Preliminary Exam: Electrodynamics, Thursday January 14, 2016. 9:00-12:00

Answer a total of any THREE out of the four questions.
For your answers you can use either the blue books or individual sheets of paper.
If you use the blue books, put the solution to each problem in a separate book.

If you use the sheets of paper, use different sets of sheets for each problem and sequen-
tially number each page of each set.

Be sure to put your name on each book and on each sheet of paper that you submit.

If you submit solutions to more than three problems, only the first three problems as
listed on the exam will be graded.

Some Possibly Useful Information

Inside covers of Jackson Classical Electrodynamics enclosed.



Problem 1

An amount of charge ¢ is uniformly spread on the surface of a disk of radius a.

(a) Calculate the potential as a function of z on the axis of symmetry indicated in the
figure.

(b) Calculate the potential at any point r with » > a. Express the result in angular
harmonics (P, (cos#)), where 6 is the angle between the z-axis and r. Hint: Solve
Laplace’s equation in spherical coordinates, not cylindrical coordinates. The solution
is a series of the form ) A, f,,(r)P,(cos #) summed over n = 0, 1,2, 3..., where f,(r) is
a function of r and the A,, are constants. You may find the following expansion useful.
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where 7 is the angle between r and r’.

(c) Use the answer of part (a) to determine the constants in part (b).
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z axis is normal to disk

Radius=a

Problem 2

Consider a plane polarized electromagnetic wave propagating in a medium of dielectric con-
stant €, permeability p, and conductivity o The electric field is given by

E = Eoeiwt—iwnk-r/c

where k is the wavevector, r is the position vector, c is the speed of light in vacuum, w is the
frequency, t is the time, and n is the complex refractive index. Using Maxwell’s equations
(with D = ¢E, B = pyH, and J = oE), obtain an expression for the complex index of
refraction n in terms of w, €, u, and o.



Problem 3

A point (perfect) electric dipole p is located near a grounded conducting sphere of radius R.
The radius-vector connecting the center of the sphere and the dipole is rq where ry > R.

(a) Construct the electrostatic image of a dipole using the expression for the Green’s
function in the presence of a conducting sphere
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where ry is the location of a unit charge source.

(b) Determine the electrostatic potential ¢(r) outside the sphere, if the dipole vector p is
perpendicular to the vector rg.

(c) Determine the potential ¢(r), if the dipole vector p is oriented along the vector r

Problem 4

The density J(r) of a stationary electric current propagating along the z-direction is given
by the vector
J(r)=e,Jycos(k-r)

where r is the radius-vector, Jy is a positive constant, and the vector k = ke, + kye, is
orthogonal to the unit vector e, of the z-axis.

(a) What are the Poisson equations for the three projections of the vector potential A(r)
of the induced magnetostatic field?

(b) Determine the vector-potential A(r) induced by the current J, by solving the Poisson
equation for the vector potential. The boundary conditions for the vector potential
and magnetic field are A(r =0) =0 and B(r =0) = 0.

(c¢) Find the locations where the density of magnetic energy wp(r) is minimal.



Vector Formulas

as(bxec)=b-(cxa)=c-(axh)
aX((bbxc=(a-ch—(a-b)
(@axb):(exd)=(a-c)b-d) —(a-d)b-c)
VXVgy=0
V-(Vxa)=0
VX (Vxa)=V(V-a) — Va
V-(ya)=a-V§+ yV-a
VX (fa)=Vyxa+ yV X a
Via-b)=(@-V)b+ (b-Via+ax (Vxhbh)+bx(Vxa)
Ve(axb)=b-(Vxa)—a-(Vxb)
Vx(axb)=a(V:-b) —b(V-a)+ (b-V)a—(a-V)
If x is the coordinate of a point with respect to some origin, with magnitude .

r = |x|, n = x/r is a unit radial vector, and f(r) is a well-behaved function of r,
then

V-x=3 Vxx=0
Vel =25+ L v xmpm) =0
(a - V)nf(r) =&:)[a —n(a-n)] + n(a-n)%}c

V(x-a) =a+ x(V-a) + i(L x a)

1 <
where L = 7 (x X V) is the angular-momentum operator.
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Theorems from Vector Calculus

In the following ¢, ¢, and A are well-behaved scalar or vector functions, Vis a
three-dimensional volume with volume element d°x, S is a closed two-
dimensional surface bounding V, with area element da and unit outward normal
n at da.

jv V-Adx = L A-nda (Divergence theorem)

Vyd’x=| ynda
v S

IVxAd3x=JnxAda
v s

. fv (¢V?y + Vo - VY) d°x = L ¢én Vi da (Green’s first identity)

L (oV2y — YV2¢) d’x = L (V¢ — yVo) - nda (Green’s theorem)

In the following S is an open surface and C is the contour bounding it, with line

element dl. The normal n to S is defined by the right-hand-screw rule in relation
to the sense of the line integral around C.

L (VxA)-nda= £ A.dl (Stokes’s theorem)

Ln X Vi da =£_x/zdl

‘r—w—“‘zr‘ B T T



Explicit Forms of
Vector Operations

Let ey, e,, e; be orthogonal unit vectors associated with the coordinate directions
specified in the headings on the left, and A,, A,, A; be the corresponding com-
ponents of A. Then

©d J d
T Vq’;:el—"r{+eg l’b—!~e3—'.’br
. X, 0x, dxs
=
B V-A=5Al- dA, dA5
.5 I 3.\:1 a_rz BX3
T dA;  9A dA, JA dA, A
6& VxA=e1—3——2 + e, s + e5 2 _—1
= dx, dxs X3 dx,; dx, IX5
P X

Vi=e, — + e,

ap p 3 az
& ~—~ V - A — A + e 2
é _;»_ pap (pAL) p b 9z
o 1dA; a4, 0A, A, 1[4 dA,
B& VX A= - — — — + - — (pA,) —
) el(p I 52) e'( dz  dp BN e
14 a s &
ppnll (oiys Lov oy
p dp ap < dp- 9z~
Y 1 dyr 1 Y
Vir = — e g —
L or 5 r 40 €a rsin @ doh
1 0, ., @ 1  OJA;
CA =5 (PA) F —— — ) + — -
WMo r- dr (rAy) rsin 8 96 (in.642) rsin @ d¢
1 d A,
o= P VXA= = — (sin AA5) — =
8% ©sine I:(%? (sin 045) c’r'qiv]
W - -
v D & E
= . 1 A, 19 1|2 A,
ST 5 = —==——(rA. + = S e
e e"[r sin 6 do rar & 3):| 3 | or (42) a0 ]
5 19 (,0 1 g .. = 1 >
Vg = 5 — r‘—tp + = — SlnG—l‘b i "t,'
r- or ar r< sin 6 26 a0 r=sin“ 6 d¢~
1 , 3 i
[Note that — & (r“ —"b> = 82, (ry).
r< dr ar r or- 1




