shifted and their excitation is more probable than those near the
periphery. The graphs correspond to n=80 atoms at p = 6.5 x 10!° cm~3
and scaled irradiance I = 0.187 MW /cm?.

the domain and integrating over all possible angles of molecular axes, we find Cs =

7/60 Cs. We point out that this value is essentially model-dependent, although it

has agreed well with the experimental data. By solving numerically Egs. (2.2.9), we

find the local density of excited atoms p.(p, ) after the Gaussian laser pulse of peak

Rabi frequency €2 has ended. To compare with the experimental measurements, this

function is averaged over the density and laser intensity profiles in the trapped sample

to provide the overall fraction of atoms which is excited. Uncertainties in both p and

Cj are taken into account by using a scaling factor defined via paéﬁ,lf = apC~’61 /2 The
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best agreement between the model and the data was found for =0.96, i.e. almost
no scaling was necessary. This o was used throughout the analysis. With this scaling
factor, the agreement between the model and the data is quite good.

Let’s review the the basic ideas of the model in a bit different, but complementary
way. In the simplest approximation, for the interaction between Rydberg atoms given
by the power law €, ~ 1/R®, the average level shift ¢ is mainly determined by the
average distance Ry between two excited atoms € ~ Rj. This Ry can be related to the
excitation probability |c.|? because |c.|? ~ 1/pR3, where p is the density of atoms.
Combining these expressions we find for the average level shift to be € ~ |c.|*/%. For
the van der Walls interaction s = 6, thus € ~ |ce|*. One cannot use a single mean-
field shift of this form, according to the conclusion of the previous section, so working
with a distribution of mean-field shifts of this form is in some sense necessary. A good
estimate of Ry is difficult to make because, in € ~ 1/R§, relatively small errors in the
estimate of Ry may cause large deviations in the estimate of . An additional difficulty
is that Ry varies in time as the population of excited atoms builds up, so the estimate
of Ry has to be good at all times. The model also deals with the fact that assuming
the density of excited atoms p. to be uniform, causes the integral f0°° pCs/ RS to be
divergent. Always taking a region with only one excited atom could be understood as
a physical way to regularize this integral because the interactions are pair-wise and
apparently the contribution to the interaction energy from this region is minimal. This

approximation works even better for strong interactions because multiple excitations
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MOT excitation fraction (%)

Scaled irradiance = 0.187 MW/cm?
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Fig. 2.2: Density dependence of the n=80 Rydberg signal. The solid curve shows
the mean-field theoretical prediction

are additionally suppressed by interactions (if they do not change sign). Actually, this
mean-field model does take into account the possibility that even atoms at very short
distances can be excited (i.e. one just inside and one just outside the domain). These
situation corresponds to |y| = 1, for which the shift becomes divergent, as shown in
Fig. 2.1. The model is essentially constructed by assuming that there are already
many excited atoms and we want to excite some more. This picture is obviously not
right at very low p. because in this case only two-body effects are relevant. Even

though the model has the noninteractiing limit built in, it slightly overestimates the
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suppression at low p, [60]. However, for larger p. the suppressions obtained by the

model are very close to the results of full many-body calculations [60]. This is quite

surprising for a mean-field model.

MOT excitation fraction (%)

10 1.0 P 1.0
30p 30p .
94 o5 - S 05
8 80p . 70p
7. 0850 001 00z 003 0000 001 002 003
6 _ ""’Ol
5 -1 ,""/ 3Op
41 .,
5 70p .
2 - ,"" )
s o
4 # )
1 5 80p
0 T T T T T T v 1
0.0 0.1 0.2 0.3 04

Irradiance, scaled to n=30 (MW/cm2)

Fig. 2.3: Comparison of Rydberg excitation for the unblockaded (isolated atom) 30p

state and the blockaded 70p and 80p states at a peak density of 6.5 x 1010
cm™3, Irradiances are scaled by (n*/30*)3 to account for the n dependence
of the electric dipole transition probability. Insets show the region near the
origin with an expanded scale. The dashed line for n=30 is a least-squares
fit to the data, while the solid curves for n=70 and n=_80 are theoretical
predictions.

The measured excitation fraction for n=80 as a function of atomic density is shown in

Fig. 2.2 along with the prediction of the model. Just as for the irradiance dependence
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in Fig. 2.3, the data and the model agree quite well. Note that in the absence of
a blockade in Fig 2.2, one would expect a constant excitation fraction (here 6.4%)
instead of the rapid decrease observed.

The salient feature of Fig. 2.3 is the dramatic suppression of Rydberg excitation for
n="70 and 80 relative to the isolated atom (n=30) excitation curve. As expected, the
suppression is larger for n=80 due to its stronger vdW interaction, reaching a factor
of 6.4 at the highest intensities shown. The signal plotted is the fraction of the entire
MOT sample that is excited. For each n, the irradiance values are scaled to n=30 by
the factor (30*/n*)® in order to account for the decrease in transition strength with
increasing n. Here n*=n—4, and § = 2.6415 is the quantum defect for ps/, states [74].
For n=80, the maximum observed overall excitation fraction was 6.4 times smaller
than for isolated atom excitation, and the theory indicates the suppression reaches
a factor of 19 in the center of the MOT. Note that the n=30 saturation intensity
for isolated atoms, defined as that required for an unchirped 7-pulse in the center
of the beam, is 0.36 MW /cm2. With this irradiance scaling, the various n’s would
fall on a universal isolated atom excitation curve if the Rydberg levels were unshifted
by atomic interactions. This is seen to be the case for the very lowest intensities,
at which the Rydberg atoms are sufficiently sparse that interactions between them
are negligible. Using longer pulses, one can also measure the time dependence of the

excitation fraction [79)].
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2.3 Conclusion

I derived the form of nonlinear interactions in a simple mean-field model from the
required balance between the neregy of the optical field and the interaction energy
of excited atoms. I proposed a more advanced model to describe a local blockade
of Rydberg excitation observed in a macroscopic sample due to van der Walls inter-
actions. In this model, interaction energies were modeled by a distribution of mean
field shifts for which a distribution of excitation probabilities was calculated. The
dependence of the suppression of excitation on laser irradiance, atomic density, and
principal quantum numbers were in a good agreement with theoretical predictions

based on this model.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 3

Collective Behavior of Rydberg Excitation

We investigate the collective aspects of Rydberg excitation in ultracold mesoscopic
systems. At high principal quantum number n, the interactions between Rydberg
atoms are quite strong and they inhibit the excitation of many surrounding atoms
within a range of few yum. The atoms within this range are strongly correlated so that
a many-body treatment is, in general, needed. In [60] the many-body wave function
was calculated by numerically solving the Schrodinger equation. This type of analysis
can be important for quantum information applications [77] because precise control at
the quantum level is essential in these applications. Strong interactions can affect the
coherent manipulation of a large group of atoms so it is necessary to use a many-body
treatment to evaluate the fidelity of quantum information protocols.

We consider the time evolution of the system to be unitary and, therefore, it can be
reversed. The time evolution of Rydberg excitation has been experimentally reversed
by applying an ‘optical rotary echo’ technique [78]. Note that this assumption was
not true for the two-photon scheme used in the experiment [12] because, in the first

step, the excitation of the 5p state was saturated and the excitation time was much

64

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



65

longer than the lifetime of the 5p state.

We consider mesoscopic samples of ~10 pm diameter containing up to 100 ground-
state atoms which are excited by single photon transitions to high np Rydberg states.
We study in detail the dynamics of such systems, especially the possibility of many-
body Rabi oscillations of Rydberg excitation. It is plausible to investigate these
oscillations in smaller systems because one would not normally expect to achieve the
coherent manipulation of large groups of atoms. The many-body approach developed
in [60] is quite suitable for this analysis and we use it here. We only modify some

technical details on how to treat interactions in this approach.

3.1 Many-body effects in ultracold Rydberg systems and collective

oscillations

Although models may be very useful in explaining some important overall properties
of large strongly-interacting Rydberg systems, it is essential to include many-body
correlations in the study of many-body effects. In ultracold Rydberg systems, the
thermal motion of the atoms is greatly reduced so that in many situations it can be
completely ignored.

The idea of these collective oscillations can be explained as follows. If the interactions
between atoms are strong enough, all many-body states with two or more excited
atoms will be greatly shifted by these interactions and thus far-off resonance. Such

systems are effectively two-level systems because there are only two (collective) states
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that are populated: the ground state |G) = |g1g2...9n), Where all atoms are in the
atomic ground state |g;), and only one excited state |E) = 1/VN Y |g1..-€...gn)
where any, but only one, atom can be excited. On atomic resonance such two-level
systems are exactly solvable [76] and the solution, in terms of excitation probability
Py, is

Pexc(t)——sm (\/_ QF(t)) (3.1.1)

where QF'(t) is the pulse area and N is the number of atoms in the sample. Clearly,
the collective oscillations are much faster then the isolated-atom Rabi frequency §2.
The question is whether these fast oscillations can exist in systems which are big
enough that there can be several excited atoms, or alternatively with the interactions
not strong enough to fully blockade the system.

Because the atoms are ultracold, we ignore the effects of thermal motion during Ry-
dberg excitation in this analysis. We consider the following many-body Hamiltonian

of two-level atoms and Rydberg-Rydberg interactions (i = 1)

N

H=0Y o+ 33 (100 + FO5) + 3 mhdls  (012)

=1 i=1 =1,j>1i

where A is the frequency detuning and the interactions between Rydberg atoms are
given by &;;. This Hamiltonian was practically introduced in the previous chapter.
The second term in the Hamiltonian is the dipole operator representing the interaction
with the optical field. The function f(t) is the time evolution (envelope) of the laser
pulse. The non-trivial parts of the o-operators are defined as 6:'4; = |au) (G|, where

a, (3 reffer either to the ground state g or the excited state e.
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We can always eliminate the detuning from the previous Hamiltonian by the unitary
transformation exp (it AT ,6%,) H exp (—it AZY,6%,). In the remaining part of the
Hamiltonian, the only effect of this transformation is to replace f(t) by f(t) exp(itA).
This transformation can simplify the use of other approximations applied to solve
(3.1.2). We assume that it is always performed and there is no need to consider this
term explicitly. In fact, we set A = 0 in our simulation.

Since the dimensionality of the problem is 2V, which is a huge number for numerical
calculations with NV = 100, it is necessary to make some approximations. The idea of
local blockade is utilized here (more explanations can be found in [60]). We can group
atoms in such a way that the probability to have two or more excited atoms within
a group is practically zero. Such groups of atoms are often called superatoms. Each

“ »

superatom “i” is a two-level system described by two collective states |G;) and |E;).
In the next step, the actual many-body Hamiltonian is represented /approximated in
terms of these superatoms. For convenience we define new operators ok = |E;) (G|

and o4p = |E;) (E;|. In terms of the new operators, the interaction with the laser

field can be expressed as follows

4

> 2 ()6, + 1 ()6%) —

i=1

ﬂ(

MZ

F()6%c + F*(1)6%p) (3.1.3)

1

(%
1

because

\/N_Q

N
Z F)83,+£*(t)6,) |Gi) = f@),

where N, is the number of superatoms and N, is the number of atoms in a superatom.

730
1

The Rydberg interaction Vg,q between superatoms “i” and “j” in their excited states
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is

1 :
kij = (EiBj| Vrya |EiBj) = DD kg (3.1.4)

Gt p<N; ¢<N;

({8, ;)

In these sums, atoms “p” and “q” belong to different superatoms. The last formula
gives the prescription for how to introduce the interaction between superatoms. It
seems that the interaction between two superatoms in [60] was modeled using the
distance between their centers of mass. Equation (3.1.4) suggests that the superatom
interaction is rather defined by (k,,) instead of £((rp)). Using &((rpq)) tends to un-
derestimate the influence of interactions. The difference between these two ways can
be significant if x(r) depends strongly on 7, which is the case here. However, the
effect of such differences in interaction energies on the results of simulations is hard
to judge because thé largest K, do not contribute to the interactions between super-
atoms (explained later in the text) and because of the strong suppression of Rydberg
excitation. This k;;, as the relevant parameter to describe the interactions between
superatoms, should be preferably used in the process of the superatom formation as
well. These are the only modifications we make to the method [60]. Another useful
simplification comes from the suppression of Rydberg excitation. Namely, the number
of excited atoms is limited due to the blockade effect and there is no need to consider
many-body states with high numbers of excited atoms. To illustrate the size of the
problem after these steps, we note that for systems with twenty-three superatoms
and at most seven of them excited, there are about four hundred thousand excitation

amplitudes to solve.
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Fig. 3.1: The number of excited 70 ps/» atoms as a function of the pulse area for
square laser pulses (N = 70 and p = 10" cm™®). In (a) the pulse duration
was varied and in (b) the single-atom Rabi frequency. In both graphs the
dashed lines represent some particular random distributions of atoms, while
the solid lines are the average dependencies over 100 random arrangements
of atoms.
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To form superatoms we use the same recursion described in [60], except that the
largest k;; is our guidance in deciding which (super)atoms to group together. We use
the following recursion. We initially set the number of superatoms to be equal to the
number of atoms. After that, we start the recursion. In the first step, we calculate
the interactions between superatoms using Eq. (3.1.4). In the second step, we check
if the number of superatoms is equal to the desired number (chosen in advance) of
superatoms. If it is, the recursion is over, otherwise, we execute the third step. In this
step, we group superatoms corresponding to the largest |k,;|. Therefore, the number
of superatoms is reduced by one and thus we need to recalculate all k;;. This means

that the recursion cycle is initiated again.

3.2 Results and discussion

We consider mesoscopic samples of ~10 ym diameter containing up to 100 ground-
state atoms. It is assumed that 5s ground state rubidium atoms are excited by
one-photon transitions to 70ps;; Rydberg states. The positions of atoms within a
sample are randomly generated before the time evolution of the system takes place.
We typically consider samples of 70 atoms and density of 10*! cm~3. The only ex-
ception is the analysis of density fluctuations, shown in Fig 3.3, where the number
of atoms varies according to a Poissonian distribution. The effect of changing the
density is similar to changing the interaction strength, and so we can vary only one

of them. We vary the scaled interaction strength which is obtained as follows. From
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the Schrédinger equation i0y/0t = Hi, after the scaling t — t/7, @ — Qr and
kij — ki;jT, we conclude that the final excitation probability Pe. is a function of the
pulse area and the product ki;7 ~ k;;/T, i.e. Pexe = Pexc(27,k;;7). Here 7 is the
pulse duration (for a Gaussian it is the FWHM) and I" is the bandwidth. In our
simulations, the range of possible pulse areas (~ 7) is the same for all types of laser
pulses. Because the single-atom Rabi frequency Q is scaled by /N;, in the regime
where the correlations between atoms are significant, the many-body characteristics
of Rydberg excitation should be present at relatively small §2.

The effect of interactions can be amplified, not only by increasing k;;, but also 7.
Increasing 7 also means reducing the bandwidth (for ideal pulsgs). When, for some 7,
the interactions between nearest neighbors become comparable with the bandwidth,
the influence of interactions on the excitation dynamics should become noticeable. In
our simulations the interactions between atoms are given by k;; = Cs / Rfj. This type
of interactions is also supported by the experiment [25], in which the production of
ions in collision processes is consistent with the assumption of an attractive van der
Waals potential and a theoretical estimate of its magnitude. In the model presented
in [11], we calculated the effective vdW coefficient Cy to be 7Cs/60, where Cs is the
dispersion coefficient of the strongest np+np potential [52]. As explained previously,
this Cs is model-dependent. However, using this value we had a good agreement with
the experimental data and thus we use it in this calculation as well.

In Fig. 3.1, the time and omega dependencies of the excitation probability are shown
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for square laser pulses in panels (a) and (b), respectively. These two dependencies
are presented as functions of the pulse area. In both graphs the dashed curves corre-
spond to partiéular random distributions of atoms within the sample. The solid curves
are the average over the results obtained from one hundred random arrangement of
atoms. If we use fifty different placements instead of one hundred, the difference in
the average excitation probability is only about 1 %. The evaluation of the omega
dependence is much more demanding because for each value of Q2 we have to calculate
the corresponding time dependence first. Although excitation probabilities for par-
ticular random distributions of atoms clearly exhibit many-body oscillations, when
averaged over many distributions, these oscillations are significantly suppressed. Col-
lective oscillations presented in Fig. 3.3 are more pronounced because a much greater
scaled interaction strength is used.

In Fig. 3.2 the average time and omega dependencies of the excitation probability
for square and Gaussian pulses are presented. Here we show how different pulse
shapes affect Rydberg excitation. It is known that for resonant single-atom excitation,
the excitation probabilities depend only on the pulse area. However, from Py =
Pexc (01, kyij7), we see that varying the pulse area by changing 7 or € leads, in general,
to different results. Only in the limit of a full blockade, according to Eq. (3.1.1), does
P, again become a function of the pulse area only. The average time dependencies,
for both types of pulses, slowly decrease after reaching saturation (the first maximum).

This slow decrease can be explained by the reduction of the bandwidth I" for longer
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the pulse area for different types of laser pulses (N = 70 and p = 101

cm™2). In the absence of interactions all these dependencies should be the
same. In (a) the pulse duration was varied and in (b) the single-atom Rabi

frequency. Both solid lines correspond to square pulses and dashed lines
to Gaussian ones. This plot demonstrates that the excitation blockade is

a bit more efficient for Gaussian pulses.
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pulse durations, i.e. the blockading due to interactions becomes more effective. The
slow increase with omega, after reaching saturation, is expected to happen due to
higher laser power. This figure shows that the excitation probabilities for Gaussian
pulses are systematically lower than those for square pulses. This is also expected
because of the following somewhat oversimplified argument. From the point of view
of mean-field theory, the effect of interactions is a level shift, which can be expressed
as some effective detuning of the excited level. Ignoring the time dependence of such
level shifts, and in the first approximation, the probabilities are given by the Fourier
transform of the pulse envelope. However, the Fourier transform of a Gaussian is also
a Gaussian so that the Fourier components of a Gaussian vanish much faster for large
detunings than the corresponding Fourier components of a square pulse (which fall
off as ~ 1/A).

In the previous figures we have assumed the interactions between 70ps;; Rydberg
atoms and, for square pulses, pulse durations of 10 ns at most. However, the product
kij7 can still be significantly increased, either by going to higher principal quantum
numbers n (increasing k;; due to the n!! scaling of Cs) or using longer pulses. In
practice both ways should probably be used because for high n the diatomic energy
levels become very close to each other and the interactions at short internuclear
distances have complicated forms due to avoided crossings between potential curves.
However, increasing 7 also means decreasing I' so that the excitation of atoms at

shorter internuclear separations can be ignored and thus the van der Waals form of
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interaction can still be appropriate. Actually, the approximations in the superatom
approach are justifiable if such excitation can be ignored. In fact, the largest &,
have no influence on superatom interactions k;; because for such x,,, ideally, both
atoms p and g should belong to the same superatom. The simulation shown in Fig.
3.3 is obtained for the product k;;7 15 times larger than the value used in Figs. 3.1-
3.2. This would roughly correspond to the interactions between n = 90 Rydberg
atoms with the same bandwidth I". Both curves are obtained after averaging over
many random spatial distributions of atoms. The oscillations are obviously more
pronounced here than in Fig. 3.1-3.2. To see how robust these oscillations are against
density fluctuations, we varied the number of atoms in the sample according to a
Poissonian statistics. The dashed curves is obtained after this additional averaging
over density fluctuations.

In the first approximation, we can find an approximate parametrization of collective
oscillations as follows. From the fact that the initial excitation probabilities do not
depend on interactions, and the assumption that as soon as the interactions start to
dominate the process they quickly saturate the excitations, one readily derives the
following approximate formula

plimax) _ Niima) B Flimax?

exc N 4 )

(3.2.1)

where P& and N&™ are respectively the excitation probability and the number
of excited atoms at the first maximum of Py, and F(1ma%) ig the corresponding pulse

area. The last formula is just the excitation probability for isolated (noninteracting)
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Fig. 3.3: The time dependence of the number of excited atoms for the scaled inter-
action strengths k;; 15 times larger than those used in the other simulations
(Figs. 3.1 and 3.2). To check the robustness of the many-body oscillations
against density fluctuations, the number of atoms in the sample is varied
according to a Poissonian distribution. The solid curve is the dependence

for N = 70 and the dashed curve is the average dependence over density
fluctuations with (N) = 70.

atoms if the pulse area is small. We can use it because, initially, there are no excited
atoms and so there are no effects of interactions. In the next chapter we give a formal
proof (4.2.22) for this claim. The effects of interactions for small pulse areas F' are
proportional to F*. Depending on the strength of interactions, this saturation can be
achieved much faster than the one in single-atom processes. In terms of frequency,

the collective phenomena are faster than their counterparts in single-atom processes.
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Assuming that the phase ¢.on of collective oscillations can be simply characterized '
by some collective frequency con (i.e. @eon ~ Qeonn7), Where Qcop = af2, the scaling

parameter « can be obtained from the saturation condition
aFme) o o, (3.2.2)
Combining the last two equations one gets

| NG
ax \/g T (3.2.3)

To illustrate excitations in large samples with a significant excitation blockade, a

domain (or “bubble”) picture is often used. Each domain represents a region in

which there exists exactly one Rydberg atom. Denoting the number of atoms in a

domain by Np, then Np = NS /N, a = /7 /4/Np and

Qecon ~ \/g\/ NpSL. ' (3.2.4)

The factor /7 = 0.886... ~ 1 can (and probably should) be approximated by one
(because for Np = N, according to Eq. (3.1.1), Qcon = VNQ). We conclude that
it seems that +/Np is the scaling factor of collective oscillations. We can verify this
estimate by comparing with the numerical calculations shown in Fig. 3.2 and Fig.
3.3. Also, if the phase of collective oscillations can be really described by a simple
parameter Qo (or v/Np ), then the ratio of the pulse areas corresponding to the
second and the first maximum of P, should be three. The figures clearly show
that the actual many-body behavior is much more complicated, so we just want to

verify how much it deviates from the simple picture. For convenience, we define two

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



78

10——7——— 71— —T——— T
(a) Time dependence -
Q 0.9 —
O
c 4
8
0.8 -
> i
o
=2 0.7}
«
o L
o 0.6F square pulse  _|
_ - =« (Gaussian pulse J
1] B e ———_—
09l (b) Omega dependence a
]
=
@ 0.8 -
E —— '\_
> 0.7 3
o
2
% 0.6 -
c square pulse
0.5 - — - Gaussian pulse B

0. Lb | | | ]

0 0.2 0.4 0.6 0.8 1.0

2 2
F° (x 64 n/N)

Fig. 3.4: Therelative variance Anex./Anl,. of the number of excited Rydberg atoms
versus the square of the pulse area for the same parameters used in Figs.
3.1-3.2. The actual variance Aney is expressed using the calculated vari-
ance Anl ., obtained from P, assuming no correlation between excited
atoms. In (a) pulse duration was varied and in (b) the single-atom Rabi
frequency. Both solid lines correspond to square pulses and dashed lines
to Gaussian ones.
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parameters v = a/y/Np and 3 = F(@max) /p(imex) Interestingly, for all square pulse
results presented in Figs. 3.2 and 3.3, we find § = 2.5, while for the Gaussian pulses
in Fig. 3.2, 3 = 2.3. The parameter v varies more. For a square laser pulse in panels
(a) and (b) in Fig. 3.2, ~ is respectively 0.95, 0.84 and 1.07. For the Gaussian ones
in plots (a) and (b) in Fig. 3.2, v is 0.87 and 0.77.

Besides the many-body Rabi oscillations, there are other manifestations of correla-
tions between interacting excited atoms. One can study the fluctuations of the num-
ber of excited atoms. Without these correlations, the probability to have a certain
number of excited atoms is determined by the average excitation probability P and
the total number of atoms N. The probability P(nex) to get any number nee < N

of excited atoms is given by the Bernoulli formula

N
P(nexe) = Press(1 — P)N-nex, (3.2.5)

nexc

For a given excitation probability P, one can calculate the expected variance An,,
assuming no correlations, and then compare it with the actual Ane,,. We take the
relative size of these variances as the measure of these fluctuations. This procedure
can be done experimentally as well. In Fig. 3.4, we show the ratio Aney/Anl,
as a function of the pulse area. This ratio is smaller than one because there are
some restrictions on which combinations of excited atoms can be likely excited in
the presence of interactions. On the other hand, in the absence of correlations, all
combinations of excited atoms are equally probable. This figure also shows that after

reaching the minimum, the ratio Ane./An,,

. increases again due to decoherence.
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The experimental results [13] on counting statistics of somewhat larger samples than
we consider here do show the sub-Poissonian character of Rydberg excitation.

We have also calculated the spatial correlation function between the central atom and
other atoms in mesoscopic samples. For larger samples, this function was calculated
in [60]. They also found some interesting correlations if there is some frequency
chirp of the laser pulse. In the presence of chirp, there is a region of internuclear
separations R for which the correlation function is greater than one. In the absence
of chirp this region does not exist. We do not include any chirp in our simulations
because it is known that it destroys even the single-atom Rabi flopping. A delicate
point for calculating the correlation function is that what we really calculate is the
correlations beetwen superatoms and these superatoms are quite extended objects.
Their linear size is about one third of the sample radius. Averaging over many random
arrangements of atoms improves the determination of the correlation functions, but
we do not insist on having many points for this function (Fig. 3.5). In the supperatom
approach, the correlation function ¢(p, ¢) between any atom p belonging to superatom
i and any atom ¢ belonging to superatom j is the same for all p and ¢ and equal to the
correlation function C(i,j) between superatoms ¢ and j. In addition, ¢(p,q) = 0 for
atoms p and g belonging to the same superatom. This suggests that the correlation
function ¢(p, ¢) implicitly contains, in some sense, spatial averaging over the spatial

extension of a superatom. Since, on average, excitation probabilities P(¢) depend on
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Fig. 3.5: The correlation function between a central atom and other atoms versus
the distance between them for the same parameters used in Figs. 3.1-3.2.
This function is obtained by averaging over one hundred different random

placements of 70 atoms. This means that 6900 atom pairs are used to get
this dependence.

the atom’s location, the correlation function has to be

c(p,q) = %—5, (3.2.6)

where P(p,q) is the probability to excite simultaneously atoms p and g. In our case
one of atoms p and q is always a central atom. The correlation function averaged over
one hundred random positions of atoms is presented in Fig. 3.5. This figure shows
that there are almost no correlations (i.e. ¢(p,¢) ~ 1) between the central atom and

the atoms near the sample surface.
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Chapter 4

Many-Body Dynamics of Rydberg Excitation Using the

Q-Expansion

We have analyzed so far different approximate methods to compute the excitation
dynamics of “frozen gases”. In this chapter, we show how to obtain the {2-expansion,
where Q is the single atom Rabi frequency, of the most interesting physical quantities
relevant to Rydberg excitation in the interaction and Heisenberg pictures. First, we
expand the wavefunction in the interaction picture. For a square pulse, we give a
closed formula for any term in the expansion in any order. We will find an analogous
expansion in the Heisenberg picture. In this picture we expand the o-operators and

give recurrence relations to calculate any order of the expansion.

4.1 Q-Expansion in the interaction picture

We consider again a system of N ultracold two-level atoms for which the upper level
is a Rydberg state. We use the same Hamiltonian we have introduced for the so called
“frozen” gases. We assume strong interactions between Rydberg atoms and expect

many-body effects to occur.

82
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We start again with the many-body Hamiltonian of interacting two-level atoms

N N

= AZ& %Z V6%, + fr(t)6,) Z Ki62,67, (4.1.1)

i=1 i=1 i=1,j>i
Solving this Hamiltonian is trivial in two limits, when all x;; — oo and when all
k;—0. An arbitrary big ensemble of atoms in the limit of infinitely strong interactions
becomes fully blockaded. This means that there cannot be more than one excited
atom in the sample. Any many-body state with the number of excited atoms greater
than one would be infinitely shifted due to interactions and practically inaccessible
for any many-photon transitions. Such systems are effectively two-level systems,
with the collective ground state |G) = |g1g2...gn) and the collective excited state
|E) =1/V/NY|91---€i...gn). Consequently, the equivalent Hamiltonian H’ in the
limit k;;—o00 is

—a1B) @+ D2 (s 1B G+ FOIO E) . @12)

This is formally the Hamiltonian for isolated atoms, only the Rabi flopping is scaled

as VN. If the detuning A is zero and f(t) real, the solution is [76]
Poc(t) = |Ca(@)2 = —sm (\/_ QF(t)/2) (4.1.3)

where Cg is the excitation amplitude of the collective excited state and the pulse
area is QF(t) = Q ft f(t')dt', where t, is the initial time of laser excitation. The
last formula (4.1.3) has been discussed in the context of collective oscillations. Also,

approximate methods can be checked against this limit.
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We can solve the equations of motion by expanding ¥ or o-operators in powers of
Q. It is remarkable that, in principle, all terms in the expansion can be calculated
exactly. In this sense, the Hamiltonian (4.1.1) is exactly solvable. Actually, we can
find the Q-expansion of any relevant quantity we want. In this section we calculate
the wavefunction of the system and its expansion in the interaction picture. It follows
from Eq. (4.1.3) that the expansion is well defined and convergent in the limit x;;—00.
Clearly, it is also fine for isolated atoms (the limit x,;—0), so we expect that it is
well defined and convergent for arbitrarily strong interactions. It may be interesting
to show how it works in the Heisenberg picture since the evolution of the o-operators
is nonlinear in this picture. We show this in the following section.

The usual problem with a many-body Hamiltonian is that the nonlinear part con-

N
taining interactions is very difficult to solve. Here the nonlinear part Hp = A Y 6%, +
i=1

N . .
)" ki;0L.07, is exactly solvable. This Hamiltonian cannot change the number of

i=1,7>i

excited atoms and thus any pure collective state with a fixed number of excited atoms
is an eigenstate of Hy. This is essentially the reason that allows calculating any term
in the Q-expansion. Moreover, for a square laser pulse, all terms are expressed in a
closed form.

To simplify the treatment, we assume that f(t) is real, and we identify A with the

diagonal interaction terms x; = A. We also use only dimensionless variables ¢/T — t,

HT — H, w = QT and k;; = k;;T, where T is a pulse duration. It is convenient to
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factorize the wave function as follows

[B(t)) = e (o) +wlpr(t)) + w? [a(t) +..). (4.1.4)

The state |@p) is the initial state and it is actually time-independent. It satisfies
(iZ — H,) exp(—iHot) o) = 0. The conditions that [1(t)) satisfies the Schrédinger

equation is equivalent to the following set of equations (for p > 1).

) N .
in |s0p>= (t)eHor " (6%, + 6%,) e 0% oy 1)
=1

§f(t)U(t) lp-1) 5 (4.1.5)

where the operator U(t) is introduced for convenience. This expression describes the
evolution of states in the interaction picture. The form U(t) can be simplified using

the commutation relations of the g-operators.

~ _ ; s :
zHota_z e iHot eank”o“ng, (416)

eiH°t&;ee_"H°t = a;ee”“zi kigole (4.1.7)
The integral form of (4.1.5) is more useful

(o0 = 5 [ dnf U)oy (4.18)

t

_ (-?) / df Ut /dt V) .. [ dtpf ) U(t) o).

to
For simplicity we assume that |¢p) is the ground state |G).
The evaluation of the integrals (4.1.8) is greatly simplified by the fact that H, is

exactly solvable. Its eigenstates are all pure states [ij...s) = 6%,8%,...65,]G). To
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avoid having too many indices, the following convention is used. In an arbitrary basis

state, we numerate all excited states |n) from 1 to n so that |n) = 6.,62...67%,|G).
This should not cause confusion because we always consider only one |n) at a time. If
n) is an eigenstate of Hy, than 67, |n) (and &, |n)) is also an eigenstate of Hy so that
U'(t) |n) = exp(iHot)d* exp(—iHot) |n) = exp(ic;t)d* |n), where 6° is 6%,(6%,) and € is
directly proportional to the interaction energy of an atom being excited(de-excited).
This feature is essential for calculating accurately |¢,) and its components (n|p,).
Note that |¢p) contains only |p), [p—2),... states.

First we calculate (p|y,) for an arbitrary |p). Since the operators U(t) in (4.1.8)
are just the sums of U;(t) (and U;(¢)), the only non-vanishing terms contributing to
(nlp,) are ~ (p| et .. e=trsTM | 67 |og), where  is a permutation of indices
(1,2...,p) and interaction energies are

E; = Z kj-;r—l(i)-
J#ETH(1),.., w1 (i—1)

The meaning of this expression is the following. There are p! ways to excite state |p).
Each way corresponds to a certain permutation of atoms (1,2...,p). The intermedi-
ate values g; of the interaction energy of the atoms that have been excited depends,
of course, on which atoms are temporally excited and so depends on the permutation
m. Consequently, the amplitudes of excitation c) corresponding to different ways of

exciting |p) are different and to get (p|p,) we have to sum over all permutations

{plep) = (;)p > o, (4.1.9)

™
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where C® is given by

tp—1

¢ t _
C7(rp) :/dtlf(tl)eisltl dtgf(t2)€i€2t2 . dtpf(tp)ezsptp. (4110)
to

to to
For square pulses, f(t;) = 1 (we set t; = 0), all C®) can be expressed in a closed
form; it is therefore interesting to analyze this case in detail. From the last equation it
follows that C) can be characterized by its set of interaction energies C¥) = C). pe
By rearranging the integrals in (4.1.10), one can find the following interesting relation

for any 2<q<p

g,) o /dt ezantqc(q l)e., (t=tq )Cgﬂq’) ,ep(tq)’ (4.1.11)
where e;1; = >.7_,&,. For p=1, we have Cél)(t) = fot dt; €' = i[1 — exp(ict)] /.

Using repeatedly the simple formula fot dt, eialtlc’e(l)(tl) =1 [Cé,l )(t) C’éi)e,( )] /€,

the integral (4.1.10) for square pulses can be found to be

1)3 1
o = c 4.1.12
sz; P, 1P (s+1)1 Ceie ( )

where Py = [[;_; €its, Poy = [ ]}, €1: With the additional definitions Py = Py =
1. It is obvious that all (p > 2|¢,) vanish in the limit k;;—o0, as expected. Because all
g; include the detuning, they are in general different from zero, but from Eq. (4.1.10)

[13344

it is clear that C are well defined even if for some “i g;0.

The next step is to find (p—2|¢,) for an arbitrary |p—2) = 61,62, ...6%,%|G). In this
case we need to consider all permutations 7*(1,...,p) of the o-operators in the prod-
uct 87, ... 6525065, where s # (1,...,p—2). Since (p—2...6%)...6...=0
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K

(atom “s” cannot deexcite if it has not been excited first), nonvanishing contribu-
tions come only from the permutations for which &_f,‘i) precedes 653;). In other words,
7*(1,...,p) are all permutations 7(1,...,p) satisfying 7(p — 1) < w(p). Collecting all
contributions to (p—2|¢pp), one obtains
—N\P
(p—2|p) = (-2-) > > (4.1.13)
8#(1yyp-2) T

Most C,(r’i) are also determined by Eq. (4.1.12), however this formula cannot be
applied directly for p—1 sets of amplitudes. If the permutation m}(1,...,p) leaves the
operators &éi) and 6% adjacent, i.e. m(p)=m;(p—1)+1=4¢,¢=2,...p, then the
energies £, and &, satisfy £,_1+¢,=¢(4_1)1,=0. The energy £, has opposite sign
because it originates from Usf(t), not U;(t) like other &;. Since the products Py
and P, contain £(,_1)14 as a factor, there are two terms in Eq. (4.1.12) whose limits

have to be determined when £(4_1);4—0. Instead of finding these limits we transform

C,(r? using the following recurrence formula

o _ o ) (4.1.14)
Eq

€15.5Ep cs€q—1,Eq+Eq+1,Eq+25--- Eq 001€q-2,€q1HEq,Eq 41,00

which is obtained using integration by parts. If €(4_1y74=0, the second term in (4.1.14)
needs to be determined. It is a simple task because the limit of (4.1.12) can be easily

found when any €;—0. A compact formula for this limit (for ¢ > 1) directly follows
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from Eq. (4.1.14) using the following transformation

c® =gk _ A _
€1y..sEp —5 cy€q—11EqFEG+1,Eq+2see- Eq eyEq2yEq—1FEq Eq+1yeee
i (r-1) (p1) 4.1.15
g; (O...,eq_1,eq+5q+1,sq+2,... - C...,sq_1,eq+1,... ( L )
2w _ Y
€ cy€q—2,Eq—1+Eq,Eq+1yeee vsEq—1,Eqt1yees ] ?
q

which in the limit £,—0 gives

c®

€1y0.04Ep

. 0 F;) ~
q=0 =1 ( - ) Ce(f,...l,z-‘q—l,sq+1,...,e,,- (4.1.16)

Ocgt1  Oggy

For g=1 the analog of (4.1.16) is C®) . | = (t+48/8e;)CE Y,. The comparison

e1=0

of this formula and the limit of (4.1.12) when ;—0 gives the new relation

P -1/ 1)s—1
i

4.1.17
Py Plss1)y ( )

s=1
Although this formula is derived for £; =0, it is actually true for any set of energies
€1,...,Ep. Other components (p—4|p,), (p—6|pp), ...can be calculated in a similar
fashion.

Calculating P.. up to w? is not very difficult in any of the two picture we consider.
Higher orders are much more challenging. It is extremely difficult to evaluate higher
orders in the Heisenberg picture because there are many more terms to calculate.
The reason is essentially that the expectation values of the o-operators are quadratic
functions of excitation amplitudes, which are themselves polynomial functions of w.
In the next section we present the Q2-expansion in the the Heisenberg picture and give

some concrete results of this approach.
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4.2 Q-Expansion in the Heisenberg picture

The evolution of the o-operators in the Heisenberg picture, governed by Hamiltonian

(4.1.1),is given by the following equations

d&ie Q Al * ~d
? = ZE [f(t)aeg - f (t)age] ’ (421)
dé? Q
eg — ~d
I = 1AG, +z§f (t) [2 +’LZKM g0l - (4.2.2)

J#i

These equations can be slightly simplified by removing the A term using new scaled

(dimensionless) variables

At ~ f
= Oegs

T = t/T, W = QT, 0= AT, ki]' = K@jT

~J =1
Geg€

where T is the pulse duration. The equations for the new o-operators can then be

rewritten as

d&ie W Al * At

d_T = 7‘5 [g(T)Ueg —-4g (T)Uge] ) (423)
dély  w .
d:" = igg(t ) [26%, — 1] +4  kyoi 6l (4.2.4)

J#i

where g(7) = f(70)e".

We solve the equations of motion by expanding the o-operators in power of w.

&, = 6" L wgt) 4 w261 D 4 (4.2.5)
i, =640 + woi 4 261D 4 (4.2.6)
The w-expansion of (6%,(r)) ((6%,(r))) contains only even (odd) power of w if all

the atoms are initially in their ground state. This statement is not true for arbitrary
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initial conditions or for the o-operators themselves. This can be shown as follows.

Assume that instead of |g) and |e) we use |¢') and |¢’) defined as
|g/) = %o |g> , Ie/) = i¥e Ie) , (4.2.7)

where the constant phase factors satisfy ¢, — ¢, = 7. This defines new operators
Geer and Gog. It follows from the definitions of these operators that, for any 7 and

w, the following relations have to be satisfied

Ferer (T,w) = Gee(T,w), Gerg (T, w) = —8eg(T,w), (4.2.8)
which gives
(a'E’e’ (T’ w» = <0A'ee(7-’ w))? (5'6’9'(7.7 w)) = '_(&EQ(T’ w» (4'2'9)

Similarly to Egs. (4.2.3)-(4.2.4), we can write analogous evolution equations for
the new operators Gy and Goy. We can also write Eqs. (4.2.3)-(4.2.4) for the
opposite sign of omega w — —w. However, after the substitution ' = —w, the time
evolution of the expectation values (Ge.(t,w)) and (G¢4(¢, w)), and the time evolution
of (Gerer(t,w')) and (Geq(t,w')) are given by the same differential equations. Since

the initial conditions are the same, the solutions have to be the same as well

<&63(7-7w)> = (a'e’e’(T’ w’» = (68’6’(7-’ _w»v

(4.2.10)
(Oeg (T, w)) = (Berg'(1,0)) = (Berg (T, —))-
Combining Eq.(4.2.9) and Eq.(4.2.10) we conclude
(Gee(T,w)) = (Gee(T, —w)),
(4.2.11)

(Oeg(T; W) = —(Geg (T, —w))-
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Therefore, if all the atoms are initially in the ground state, (F..(t,w)) is an even
function of w and (6.,(t,w)) is odd. All these symmetry properties can be checked
against the explicit formulae below.

According to Eqgs. (4.2.3)-(4.2.4), the differential equations for oii" ) and ol are

o 1 rin it
- =3 [9(r)&i=1) — g* (7)1, (4.2.12)
~i(n) *
dZeg — g 2(t) (2Az(n—1) _|_ i Z k;; Z 6.1(p)a,g(n—p) +1q Z k a.z(n)o.ggo),
T J#i p=0 J#i
(4.2.13)

where &, is the Kronecker delta function. To start the recurrence procedure, we need
the initial operators &%) and ”(0). They are derived from Eqs. (4.2.3)-(4.2.4) for

w=20
5O(r) = 610(n), GiN(T) = GED (r)e I Bt (42.14)

where 73 is the initial time.

The equivalent integral form of Eq. (4.2.12) is
5 (7 / dry [g(m)3i0D () — ¢*(m)Bi0=V ()] . (42.15)

We get an equivalent integral form of Eq. (4.2.13) in two steps. After multiplying

this equation by exp(—ir Z k,-j&ﬁé")), grouping terms with ae(g") and utilizing the
#i

time independence of 530 ), another differential equation is obtained

—ir 3 kipil0
i a'z(n)e .gé:t i —
dr \ ¥
iy kis29

« n—1 _
{zg (T]-) (2Az(n 1) 1) + 7/ Z k” Z a.;(;’)a-ggn"P) e s#i

2 J#i p=0

(4.2.16)
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The corresponding integral equation is

~i(n g (T A~ i(n—
o) = [ an 15 2ot (r) - )
T0

n—1 . 2(0)
. N il —i{r—-11) E kisGee
+i Y ki Y 6P ()81 P (n) | e *

j#i p=0

In our approach the recurrence relations (4.2.15) and (4.2.17) provide the way of

calculating any order of the expansions. To calculate aeg ), one needs to calculate

654 first. What we really want is the expectation values of the o-operators, especially

i(n)

(6%.). With the help of the recurrence relations, we express Gee in) |

and & ae in terms of

63 and o) () Since we can easily find the expectation values of any product of 630
and 6‘55(,0), in principle, we can find exactly any term in the expansions (4.2.5)-(4.2.6).

In our calculation, we assume that all atoms are initially in the ground state. Con-

sequently, the following expectation values are necessarily equal to zero for any atom

<Az(0)”>=<_ Az(0)> <Az(0) >=<___a§g°)>—_~0, (4.2.18)

Since in the Heisenberg picture the wave function is time-independent, the average

() can go through integrals contained in the recurrence relations. We find a new

recurrence relation for <aeg")> after substituting expression (4.2.17), for 6271 into
Eq. (4.2.15)
6_1(11)(7- > /dﬁ o — 2<0.z(n 2)(7. /dr g(m1)g* (7'2)1'9 (11)g(72)
(4.2.19)

- Ekza ZRG /d’rl (5% (”)(7- )ain—p) (7 1) F(7) _2 F(n) ,

J#i p=0

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



94

where F(7) = f dr'g(7"). For n = 2, this equation, together with expressions (4.2.18),

T0

leads to

M(z) /dTl/deg(Tl (72) (Tl)g(7-2). (4.2.20)

For any symmetric function G (Tl, 7'2) = G(7p, 11), the following relation is true (if the

integrals exist)

/dn/d’sz Tl,T2 /dTI/dea(Tl,Tz /dTl/dea 7'1,7'2 (4221)

Using this property we get instantly the final formula for < "(2)( )>
2
(6X0(r)) = )l (4.2.22)

The last relation shows that the effects of interactions comes through higher orders
than n = 2. This, of course, would not be true if the initial conditions were different.
In the beginning there are no excited atoms and so there are no effects due to in-
teractions. For these initial conditions, the excitation always starts as isolated atom
excitation. Calculating < o )(T)> takes more effort, so we split all its contributions,

given by Eq. (4.2.19), into three parts
(6"D(1)) = ~Lyy — Inp — Iz . (4.2.23)

The integrals are defined as follows

Iy = /d7'1 <a’(2)(7'1)>/dr 9(r)g" (7-2)‘59 (71)9(7'2),

J#i

Iyg = Zk,JRe [/ dTl/dng(TQ) <0‘(1) 71)07(2) 7‘1)>] , (4.2.24)
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J# ] T1

The integral Ij; can be calculated easily since <62§2) (T)> is given by Eq. (4.2.22).

After integration over 75, we obtain

In = 7R | [ dnlF(r)P o(r) (F(7) = F(r)

0 (4.2.26)

[F(n)l*

=5 - %Re [F(T)/dﬁg*(ﬁ)ﬁ(ﬁ)} :

Only I5 and I3 include interactions. The calculation procedure is to apply Egs.

(4.2.15) and (4.2.17) repeatedly until the only operators left are &i(;’) and &i&"% whose

expectation values are trivial to calculate.

The result for Iy, is

T

Iy = Z fgz /d7'1 |F(r)|? (F(T)F*(7y) — F*(1)F (7)) . (4.2.27)

J#i e

This term is zero on resonance. Actually, this integral is canceled out by one of the
I3 terms, so there is no need to consider it in detail.

It is convenient to have k;; in the exponential (phase) factors only. This can be done
for the sum Zy = Ijo + I43. After several partial integrations, the simplified form of

I4 is

1 T
T=3 ; Re / drig(r) (F(r)—2F(r))
’ 0 (4.2.28)

X /deg*(TQ)F*(TQ) (ei(rl"”)kij —1)

For a system of N atoms, one just needs to calculate these integrals for given k;;.
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The dérived expressions for Iy; and 7, are formally sufficient but they might not be
very convenient in the limit of a large number of atoms /N, where we replace the
sum E#i by the integral [ pd®R, where p is the atom density. It can be shown
by direct calculation, for the terms we explicitely consider in the expansion, this
replacement is equivalent to averaging over all posible spatial distribution of atoms.
For a large sample and an arbitrary pulse shape, a better way is to first find the sum
in Eq. (4.2.29) (i.e. the integral [ pd®R). As an example, we give the result for the
excitation probabilities in large systems (surface effects are ignored) with uniform
densities. For simplicity, we assume that the system is on resonance. The last form
of Iyp + I3 is very convenient to account for any angular dependence of k;;. For large

homogeneous systems and k;; ~ C,/R®, we obtain

T, = A p (C.T)*Re / dry f(m) (F(r)—2F (ry))
o (4.2.29)

x / drag* (1) F* () (11 — 12)* (1 — i sgn(Ci)) | ,

70

where ) is a parameter which depends on the spatial integral [ d®R p (/i —1),
For resonant excitation and real f(t), the ensemble averaged expansion of excitation
probabilities is

2 I 7 aey 12
- - /8) —_

P = T (4.2.30)

where Ig, is the saturation laser intensity (for isolated atoms) and T is the pulse
duration. For s = 6 we have the van der Waals interactions and for s = 3 the dipole-

dipole interactions. The values of the parameter «y in various cases of laser pulses
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and interactions are presented in Table 4.1. We note that the parameter y for the
angular dependent dipole-dipole interactions (with aligned dipole moments) V(R) =
%?; (1 — cos?d) is v = 4v'/3v/3, where ' corresponds to the isotropic interaction
Us/R3.

These formulae have the first contributions of interactions to excitation probabilities.
Note that we never assumed that the interactions were weak. Actually Eq. (4.2.29)
is consistent with the limit k;; — oo for any 4, j. In this limit, there is no contribution
from the exponential terms since they oscillate infinitely fast. The remaining part
reproduces exactly what one gets when the exact solution (4.1.3) in the limit k;; — oo
is expanded.

One can use Eq. (4.2.30) to find the first approximation to the suppression of excita-
tion, i.e. Np introduced in the previous chapter. For large systems, I assume this Np
refers only to the suppression factor. The collective oscillations in large systems have
not been seen in the experiments [11-13], and the simulation {60} does not support it.
Our calculation presented in the previous chapter also suggests that these oscillations
are hard to observe in disordered systems unless the system is almost fully blockaded.
Table 4.1: The parameter v in the expansion (4.2.30) of excitation probabilities for

various interaction potentials and excitation pulses. The pulse envelope
for a Gaussian pulse is g(7) = ™™ and for a rectangular one is g(7) =

(1l — 7).
v Cs/R? Y% (1 — 3cos’ ) Cs/R®
Gauss. pulse 32.1138 24.7212 10.8627
‘ll'd 7‘.3 ,”2
Square pulse C e 1287
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4.3 Conclusion

I have shown that the equations of motion can be solved by expanding the wavefunc-
tion |¢) or the o-operators in powers of 2. For square pulses, I have derived a closed
formula for the terms in the expansion of many-body excitation amplitudes. Since
this expansion is exact, it can also be used to test approximate methods. We derived
the first two terms in the omega expansion of excitation probabilities for homogeneous
systems with dipole-dipole and van der Waals interactions for square and Gaussian

pulses.
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Appendix A

Asymptotic Molecular States and the Dispersion Expansion

A.1 Asymptotic form of molecular states in Hund’s case (a)

Since we only consider nonrotating molecules, there is no significant difference be-
tween Hund’s ce;se (a) and (b). The good quantum numbers are the projection A of
the total electronic orbital angular momentum along the internuclear axis, the value
S of the total electronic spin angular momentum and its projection X. In this section,
we construct symmetrized asymptotic molecular states with the spin state |S) factor-
ized out. A similar procedure was used in [80]. Assuming that atomic fine structure
can be ignored, at least initially, such states are convenient to use for a molecular
basis because Rydberg-Rydberg interactions are spin independent. The effects of
atomic fine structure can be accounted for retroactively, if it needed. However, if
the atomic fine-structure splitting is comparable with the energy separation between
nearby nf + n'¢’ asymptotes, this is not a good choice for a molecular basis, as ex-
plained in Chapter 1. We assume that atoms have only one valence electron, and so

the following constructions of molecular states is appropriate for alkali elements. In

99
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addition, we consider the case of nonoverlapping electronic distributions. This means
that the probability that both electrons are located around the same atom is negli-

a(b)

ném

gible. In the asymptotic region, we use atomic states ¢, (r), where a(b) indicates
the ion core and r is the position of the surrounding valence electron relative to the
corresponding ion core. The general asymptotic form of the electronic wave function

is

"p = [ClSogblzlml (rl)sofwlg(/\—'ml)(r2) + 0299177»1e1m1 (rl)(p'razzfz(/\*‘rnl)(r2)+

(A.1.1)
c3sog’lglg(A—m1)(r1)(P'Ir)L1e1m1 (r2) + 0480'?‘51222(1\—7711)(1‘1)80‘:1.1&?711 (rz)] |S> .
Under the exchange of the electrons ¢ must be antisymmetric, i.e. Pyp9) = —%. The
spin state |S) is symmetric under Py if S = 1 and antisymmetric if $ =0
—~ 9 = 0 [c108 01y (C2) s () (T1) + €205, (£2) P00t (A—me) (F1)
(A.1.2)
+ C3W22e2(A—m1)(r2)9021z1m1 (r1) + 04901:1,2[2(B;A—m1)(r2)90(:uélm1 (r0)] 15),
where o = (—1)5*!. Comparing Egs. (A.1.1) and (A.1.2) we find
Cq = (—1)501, C3 = (—1)502. (A13)
Now Eq. (A.1.1) can be rewritten as
110 = [cl ((101('11111m1 (r1)¢%252(A—m1)(r2) + USOELQZQ(A—ml)(rl)SD'Iaullml (rg)) + (A 1 4)

Co (‘P?Llelm1 (r1 )So'ralzlg (A—-mq) (r2) + 0'80:;252 (A—my) (rl ) Sogullml (r2)) ] |S> .

The inversion symmetry i, by definition, operates only in the orbital part of the
molecular state. Gerade (ungerade) states are symmetric (antisymmetric) under this
operation. This operation transfers a single electronic state located around one nu-

cleus to the same state located around the other nucleus but with inversion of all the
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coordinates

TN b b a —
@[‘Pnlelml(rl)‘Pngez(A—ml)(m)] = Sonlglml(‘rl)‘Pnzez(A;A—ml)(_m) = (A15)

(— 1)n1e1+n2£2 Sofnllml (rl )SOZsz(A—ml) (rz)

The effect of ¢ on 9 is

i = (=1)4%%[cy (0}, tymy (11)Phntn Ay (T2) + 0 OB o (Aih ) (T1)Pstmy (T2))
&1 (wzlzlml (rl)‘Pzzez(A—ml)(m) +0 soﬁzzzwm-ml)(rx)soileml (r21))]|5)-
(A.1.6)
To satisfy the symmetry condition it = py, where p is the eigenvalue of ¢, we have

to impose

cp = p(=1)4*%¢;. (A.1.7)
The symmetrized form of asymptotic molecular states is

v=a [(Pfllelml(r1)90z2@2(/\_m1)(1'2) + pa(_l)ll+e2wgue2(1\—m1)(rl)spguflml (r2)+

£y1+42

p(— 1)81 th (@Zlelml (rl)szez(A-ml) (r9) 4+ po(—1) @Zzeg(A—ml) (r1)Pnieym: (r2))] |S).

(A.1.8)
For homonuclear diatomic molecules the last two terms are physically the same as
the first two terms so their contribution to the molecular potentials are also the same.
There are no mutual contributions of these two pairs in any order of perturbation
theory because the electronic distributions of electrons 1 and 2 are non-overlapping.
This means that without losing any generality we can keep only one of these pairs as

the asymptotic form of the molecular wave function for a given symmetry. Dropping
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the spin part, we can write the symmetric form of the molecular state as follows

1 a a
¢ = E [(Pn1€1m1 (r1)¢Z2€2(A—m1)(r2) + /B(pnzez(l\—ml) (rl)so'lr’u&ml (rz)] . (A]‘g)

where 8 = po(—1)%+%, States with A = 0 will be characterized additionally with the

eigenvalue of the reflection operator 6.

A.2 Asymptotic form of molecular states in Hund’s case (c)

This symmetrization is similar to the previous one but the good quantum number
here is the projection of the total electronic angular momentum L + S along the
molecular axis. We construct the asymptotic basis using atomic ¢n;,(r) functions.
Because of £s-coupling, atomic functions are also described by the quantum number
£, but we omit this in our notation. This information will be important wjen we apply
the inversion operator i. Assuming nonoverlapping electronic distributions, we start

with the general asymptotic form of the electronic wave function

¢ =clwgllj1m1 (r1)9022j2(ﬂ.4m1)(r2) + 0250711j1m1 (rz)SOZQjQ(ﬂ—ml)(rl)

(A.2.1)
c3sogtlj1m1 (rl)soglgjg(ﬂ—ml)(rz) + C4(,0£Jllj1m1 (rl)(PZQjQ(Ml)(r?)'
This ¢ must be antisymmetric under the exchange of electrons Pyt = —1.
- =01<P?L1 J1ima (r2)¢22j2(9—m1) (r1) + C29031j1m1 (rl)‘waa‘e(ﬂ—ml) (r2)
(A2.2)
c3(p'lr)11j1m1 (r2)wz2j2(9—'m1) (rl) + c4sozlj1m1 (r2)(pgz,2j2(ﬂ—/m1) (rl)'
Comparing Egs. (1.1) and (1.2) we find
c = —cy, c3 = —cy. (A.2.3)
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Now 1 reads

¥ =c (Sogujlml (rl)()p%m(n_ml)(rz) - 90$;1j1m1 (r2)30?12j2(ﬂ-—m1)(r1)) + (A2 4)

C4 (()0?11]'1?%1 (r2)§0;2]~2(n_m1)(r1) - ¢£)21j1m1 (r1)¢gl.2j2(ﬂ—7n1)(r2)) .

There is no essential difference in the action of the inversion transformation ¢ on the

new asymptotic states

i[so‘él,-lml (rl)Sszzjz(Q—ml)(m)] = ("1)&”29021,'1"11(r1)90f12j2(9—m1)(1'2) (A.2.5)
From the symmetry condition i3 = py we derive
cs = —p(—1)i+lecy, (A.2.6)
The symmetrized form of asymptotic molecular states is

V=0 [90?113'1"11 (rl)wzzjz(ﬂ—?nl)(w) - p(_1)21+22¢22j2(9—m1)(rl)(pzljﬂm (ro)+

£1+4o

p(—1)£1+22 (‘lejlml (rl)sogbgjz(ﬂ—ml) (rg) - p(_ 1) Sogszz(ﬂ——ml) (rl)(p?ujlml (r2))] .

(A.2.7)

For the same reason as before, the last two terms are physically the same as the
first two terms so their contributions to the molecular potentials are also the same.
Consequently, we can keep only one of these pairs as the asymptotic form of the

molecular wave function for a given symmetry.

1 a a
= 75 \Pryjima \F1 5)123‘2(9—"11) 2) T P\T ftt ngj2(Q-ma)\ 11 £711.7'17n1 2
P ﬁ(so (r1)e (r2) — p(—-1)4¥2y (£1)Ph, j1my (T2))

(A.2.8)
States with 2 = 0 will be characterized additionally with the eigenvalue of the reflec-

tion operator &.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



104

A.3 Expressions for C coeflicients

In order to obtain the expressions for the C coeflicients, perturbation theory is applied.
The interaction potential V'(ry, rs) out of equation (1.2.1) is taken as perturbation to
H, which is the Hamiltonian of a noninteracting atom pair. The total Hamiltonian
H has the following form

H= Ho + V(I‘l, 1'2). (A31)

As unperturbed zero-order molecular wave functions, the asymptotic expressions
(1.1.1) of the preceding sections are used. The first order energy shift for nonde-
generate states is obtained by calculating the expectation values of V' defined in

equation (1.2.1) with respect to the selected state and is

AED — <n1Z1,m1 Aa,p‘ 1%

nzez,’rn?’

i, Agip), (A3.2)

nzfla,mo?

where

|n1£1m1 = |n1€1m1) I’nzezmg) . (A33)

nalyms
Due to symmetry, A, ¢ and p are good quantum numbers. If R > Ry the electron
wave functions for each atom do not overlap so that mutual terms between the first
square bracket and the second square bracket of equation (A.1.8) are zero. Addi-
tionally perturbation terms evaluated for the first square bracket are the same as for
the second square bracket since the only difference in the states is a permutation of

the position vectors of the two nuclei. As a consequence, the expressions for the un-

perturbed zero-order wavefunction are further simplified by using only the properly
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normalized first square bracket Eq. (A17). This greatly simplifies the evaluation and

therefore Eq. (A.3.2) can be rewritten as

l n1€1m11 + 0']9 1)Z1+Z2 n252m2|] 174 [|"121m1> + ap(_1)21+lz ln2[2m2>] , (A34)

2 nalamsa nibymy naloms nifimy

with A = my + my. From Eq. (A.3.4) we can see a two-fold degeneracy between
singlet gerade and tripled ungerade and between singlet ungerade and tripled gerade
as the Hamiltonian (A.3.1) is spin independent and the matrix elements depend only
on the product op. This degeneracy is removed at shorter distances for which the
electronic wavefunctions overlap. For such distances the mutual contributions of the
two square brackets in (A.1.8) are not negligible.

In the long-range region the interaction matrix elements of V;; have the following

form
L
mhmy |y nibimy L) 4 bl ||rt||nuly ) (nhls||r ||ngl
<n'2e'2m |n2e2m2> 2€—|—1)(2L+1)< 16117" I 1>< 2£o| || In2 2> (A35)
€+L £+L o
Z\/ Hm )(E’lm’lllemII&mﬂ( 5 [Vim|zma)

where (n'¢'||r*||nf) is the radial matrix element of r*. The matrix elements of the

spherical harmonics expressed in terms of 3j-symbols are

7
(| Yiae 16m) =(_I)m,\/(ze +1)(2L +1)(2¢ + 1)
4r
el L e el L e (A.3.6)
X .
0 00 -m' M m
For degenerate zero-order molecular states |A, ), where i = 1,2,..., degenerate per-

turbation theory has to be applied. In order to find the right eigenvectors, the matrix
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V© with elements Vij(o) = (A,i|V|A, j) has to be diagonalized. The eigenvalues are
the first-order energy shifts and the eigenvectors are the zero-order basis states.

In the first-order of perturbation theory, the Cs coefficients originate from the quadrupole
interactions. Consequently, the ns-ns potentials cannot have this dispersion term ac-
cording to the quadrupole selection rules. Some of the nd-nd symmetries have also a
Cy coefficient arising from the first-order correction to the energy. The determination
of Cs and C, coefficients, as well as the higher order corrections, is facing additional
difficulties because even the zeroth-order wavefunctions depend on the internuclear
distance R if the C7 does not vanish. In order to obtain the Cy and Cy for those states
one should diagonalize the matrix of the first-order correction to the energy and then

expand its eigenvalues in powers of 1/R. The matrix is of the following type
R73(My + R™2M,), (A3.7)

where Eq. (A.3.7) represent (1.2.1) in the set of the degenerate asymptotic states.
The C5 and C7 in these cases are
05 = (n,| Mo I’n,,) s (A38)
Cr = (ny| My |ns)
where |n;) are the eigenstates of My. These expressions are valid if the 1/R® term

is much larger than the 1/R” term. This additionally limits the region of validity of

these relations.
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The energy correction in the second-order perturbation has the form

AB® =3 (rtimss Ao p| V [64) (0l V [nigims s Ads p)

) B~ B (A.3.9)

where the sum is over a complete orthogonal basis set. As in the first-order case, we

have to sum matrix elements of the following form

nylim V [ratim njlym; V|n1l1m1

Z nylymy njlymg [ \nilimg nalamy (A.3.10)

nilgm; (Emll + En212) - ( nil; + Eﬂ )

nitimi _
njlymy nilim; nilim; nilymy

S 1 < lamy Vi nibim; f \njljm; Vi I nzlgm2>
= E — X E
[+ L4+ L +2 ’
LLJV,L'=1 RirEAreE nilym; (Enty + Engty) = (Enats + Eng;)

nylym;

and the sum is over all possible intermediate states. For simplicity, we define the

following matrix notation

nilimy nilim; nilim; nilimy
<n:1l;1m’1 WEL |mbmy = Z <"2lzm2 Viis [ntims ) st | VIE |rmatoma) (A.3.11)
. 3.
matam natem Syrmi (Emh + Enzlz) - (Emli + Enjlj)
11"
nilim;
The calculational effort is simplified by the following symmetry properties:
nylymy nilymi\ e4L [notomy nalama
<n’2£’2m’2 VZL |n2f2m2 - (—1) n{f)m] VLl |n1€1m1> (A312)
ny g ~mi nil1— m1
<n’2€’2——m2 VL |n2£2 mg (A313)
nifimy nifymi
M Vg it ) - (A.3.14)

n} fim
171771
Also, <n,2[,2 :

Viw [piimi) = 0 if at least one of the following conditions is true:

E<|l—t|, G+6+L=(dd), L<|t—20],

£> 0+ 4, O 40 +L=(odd), ™, +m}#£my+ma, (A.3.15)

L>el2+€2
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n 1m1’ E’L’ n1limy

The symmetry properties of < niythm] n2e2m2> are

Il

nyfym) UL |nylymy
<n’2£’2m’2 Wit [mytams)

(_1)£+2’+L+L'< €’2m2

Iel
- nie) —m1
nhlh—mh

nilymy
naloms I WK’ L

WEE [reeme)  (A.3.16)

n1éymy

WY | (A.3.17)

nolo—mao

%#ﬂ.' (A.3.18)

. nitim}
Again, <n,; l’;m;

WZ’L’ |n1f1m1

G [ragimi) = 0 if at least one of the following conditions is true:

A +€'1+€+€'=(odd), £2+€'2—I—L+L’=(odd),
my +my # my +my, 16y — € > b+,

(A.3.19)
|£1—€|>£’1+£’, |€’2—-L'|>£2+L,

|6 — L| > ¢, + L.
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Table A.1l: The zeroth-order molecular states for different symmetries. States with

equal |A| and the same symmetry are asymptotically degenerate and are

obtained by degenerate perturbation theory.

|A| Symmetry Representation for the ns-ns asymptote

I P

|A] Symmetry Representation for the np-np asymptote

2 15,8, [il

1ML, (f) - )

1 g, M, 7‘= (I8} + [211))

0 'Zg,%% Zil i STR))

0 Iz} ’my ﬁ [m18) + 3 Izil_o + g [
degenerate ——= [P10) + <= |niL) + = hir )

|A| Symmetry Representation for the nd-nd asymptote

4 Ty, °Ty Z%%

3 10,°%0, (D) - [73)

3 19, %0, 5 (D) +178)

2 a0, 5 () - )

2 1A, %A, Fg [138) + /5 530 + f 3h)
degenerate  — /3 [138) — /& [138) + f ma

DL, i (23 - 3) +
degenerate % — ﬁ (- Ig%) + |Z%‘1’ + /% (mgz ) ggz 1

1 M, %L, \/i—4579( nao) — [n30) + 7"(2%20“‘ n )
degenerate /% + 5= ([133) + [130)) + % — o (R820) + [2221))

0 'zz, %%y #:—% (I73L1) = [nac™) + 1 2%22 —[n322))
degenerate ;—H—sﬂf/—-g (—|"2L,) + |Z§1 1>) + m (|n22,) - |n22 )

0 T, %mi 04121 (ML) + 730 h)) +0.5204 (|n52,) + |35 2)) +0.3445 |729)
degenerate —0.1316 (|72L,) + ["271)) — 0.2064 (|722,) + |"252)) +0.9382 |23
degenerate —0.5593 (|731,) + ["271)) 1) +0.4320 (|n22,) + [r252)) + 0.0331 [30)
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Table A.2: Dispersion coefficients of high Rydberg states for the ns-ns, np-np and

nd-nd asymptotes of Li-Li. The coefficients are scaled by their major
dependence on n and the residual dependence is fitted using three fitting
parameters as indicated in the table.

nsns  Cg=nl(co+cin+cn?) Cg =n'%(co +cin +can?)  Crg = n*2(co + cy1n + can?)
Co c1 c2 Co (5] Co Co (&1 C2

symmetry (x10!) (x107!) (x107%) (x10!) (x1072%) (x107%) (x1073) (x107%) (x1077)
1%, 38, -1.594 -1.045 5690  5.039 -2.935 1.207 -2.501  4.376  -2.189!
np-np Cs=n8(cy +ein+cen?) Cs=n'l(co +cin+can?)  Cs =n®(co + c1n + can?)

symmetry (x10%) (x1072) (x107%) (x10%) (x1071) (x1073) (x10%) (x10%) (x1072)
1A, 3A, -1.190  -0539 0.293 -2.806 -1.220 0.623 -0.669 -0.721  0.365
I, 31, Vanishes -2.147 -1.264  0.648 -5381 -3.450  1.750
m, °m, 4.778 2128 -1.167 -6.177 -2.193 1123  3.187 -0.979  0.4762
DIl Vo Vanishes -4.763 -1.692  0.862 -2.780 -1.518  0.768
Igr o 7168 3192 1750  9.326 -1.852 0932 7914 -3.963 19533
DM Vanishes -2105 -1.161 0599 -0.166 -0.990  0.506
nd-nd  Cs=n8(co +cin+can?) Co =n'l(co+ cin+con?) Cr =nl%(cy + c1n + czn?)
o c1 () co [ Cc2 o 9 Cc2

symmetry (x10%) (x10~%) (x107%) (x10%) (x10~1!) (x1073) (x10!) (x107%) (x107%)
r, ’r, -3.011 -11.670 0.710 1.307 0.716 -0.448  0.787  0.382  -0.232
19, 3%, -1.506 -5.836 0.355 1.356 0.722 -0.453 -0.197 -0.095  0.058
1, 3%, 4.517 17.510 -1.064 2973 1.707 -1.062 -3.345 -1.622  0.985
A, 2A, 3513 13620 -0.828  2.719 1.545 -0.962  1.181 0.572  -0.348
Ay 2A, 3262 12,650 -0.769  4.229 0.391 -0.298  4.226  2.048  -1.244
1A, 2A, -1.506  -5.829 0.353  2.043 -0.022 -0.021 0.104  0.050 -0.030
I, M, -2.112 -8.186 0.498  2.835 -0.685  0.361 -1.675 -0.812  0.493
T, M, 1.610 6.241 -0.379  2.785 0.858 -0.554 -1.277 -0.619  0.376
m, °m, 2481 9.618 -0.585 2464 1384 -0.863  0.508  0.246  -0.150
, 1, -1.979 -7.673 0466  6.314 -2.499 1.390 -0.311 -0.151  0.092
¥, 38, -4.872 -18.890 1.148  4.772 -1.749 0968  2.848  1.381 -0.838
'y, %%, 1861 7214 -0439 2476 1139 -0.717  1.088  0.527 -0.320
'y, 3%, -5.728 -22.200 1.350  5.951 -3.028 1711  0.887  0.430 -0.261
'y, 3£, -2.650 -10.270 0.624  3.500 -1.182  0.647 -3.751 -1.818  1.104
1y, %%, 0.850 3.293 -0.200 2403 0.643 0421 -1.071 -0.519  0.315

1 The following resonance term is added: C1g = n??(co + e1n + con? + 0.01493/(n — 22.91)).

2 The following resonance term is added: Cg = n!5(co + e1n + can? + 33.77/(n ~ 38.50) + 8.523/(n — 44.49)).
3 The following resonance term is added: Cg = n'8(co + e1n + cang + 101.2/(n — 38.50) + 25.61/(n — 44.49)).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



111

Table A.3: Dispersion coefficients of high Rydberg states for the ns-ns, np-np and nd-nd
asymptotes of Na-Na. The coefficients are scaled by their major dependence
on n and the residual dependence is fitted using three fitting parameters as
indicated in the table.

ns-ns Cs =nll(co+cn+can?) Ce=nl(co +cin+cn?) Cro= nzz(co +e1n + con?)
Co c c2 Co C1 C2 o c1 Cc2
s 0 0 -3 0 0 -3 -2 —4 -6
ymmetry (x10%) (x10%) (x1073) (x10%) (x10%) (x107%) (x107%) (x10™%) (x107°)
1Eg, 3y, 8.5861 -1.4641 5.8201 -5.3151 -1.3571 6.7571 -1.4351 3.3431 -2.022
np-np Cs =n8(co +cin+cgn?)  Cg = n'l(co +e1n+can?)  Cs = n¥(co + c1n + czn?)
symmetry (x10%) (x1072) (x10~%) (x10%) (x10-2) (x10~%) (x10') (x109) (x10-3)

lAg A, -0974  -0.895 0.483 -0.014 -1.999 1.053 -1.325  -0.520 2.726

1, ,°1, Vanishes 1.267 -1.177  0.608 -3.427 -1.510  7.896
m, Sm, 3.895  3.582 -1.931 -1.672 4771 2527 -1.556  -0.624  3.261
DIl oy Vanishes -1.483 -3.796  2.013 -0.987 -0.463 2416
It 38) -5819 5484 2995 138.905 4.101  -2.313' -1.238 -1.414  7.436
R Vanishes 1.090 -1.175 0617 -2.118 -0.953  5.049

ndnd Cs=nd(cp+ecin+con?) Cs=n'ep+ecin+cn®) Cr=n'?(cy+cin+ con?)
Co 1 Ca Co C1 C2 Co c1 C2
symmetry (x10°) (x107%) (x107%) (x10') (x1071') (x1073) (x10') (x1072) (x10~%)
lI‘g S, -2.993 -14.930 0.888 2.571  0.522  -0.503 0.780 0.509 -0.301
1o, ,3<I>g -1.496 -7.464 0.444 3164 0540 -0.522 -0.195 -0.127 0.075
I(I)g 3P, 4489 22390 -1.331 4.005 1.193 -1.145 -3.314 -2.162 1.280
1A, ,SAg 3.492 17410 -1.035 4.062 1.090 -1.047 1.170 0.763  -0.452
lAg SA, 3242 16170 -0.961 5.527 1.645 -1.573 4.187 2.731 -1.617
lAg JA, -1.496  -7.464 0.444 4369 0.786  -0.756 0.103 0.067 -0.040
I, 1, -2.099 -10.470 0.622 5349 1.075 -1.031 -1.659 -1.082 0.641
m, ,3Hg 1.600 7.981 -0.475 4148 1.098 -1.063 -1.265 -0.825 0.489
1Hg ST, 2466 12300 -0.731 3.908 0.987 -0.949 0.503 0.328 -0.194
ll'Ig SI0, -1.967 -9.812 0.583 8193 2376 -2.265 -0.308 -0.201 0.119
19 ,329 -4.842 -24.150 1.436 6.051 1800 -1.716 2.822 1.841 -1.090
1y, ,3Zg 1.850 9.225 -0.549 4.076 0985 -0.946 1.078 0.703 -0.416
IZ‘g JSY, -5.693 -28.390 1.688 7.510 2223 -2.117 0.878 0.573 -0.339
129 J¥, -2.633 -13.130 0.781 6.032 1.320 -1.263  -3.716 -2.424 1.435
1>:g 23, 0.844 4.211 -0.250 4.065 0944 -0.906 -1.061 -0.692 0.410
! The following resonance term is added: Cs = n'!(cp + c1n + c2n? + 6736/(n — 55.49)).
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Table A.4: Dispersion coefficients of high Rydberg states for the ns-ns, np-np and
nd-nd asymptotes of K-K. The coefficients are scaled by their major
dependence on n and the residual dependence is fitted using three fitting

parameters as indicated in the table.

ns-ns

syminetry
13,, 3%,

Cs = ntl(co + c1n + cgn?)

Co

(x10%) (x10-1) (x1073)

1.827

C1 [+)]

-4.352  2.054

Cs =n8(co + cin + can?)  Cyo = n?2(co + c1n + czn?)

Co

C1

c2

Co

C1

C2

(x10%) (x1071) (x1073) (x1073) (x107%) (x1079)

2.955

3.950

-2.016

-9.594

np-np
symmetry
1Ag ,SAu
lnu ,3Hg
11-[9 311,
12; ’32;
12;}}- ,3EI
1):;- ’323

Cs = n®{(cy + c1m + can?)
(x10%) (x1072) (x107%)

-0.571

2.284

-3.426

-1.508  0.794
Vanishes
6.031 -3.177
Vanishes
-9.046  4.766
Vanishes

Cs = ntl(cp + c1n + ean?)

(x10%)
-0.012
0.015
-0.056
-0.047
2.698
0.012

(x1071) (x1073) (x10%)

-3.592
-7.296
-1.910
-0.900
-4.285
-6.510

1.680
3.388
0.923
0.447
2.154
3.024

0.610
1.950
0.716
1.165
6.016

2.115 -1.234
Cs = n'®(cp + c1n + c2n?)
(x10%) (x1072%)
1.704 -0.811
-0.358 0.139
3.082 -1.456
0.662 -0.342
-5.126 2.227
0.763  -0.396

1.509

nd-nd

symmetry
lrg ;3Fu
19, 3@,
I(I)g ,3(1)14
1A, 34,
lAg ,SAu
IA‘g ,SAu
11, 3,
11, 1,
lng ,3Hu
lng ’3Hu
15, 3%,
1%, 35,
lzg ,azu
129 ,3Eu
129 ’32u

Cs = 'ns(Co +cin 4 02n2)

€

(x10%) (x10-3) (x10~%)

-2.645
-1.322
3.967
3.086
2.865
-1.322
-1.855
1.414
2.179
-1.739
-4.280
1.635
-5.031
-2.327
0.746

1 C2

-7.505 4.154
-3.753  2.077
11.260 -6.231
8.756 -4.846
8.131 -4.500
-3.753  2.077
-5.264 2913
4.013 -2.221
6.184 -3.423
-4.934 2.731
-12.140  6.721
4.638 -2.567
-14.280  7.902
-6.604  3.655
2117 -1.172

Ce = ’nll(Co +cin4 anz)

Co

(x101) (x1071) (x1074)

-0.381
-0.628
-0.004
-0.190

0.412
-0.574
-0.349
-0.069
-0.277

1.152

0.914
-0.309

1.297
-0.104
-0.275

1

-0.423
-0.643
-0.207
-0.353
-0.396
-0.901
-1.014
-0.417
-0.413
-0.827
-0.556
-0.497
-0.750
-1.048
-0.566

C2

2.301
3.497
1.115
1911
2.206
4.933
5.584
2.285
2.241
4.674
3.154
2.707
4.267
5.793
3.096

Cr = n'%(cy + c1n + con?)

co

(x10%)
0.646
-0.162
-2.747
0.970
3.471
0.085
-1.376
-1.049
0.417
-0.256
2.339
0.893
0.728
-3.081
-0.880

1
(x1071)
0.279
-0.070
-1.187
0.419
1.500
0.037
-0.594
-0.453
0.180
-0.110
1.011
0.386
0.315
-1.331
-0.380

c2
(x1074)
-1.537
0.384
6.531
-2.305
-8.249
-0.202
3.270
2.493
-0.992
0.608
-5.560
-2.124
-1.731
7.323
2.091
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Table A.5: Dispersion coefficients of high Rydberg states for the ns-ns, np-np and
nd-nd asymptotes of Rb-Rb. The coefficients are scaled by their major
dependence on n and the residual dependence is fitted using three fitting
parameters as indicated in the table.

ns-ns  Cs =nl(co+cin+can?) Cs =n%(co+cin+can?)  Cro =n?(co + cyn + con?)
Co C1 C2 [+ (5] C2 Co C1 Ca

symmetry (x10!) (x107!) (x1073) (x10%) (x1071!) (x107%) (x10~%) (x107%) (x1079)
129, 8y, 1.197 -8.486 3.385 -7.303 8.068 -3.792 -5.546 5242  -3.154

np-np Cs=n83(co+cin+can?) Cs=nllco+cin+cn?)  Cs =nl%(cy + c1n + can?)

symmetry (x100) (x1072) (x1072) (x1071) (x1071) (x10™%) (x10') (x10%) (x10-2)
1A, 3A, -0231 -1.976 0.010 3.620 -0.579 2778 1199 -0.624 0.250
I, A1, Vanishes 6.070 -1.273 6.157 1.173 0.010 -0.069
m, 31, 0.922 7.903 -0.041 3.575 -0.183 0.816 2973 -2.281 0.990
5 m ,329‘ Vanishes 2373 -0.034 0.107 2176 -1.711 0.747
12; Szt -1.383 -11.850 0.061  43.010 3.575 -1.714' 5359  -3.984 1.729
IE;L But Vanishes 5461 -1.133 5476 0.712 0.244 -0.162

ndnd Cs=n3(co +cin+can?®) Cs=nll (co +eon+ nc_“,;o) Cr7 = n'?(cy + c1n + can?)
Co C1 C2 Co C1 C-1 Co (51 C2

symmetry (x10%) (x107%) (x107%) (x10') (x107%) (x10°) (x10Y) (x1071) (x10°1)
1I"g S, -1.445  -2.731 1477 2.603 1.454 66.310 0.235 0.920 -0.487
1o, So, -0.722 -1.366 0.738 4.124 2475 105.000 -0.059 -0.230 0.122
19, 30, 2.167 4.097 -2.215 0.643 -0.273 16.570 -0.997 -3.911 2.069
1A, ,3A, 1.686  3.186 -1.723 1.730 0525 44200 0.352  1.380 -0.730
1Ag 2A, 1565 2959 -1.600  0.571 -0.584  14.650 1.260  4.940 -2.614
1A, A, 0722  -1.366 0.738 5.157 3.032 131200 0.031 0.121  -0.064
1, ,3Hg -1.013 -1.915 1.036 5.157 2.864 131.200 -0.499 -1.958 1.036
1, S, 0773 1.460 -0.789 1.789 0.563 45640 -0.381  -1.493 0.790
m, 2o, 1.191 2.250 -1.217 2.217 0.916 56.570  0.151 0.594 -0.314
1, %1, -0.950 -1.795 0.971 0.907 -0.779 22,990 -0.093 -0.364 0.193
1%, .38, -2.338 -4419 2.389 0.274 -0.870 6.928 0.849 3330 -1.762
¥, 2%, 0.893 1.688 -0.913 2.676 1.229 68.210 0.324 1.272 -0.673
1y, 3%, -2.748 -5.195 2.809 0.298 -1.100 7455 0.264 1.037  -0.548
15, 3%, -1.271 -2.403 1.299 4.755 2449 120900 -1.118 -4.386 2.320
13, 3L, 0.408 0.771 -0.417 2.942 1.436 74940 -0.319 -1.252 0.663

1 The following resonance term is added: Cg = n'l(co + c1n + can? + 693.1/(n — 29.5)).
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Table A.6: Dispersion coefficients of high Rydberg states for the ns-ns, np-np and

nd-nd asymptotes of Cs-Cs. The coefficients are scaled by their major
dependence on n and the residual dependence is fitted using three fitting
parameters as indicated in the table.

ns-ns

symmetry
IEQ, 3%,

Cs =n'l(co+ ein+can?) Cs=n'®(co+cin+can?)  Cio = n?(co + c1n + con?)
Co C1 Cc2 co Cc1 C2 co C1 C2
(x101) (x1071) (x1073) (x10') (x10%) (x1072) (x1073) (x107%) (x10~7)

1.064 -6.249 2.330 -3.019 3.777  -1.581 3190 -5.920 3.022

np-np
symmetry
1 Ag ’3 A,
I, ,3Hg
1Hg ’31—[“
1y- ,329-
123— ,SEI
123- ,323

Cs =nd(co+ein+can?)  Cg=nll(cy +en+cm?)  Cs=n(co+ c1n + con?)
(x100) (x107%) (x107%) (x1071) (x1071) (x107%) (x10!) (x10%) (x10-%)
-0.070 -1.973 0.940 -2.886 0.571 -0.268 -0.774 1.044  -0.445

Vanishes -0.738 0.346 -0.168 -4.270 4.239 -1.793
0.279 7.893 -3.759 -8.121 1.349  -0.625 0.402 -0.093 0.031
Vanishes -6.577 1.072  -0.496 0.031 0.088  -0.042
-0.418 -11.840 5.638  133.400 6.850 -3.074 -1.569 1.7147  -0.765
Vanishes -0.839 0337 -0.163 -2.671 3.045 -1.289

nd-nd

symmetry
ll'\g ’SI'\u
19, 3@,
1@9 ’3q)u
lAu ,SAg
lAg ,BAu
lAg ,3Au
1Hu )3Hg
1Hu ,3Hg
lng ,31'1“
lng ,3Hu
1):“ ’329
1%, 38,
129 ,3Zu
129 ’32u
129 ;321:,

Cs =n(co+cin+can?)  Cg =nll(co+ecin+can?)  Cr =n'%(co + c1n + cen?)
co c1 Co co c1 [ co c1 ()
(x10%) (x1072) (x107%) (x10%) (x107!) (x1073) (x10%) (x10°!) (x10~%)
-0.710 -3.483 1.725 0.712 -0.257 0.108 0.271 1.062  -0.504
-0.355 -1.742 0.863 1.003 -0.151 0.053 -0.068 -0.266 0.126
1.065 5.225 -2.588 0.641 -1.013 0.460 -1.151 -4.515 2.143
0.828 4.064 -2.013 0.798 -0.834 0.374 0.406 1.593 -0.756
0.769 3.774 -1.869 0.569 -1.834 0.845 1.454 5.703 -2.707
-0.355 -1.742 0.863 1.161 -0.515 0.221 0.036 0.140 -0.066
-0.498 -2.443 1.210 1.147 -0.999 0.448 -0.576  -2.260 1.073
0.380 1.862 -0.922 0.721 -0.982 0445 -0439 -1.723 0.818
0.585 2.870 -1.422 0.843 -0.704 0.313 0.175 0.686 -0.325
-0.467 -2.200 1.134 0.439 -3.284 1.527 -0.107 -0.420 0.199
-1.149  -5.636 2.792 0.274 -2.491 1.159 0.980 3.844 -1.825
0.439 2.153 -1.066 0.896 -0.715 0.318 0.374 1.468 -0.697
-1.350 -6.626  3.282 0.217 -3.262 1.521 0.305 1.197  -0.568
-0.625 -3.065 1.518 1.068 -1.428 0.650 -1.200 -5.063 2.403
0.200 0.983 -0.487 0.872 -0.747 0.334 -0.368 -1.446 0.686
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Appendix B

Molecular Basis Transformations

We have to consider these transformations because the optical field and molecular
states are naturally defined in different coordinate systems. The optical field is simply
defined in the space-fixed frame (SFF) and the quantization axis for single atoms is
usually the polarization axis. Molecular states are normally defined in the molecule-
fixed frame (MFF) and their quantization axis here is the molecular axis. We, in
general, consider nonrotating molecules, which means that only the electronic part of
the molecular states is of interest. Since the nuclear part is not involved, the dealing
with the anomalous commutation relations and the coupling between electronic and
nuclear angular momenta are not subjects of this analysis. Fortunately, we do not
have to transform all molecular states from one reference frame to the other because,
in the problems we have considered, only np states can be directly excited by the

optical field. As a consequence, we only transform np + np states.
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B.1 Orthogonal transformations of atomic states

The basis of asymptotic molecular states was built in Appendix A using atomic states.
Therefore, we can derive transformations between molecular states from the trans-
formations of atomic states. It would be sufficient to consider the representation of
general angular momentum K for K = 1. For the quantization axis z, the eigenstates
of z-K = K, are lz; K = 1,M) (M = —1,0,1). For another quantization axis
1, we have the eigenstates |n; K = 1, M) of n - K= k,,. We want to express all
|n; K =1, M) in the basis of |z; K = 1, M) states. For that purpose we just need to
diagonalize n - K. For simplicity, we choose i = M2y Mys M2) = (cos b, 0,sin 9), where
0 is the angle between the two quantization axes. Using the standard representation

of R’,, f{y, and K, for K = 1, we easily find the following connection

s M = 1) cos?3 T sin’3 |lz; M = 1)
mM=0) |=| 3¢ cosp st ZmM=0 |- (Bl
[ M = —1) sin®g —7 cos?f )\ [mM=-1)

The last formula is sufficient for our purposes because we only transform np; + np;
molecular states. The transformation matrices for atomic states with £ = 1 and the
total spin state S = 1, corresponding to different quantization axes, are the same
and given by the last formula. We know that states with S = 0 are invariant under
rotations. Therefore, all the transformation of np; 4+ np; can be derived from the last

expression for general angular momentum K = 1.
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B.2 Transformations between molecular basis states

We basically have to find out how to project certain np-np states, defined in the SFF,
onto molecular bases of different symmetries. As showed in the section on molecular
resonances, if a pair of ground-state atoms is excited by a linearly polarized optical

field, the doubly-xcited diatomic states are

ISFF,A,1) = Inpg/z,m> |np3/2,m> , (B.2.1)
1

ISFF, 4,2) = 7 [|np3j2, m) |np1je, m) + |np1ja, m) |npsje, m)], (B.2.2)

ISFF, 4,3) = |np1/2,m> |np1/2,m> , (B.2.3)

for the initial projections m; = my, or

1

ISFF,B,1) = 7 [|nps/e, m) |np3/2,‘—m> + q |npsja, —m) |npsj2, m)] (B.2.4)
1

|SFF, B,2) = [Inpa/z,m> Inpl/z, —m) +4q ‘nps/za —m> |np1/2,m>] (B.2.5)

S

2
1

[SFF,B,3) = —

[|np1/2, m) |np3j2, —m) + q|nprje, —m) |npsj2, m)] (B.2.6)

&

1
|SFF, B,4) = 7 [|np1/2,m) |npsja, —m) + q |np1j2, —m) |npsjz, m)] (B.2.7)

for the initial projections m; = —my (¢ = %1). For all these states the quantization
axis is the polarization axis of the optical field. It is sufficient to consider the m = 1/2
case.

Now we list asymptotic np + np basis states corresponding to 0F, 0; and 1, sym-

metries. All these states are in the MFF and the molecular axis is the quantization
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axis.
IMFF, 0}, 1) —\/= [|nps/2,3/2) |npaje, —3/2) — |npsja, —3/2) |npsj2,3/2)] »
IMFF, 07,2) 7 [|nps/2,1/2) |npsja, —1/2) — |npsja, —1/2) |npas2, 1/2)]
IMFF, 0},3) = 5 [|np3s2, 1/2) [np1je, —1/2) — |nprjz, —=1/2) [np1s2, 3/2)] +
2 npsyn, =1/2) iy 1/2) = |21y, =1/2) [y 3/2)],
IMFF, 0}, 4) ﬁ [|np1y2, 1/2) [np1j2, —1/2) — |npaj2, —1/2) [np1j2, 1/2)] -
Only |SFF, B, i) states for ¢ = —1 have nonvanishing projections onto 0} states.

These projections are given by the matrix U1 defined as W+ (,7) =

[ —2sin%d £ (5+ 3cos26)
0 0

0 0

\ 0 0

The np + np basis states of 0 symmetry are.

IMFF,0;,1)

|MFF, 07, 2)

[MFF,0,,3) =

IMFF, 07, 4)

0 0 \
lii co;s 20 0

__1+3cos28
4v2 0

0 1 )

[|nps/2, 3/2) [npsj2, —3/2) + InP3/2, —3/2) |npsj2,3/2)]

anz/z, 1/2> |npz/27 —1/2> + |nP3/2, —1/2> |"P3/2a 1/2>] )

1

V2

1

V2

1

= [|npsj2, 1/2) |npyja, —=1/2) + |np1je, —1/2) |npyje, 3/2)] —

2

1

5 [|npsje, —1/2) |np1j2, 1/2) + |nprje, —1/2) |np1je, 3/2)]
1

7 [|np1j2, 1/2) |np1y2, —1/2) + |npaje, —1/2) |np1je, 1/2)) -

In this case, both |SFF, A,4) and |SFF, B,j) (for ¢ = 1) states have nonzero pro-

jections. We define two matrices V- (¢,5) =

(SFF, A,i|MFF,0;, ) and W-(¢,5) =
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(MFF, B, {|MFF, 0, j). These matrices are

%;_o __5sin ?-g-gzsin 30 0 0
Ve=1| o0 0 v A E
0 0 0 -
and

( —%cosasinze 7cos941rgcos30 0 0 \

0 0 -2 0
Wy =

0 0 @0

\ 0 0 0 cosd )

The np + np basis states of 1, symmetry are

IMFF, 1,,1) = |npa/z,1/2) [npss2,1/2),

1
IMFF, 1,,2) = 7 [|np3/2,3/2) |npsje, —1/2) + |npsj2, —1/2) [npas2,3/2)] ,

&)

1
IMFF, 1,,3) = 3 [Inps/2,3/2) |np1je, —1/2) + |np1j2, —1/2) [np1/2,3/2)]
1
IMFF, 1,,4) = 7 [[npsy2,1/2) |np1s2,1/2) + |npry2, 1/2) |npaja, 1/2)]
IMFF, 14,5) = |np1j2,1/2) [np12,1/2) .

For these states we also define two matrices V;,(7,j) = (SFF, 4,i|MFF,1,,5) and

W13, j) = (SFF, B,i|MFF, 1,, j) (for ¢ = 1). These matrices are

3
(cos £+3cos %) __ V3(1+3cos8)sin? 9 0 0 0
16 42
. _ 28
‘/lu _ 0 0 _lg sin2 0 (3cos @ 21) cos” 5 0

0 0 0 0 cos? §
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and
( 5 cos 6+9sin 30 _\/§!Sin0——3sin30! \
16v2 16 0 0 0
38 (3cosf—1)sind
0 0 V3 cos 3 sin & 3 1 0
Wi, =

0 0 —v/3 cos _g_ sin3 g !1+3co:0!sm9 0
siné
\ 0 0 0 0 ol

All these transformation formulae are needed to find the average of w?; over all possi-
ble orientations of the molecular axis. This quantity is important for the calculation
of probabilities. Because w?; is a quadratic function of the components which are
transformed via the above listed matrices, there are all together more than a hun-
dred angular integrals to evaluate. However, one can derive a formula which can be
implemented in Mathematica to give a fast and efficient way to calculate all of them.
Angular averaging is performed in addition to the averaging of wZ; over initial states.
Both types of averaging are done for each symmetry individually.

First, we define some auxiliary vectors:

_ 1 A+ A
Iﬂv> = (Z) \Y f/2 AA/ ,fA/> 3 (B.2.8)
_ (1 A+ A A+ A
1Bw) = (K’\/?2AA’ SIEINN ,fA,>, (B.2.9)
lav) = (a'eea Qee ae'e’), (B.2.10)
|aW> = (a'eea Qee!y Qeles ae’e’), (B.2.11)

where f is the ratio of oscillator strengths fi/2/f3/2. Indices v and w correspond to the
initial conditions m; = my and m; = —m,, respectively. Note that the components

of |ay(w)) are defined differently in these cases (section 1.3.1). These vectors can be
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rewritten more formally

lav) = >, (SFF, A,ilp,) |SFF, A,1) (B.2.12)

)

law) = > _,(SFF, B, j|p,) |SFF, B, i), (B.2.13)

J

where |p,) is an eigenstate of U(R) defined by (1.2.8). These vectors are used to find
wet = wW?(By(w)laviw)). The difficulty is that the components of the vectors |aviw))
are scalar products of states defined in different reference frames. To compute them,
we also need to define a new vector |a) as oy = (MFF,i|p,), where |MFF,i) are
asymptotic np + np basis states we have defined in this appendix for each symmetry.
This means that |a) is different for different molecular states (and thus for different
symmetries as well). These o; are just components of the eigenstates of U(R) in
the asymptotic basis so they are calculated together with molecular potentials. The

connection between |ayw)) and |a) is

la) = Vi (B.2.14)
law) = Wla), (B.2.15)

where V' is one of the V-, V;, matrices, and similarly W is one of the Wo;a Wo-,

Wi, matrices. For the initial conditions m; = my we have

wir = wHaVTBy)(Bu|V]er) = w'Tr {VF|8,)(Bv[V]a)(al} . (B.2.16)
Similarly, for the initial conditions m; = —my we find
wig = w e WT|Bu) (Bul W) = w Tt {W"|Bu) (Bl Wla) (e} . (B.2.17)
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From the last two equations we conclude that the averaging over all possible orien-
tations of the molecular axis is reduced to averaging the matrices V7|3,)(3,|V and
W7T|84){Bw|W. These matrices are not related to U(R) and its eigenproblem so
this averaging can be done first. As a result, we get two matrices ((V7|8,)(8.|V))
and ((WT|B,){Bw|W)) with no angular dependence (here (()) refers to angular av-
eraging only). We just use these matrices in (B.2.16) and (B.2.17) instead of the
angle-dependent ones. Such average matrices have to be found for V = V-, V;, and

W = Wo;wWo; , W1, which is a straightforward task in Mathematica.
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Appendix C

The Analysis of (n — 1)p3/2 + (n + 1)p3/2 Molecular Resonances

C.1 The role of fine structure

Here, we focus on resonances at energies corresponding to excited atom pairs (n—
1)p3/2 + (n+1)pse. The simplest treatment described in the Chapter 2 and given by
Eq. (1.3.18) is sufficient to reproduce very well the main features of the resonance.
In this appendix, we present the results of our theory applied to these resonances.
We also show some technical details which were not previously included in the main
text.

The (n—1)ps/2 + (n+1)ps/2 resonances are relatively close to the atomic np resonance,
which means that they occur at small interaction energies and thus large internuclear
separations R; in this range of R, the most important interactions are the dipole-
dipole terms. Importantly, np states cannot be coupled directly via dipole-dipole
interaction, and so significant -mixing is required. The matrix elements of the dipole
interaction Vgip(R) can be calculated using Eq. (1.2.10) for L = 1.

Because of the proximity of these resonances to the atomic resonance, we do not
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0 state Symmetrization ((1—0,)/v?2) |0u)

705715, 0) {|7051, 1 7lsy, —4;0,) + [70sy, — % 71sy, §; 0, )}
[70p370p3,07)  [70pg, §; 70pg, —; 0.)

degenerate |70p3, 2,70ps 0 »

[70p370p3,07) 35 {170pg, —;70py, £ 0u) — 70py, 3 70y, —4;.04) }
|70p%70p%, 0;) |7Op1, 5 70p1 Ou)

|69ps71ps,07) {I69pg, 3 71pa, —%;0.) +(69pz, —3; 71pg, %;0u>}
degenerate 1 {|69p3,2,71p3 u)+|69p%,——%;71p%,%;0u)}
|69p%71p%,0;) \/-{|69ps,2,71p1 2, 0,) — |69ps 71p1,2,0 )}
169p3 71pg, 07) {|69p1,2,71p3 —~1;0,) — [69py, 1; 71pg, £; 0, )}
694717, 0;) 7{169p;,%;71p%,-%;ou>+|69p%,—%;71p%,%;ou>}

1695723, 0:) % {|6931, 1,725y, ~1;0,) + 695y, —3;72s1, %;ou)}

Table C.1: Asymptotic 0; molecular states. All of the 0] states used to calcu-
late the lineshape of the 69p + 71p resonance are listed. The Q@ = 0
states have to be additionally symmetrized with respect to o,. Both
m; and ma =  — m; change sign under o,, but the phase factors
resulting from the symmetrization (1 & 0,)/+/2 are not obvious. The
result of this symmetrization is presented explicitly. We assume that all

|né;, my; '€, my; 0,) states are symmetrized according to (1.1.2).
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Fig. C.1: (a) Potential curves for the 0; symmetry corresponding to asymptotes
from 70s1/9 + 71812 to 6919 + 7251/, centered around 69p3/s + 71ps/a.
This latter curve is indicated by a thicker line. The zero of energy is set
at the 70ps/s + 70p3/o asymptote. Only curves that are not flat (within
our approximations) are shown; at separation R < 45000 a.u., they be-
come less reliable. (b) The fraction of 70p character |a|? for ps/ps/a,
p3/2P1/2, and piapi/2 mixtures corresponding to the potential correlated
to the 69ps/; + 7lps/; asymptote. These different fractions are given by
the components «; of the vector |a) defined in Appendix B.

need to use a large basis set. To diagonalize U(R), we select all states correlated
with the np+np and (n—1)p+(n+1)p asymptotes, as well as all states correlated to
the asymptotes in between. Nearby states having significant dipole-dipole couplings
with these aforementioned states are also included. In the basis (1.1.2), dipole-dipole

interactions give off-diagonal elements and asymptotic separations between states
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give diagonal terms. In the R-range relevant for the (n—1)p+ (n+1)p resonances,
the coupling due to dipole matrix elements R,, decays rapidly with An = |n —
n'|; for An = 2, it is roughly 100 times weaker than for An = 0, and since the
interaction matrix elements (1,2|Vgp|3, 4, ) are quadratic in R,,/, we neglected states
corresponding to An > 3. Specifically, we have included all states correlated to the
following asymptotes: ns+(n + 1)s, np+np, (n—1)p+(n+1)p and (n — 1)s+(n +
2)s. As an illustration, in Tables C.1-C.2, we list all asymptotic states of 07 and
0_3,L symmetry,respectively, used in our calculation of the 69p + 71p resonance. The
excitation probabilities are dominated by the contributions from 0; and 1, states. In
Figs. C.1-C.3, we show the potential curves for the three relevant symmetries (03', 0,
and 0F) for the resonance located near the 69ps/; + 71ps/; asymptote.

The selection rule Am = 0 for the laser polarization determines the polarization
of the intermediate states. We label excited Rydberg states as |e,m) and |e/,m),
where e and €’ correspond to nmpsj and np;j, respectively. We have considered in
detail the m; = —mg case for the atom pairs in their ground states. For this case
we just give the final results. However, we give more technical details about the
my = mg = £1/2 case, which has not been fully analyzed. We introduce a simplified
notation for diatomic states. We define |gg) = |g,m)|g, m), where m = +1/2, and
similar definitions are used for |ee) and |e’e’). States |ge), |ge’) and |ee’) are defined
as symmetric superpositions; e.g., |ge) = {|g, m}|e, m) + |e,m)|g, m)}/V2.

The actual doubly-excited states, labeled as |@)(R)), correspond to the molecular
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Fig. C.2: Same as Fig.C.1 but for the 0} symmetry. In (b), |a® for the pij2pi/e
mixture is negligible and hence not shown.

potential curves €, (R); they are eigenvectors and eigenvalues of (1.2.8), respectively..
Many potential curves A contribute, to various degrees, to the population of excited
pairs of atoms.

To solve for the excitation probability, we solve the coupled time-dependent Schrédinger
equation. The Hamiltonian of an interacting pair of atoms is (A = 1)

2 2 ’
H = [Adt, + Aal,] + Z [%029 + %ai,g + h.c.]
=1

i= i=1

+[Ax + ex(B)] fioa) {eal - (C.L1)

All physical variables in this H have been defined before. The operators o, and o,
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Og state

Symmetrization ((1+ 0,)/v/2) |04)

|70s71s,0F)
[70p370ps, 05 )
degenerate
[70p370py, OF)

|70p1 70p1, 0F)

5 {1705, 45715y, 3:0,) ~ 708}, —§; T1sy, §;0,)}
1703, 3; 703, ~5: 0)
[70p3, 3; 70pg, —3; 0g)
715 {|70pa, 70p1, 5;0g) + |70p3, 2,70171 Oy)}
1703, 4; 70p3, —1; 0,)

169p3 71pg, 0F \/-{]691)3,2,71103 3,0,) ~ 16993, —3; 71p3, $;0, )}
degenerate 715 {|69p%, 3 71ps, —3;0g) — [69ps, -5 Tlpg, %;Og)}
169p3 71p3, 0F) %{|69p3,2,71p1 ;0) +169p3, —3; 71p, 4;0, )}
|69p; 71pg, 07) 715 {jﬁgpl, 5 7lpg, —1;00) + 169p3, -3 Tlpg, L og)}
169p371py, 0F) -\%{|69p1,2,71p1 0,) ~ [69p, ~1; 71py, 4;0, )}
1695725, 0F) %{ngsl,z,nsl, 1,0,) — 695y, —4; 7253, 3; g)}

Table C.2: Same as Table. C.1 but for the 0} symmetry.

are now

i
0'eg—

m

Our wave function is the superposition

128

Do lem){gium|, ol = lem){es,m]. (C.12)
[¥) = colgg) + c1|ge) + +ei lge’) + c2 |ga) - (C.1.3)

Solving the Schrodinger equation 9y /0t =
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excitation amplitudes c(t),

i% = \u;—;cl + WTI;C'I, (C.1.4)
z% = Ac¢ + %co + %(eeh@,\)cz + %,*(ee’kp)\)cz, (C.1.5)
de—ctll = Ag+ \/I-Co + a\)/—( e'e|pa)es + %*(66'|80,\)02, (C.1.6)
22— ata®)a+ Sl + nled)

+%,(<p,\|ee')cl + —2-(90,\[66')0'1. (C.1.7)

For the 69ps/; 4+ 71ps/, resonance, the one-photon detunings A and A’ (defined in
Section 1.3.1) are large, about 27 - 480 MHz and 27 - 195 MHz from resonance,
respectively, while the Rabi frequencies w and w’ are about 250 MHz and 110 MHz,
respectively (using the experimental parameters, see next section). Over the range of
the experimental scan, A/27 = 400 — 900 MHz, and we have A >> w and A’ > W'.
We can adiabatically eliminate ¢; and ¢} using Egs.(C.1.5) and (C.1.6), to obtain

£

w

= —\/EACO_[\;J_A<6€|%> ;)A(ee'h")\)] 2,

/

A n e | SE (o) + el

*

Substituting these two expressions in the formulae (C.1.4) and (C.1.7) for ¢y and ¢y,

we formally obtain the Bloch equations of a two-level system

Z—d—i_ - ) Co (C.18)
d e
Z—d% = [Ax+ea(R)] ez — wzﬁ Co- (C.1.9)
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The effective two-photon Rabi frequency is

w? ww' w'?
Weff = Kaee(A) —+ maee/()\) + Eae,e:()\), (0.1.10)

where a..(A) = (ee|pn), aee(X) = (e€’|ps) and age(A) = (€'€’|pn). We assumed here
that all of the a;; coefficients are real. In Eqs.(C.1.8) and (C.1.9), we neglect all
AC-Stark shifts and terms proportional to a?.

We can eliminate w' using the known ratio of oscillator strength w/w' = \/m .
We write weg(t) = B1(A\)w?(t), where £;()) is defined as the time-independent factor

of weg

ce(A A+ A
B = ek )+,/2f;3/; Y e+ DB, ) (e

If we perform the phase transformation c; = exp[—i(Ax + ex(R))t]¢z, our Bloch

equations take the simpler form

.decg W*ﬁ —i(Arter(R))t=

_ W C.1.12
Z__dt ————2 e Ca, ( )
.dey Weff i(Ax+ex(R))E
; - _Te co. (C.1.13)

The processes considered are far from (atomic) resonance. This means that ¢y =~ 1.

Using this approximation and weg(t) = B (A)w?(t), we get our final formula for &,
Ez(t - OO) — _lﬁl ()‘) /— wz(t')ei(A'\"'e’"(R))tldt'
2 Jw
= — ,61 ()\)\/ 7T/2 F(A¢+5A(R))[w2(t')], (0114)

where F, [h(t)] is the Fourier transform of h(t) with respect to v. Although the Fourier

transform of w?(t) is not equal to the Fourier transform of the optical field, they are
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Fig. C.3: Same as Fig.C.1 for the 1, symmetry.

related. The probability P;()) to excite the doubly-excited state |px(R)) is

_ B
T2

Py(\) = Abs [&(t — o0)] Abs [Fay e,y (@2(@®))] (C.1.15)

The previous analysis assumed that m; = my for a pair of atoms in the ground state.

For the m; =—my case, the excitation probability can be derived in a similar way

P\ = %)i ADS [Fy, enry @) (C.1.16)

where [3; is given by

o) = 2 Pty ) 4 VIR () 1] (©11)

[ 2AA'
A A A+A/
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To calculate the lineshape in the vicinity of a molecular resonance, P; and P, are
averaged over initial diatomic states and all possible orientations of the internuclear
axis, which gives (4?). Finally, we sum the pair excitation probabilities of different
doubly-excited states |px(R)) to get the average excitation probability of a pair of
atoms at internuclear separation R. The excitation probability per atom is the sum

of all excitation probabilities of pairs that include a given atom,

Poe =Y 272 / " 4R B2 (62(N)) Abs [Fls, e,y @*(0))] (C.1.18)
A 0

where p is the sample density. Figs. C.1-C.3 illustrate the relevant a-coefficients
(components of |a) defined in the previous appendix) for the signal corresponding
to the 69p + 71p resonance. Although the relative phase between them is important,
their square is plotted. Note that all averaging over angles is included in (3?).

For a Gaussian pulse of duration 7 (FWHM) and bandwidth I' (FWHM), the Fourier

transform of w? is given by (with €)(R) and A, in angular frequencies)

A 2 9 I2 7Tln22 —[Ax+ex(R))? /27212
bs [Fia, rery (@’ ()] = I2t_r—?7f‘——2 : (C.1.19)

This formula shows the expected quadratic dependence on the laser intensity I. We
do not assume in Eq.(C.1.19) that I' is equal to the Fourier transform limit, but
the saturation intensity Is. for isolated nps/y atoms is defined using this ideal pulse.
Fig. C.4 shows P in the vicinity of the 69ps/; + 71ps/; energy. The contributions of

the three symmetries and the resulting lineshape are plotted in terms of the single-

photon detuning from the 70ps/, atomic resonance.
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Fig. C.4: Convolutions for the three symmetries and the total lineshape, in the
vicinity of the 69p3/2+71ps /2 asymptote, using I/ L, = 0.354 and a density
of 6 x 10 cm~3. The total lineshape includes twice the contribution of
1, since that state is two-fold degenerate (as opposed to 0f and 07).

The horizontal axis is the single-photon detuning from the 70p3/, atomic
resonance.

C.2 Results and comparison with theoretical lineshapes

In Fig. C.5, we show a laser scan in the vicinity of the 70p atomic resonance. A
significant broadening of the main np atomic resonances, predominantly to the red,
is consistent with strong attractive Rydberg-Rydberg interactions. Both the 70ps/;
and 70py/; lines are visible, separated by the 285 MHZ fine-structure splitting, and
despite possible saturation, their relative sizes (~ 5 — 10) illustrate the expected non-
statistical character of fs/a/f1/2 for high Rydberg states of rubidium atoms. On this

scan, a molecular resonance is seen as a small peak in the ion signal about 480 MHz
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to the red of the 70ps/2 line, its position being near the average energy of Rydberg
atoms in the 69p3/; and 71ps/; states. Other apparent features, with linewidths less
than that of the laser, do not reproduce from scan to scan and are attributed to
experimental fluctuations. In [46], we showed that the signal size varies quadratically
with the laser intensity, as predicted for a molecular resonance. Similar scans were
obtained for other values of n over the range 50-70 [46].

In Fig. C.5, we also compare the experimental and theoretical lineshapes for the
69p3/2+71p3/, resonance. The theoretical curve was computed using the experimental
parameters: for 5s — 70ps/2, the saturation irradiance Is.; (defined by wr = \/M)
is about 1.5 x 107 W/cm™2, the irradiance is I/ ~ 0.354, the pulse duration is
5 nsec., and the bandwidth I' (FWHM) is 120 MHz. The average MOT density

used was 6 x 10° ¢cm™3

. The theoretical curve shown in Fig. C.5 has been scaled
to match the experimental data, and a global background (corresponding to ~ 20
% of the peak of the resonance) has been added to it. Finally, it was shifted by
35 MHz to the blue (within the experimental uncertainty). We find good overall
agreement, although there are obvious differences in the details. In both cases, we
observe a slight red-detuned wing in the molecular resonance. The lineshape for the
broad red wing of the main atomic resonance is also well modeled by the theoretical
lineshape, implying that our theoretical values of the potential curves describe the

interaction reasonably well. Regarding the absolute signal size, uncertainties in the

experimental parameters, such as ion detector response, laser intensity, and atomic
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Fig. C.5: (a), Experimental Rydberg spectrum near the molecular resonance red-
detuned from the 70p atomic resonance. Both 70p;;; and 70ps/; fine-
structure components are shown. The resonance position roughly coincides
with the average energy of the 69ps/; + 71ps/, asymptote. (b) Compar-
ison of the experimental (solid line) and theoretical (dashed line). The
theoretical spectrum has been shifted by 35 MHz (roughly one standard
deviation) to the blue and the theoretical lineshape assumes a 120 MHz
laser bandwidth.

density, prevent a precise comparison with theory. Possible detector saturation and
blockading of atomic excitation [11,12] are further complications. Nevertheless, the

calculated and measured signals are in reasonable agreement, although the calculated
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signal of ~ 300 ions per shot (using the experimental parameters) is smaller by a
factor 5-10. Note that the position of the theoretical signal is located only 5-6 MHz
to the red of the average energy of the atom pair 69ps/; + 71ps/s.

It is remarkable that the effect of the /-mixing takes place almost entirely at the
energy corresponding to the (n — 1)ps/2 4 (n 4 1)ps/2 asymptote, even though several
asymptotes are involved. This is in part due to the non-statistical f3/5/f1/2 ratio.
In addition, from Figs. C.1-C.3, we find that the |a|> 70p-characters peak around
Ry ~ 62000 ag (ap: bohr radius), with AR ~ 15000 ag (chosen as the FWHM of
|a|?). The |a|? 70p-characters for the other potential curves also exhibit maxima in
the same range, but are much smaller, hence their weaker contribution to the total

lineshape.

C.3 Conclusion

We have presented a theoretical treatment to evaluate possible molecular resonances
due to avoided crossings and ¢-mixings between long-range potential curves of pairs
of excited Rydberg atoms.The calculated lineshape for the 69ps/; 4 71ps/; resonance
compares well with experimental observations. The detection of spectral features due
to avoided crossings and £-mixings will help in describing the long-range interaction
between Rydberg atoms, and possibly lead to the detection of molecular bound levels

with ultra-long equilibrium separations, the so-called “macrodimers” [45].
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