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* two-loop Euler-Heisenberg effective action in a
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* two-loop = (one-loop)? + one-loop

e background field “loopology”

* algebraic perspective on mass renormalization
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context

e dramatic recent progress in tree & multiloop amplitudes
* helicity and color decompositions, integration-by-parts,

master diagrams, recurrence/differential relations, SUSY ...

e twistor methods

Fundamental 1idea : expand about helicity amplitudes

SUGRA, Parkes-Taylor, Siegel, Bardeen, Nair, Cangemi, Bern-Dixon-Kosower, ...
Witten, Cachazo-Svrcek-Witten, Brandhuber et al, Bern et al, ...

e all two-loop 2 -->2 QCD processes
e two-loop gluon fusion: g g --> vy

e two-loop QED, QCD corrections to : qq --> Yy

qq-->gy

all since 2000 ete --> vy 2




basic strategy and context

e complementary approach: background field

higher-loop effective Lagrangian =
generating function for higher-loop amplitudes

goal : develop higher-loop background field
loop tools, a la amplitudes

perturb around self-duality -- signs of magic



One—loop effective action
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One-loop Applications

Light-light scattering (Euler & Kockel, 1936)
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Pair production from vacuum (Heisenberg & Euler, 1936)
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Beyond QED : QCD, SUSY, gravity, SUGRA, strings, ... 5



Mass renormalization

loop expansion : £ = £© 4 1) 4 £2 4
= Lieh + Liah (m*) + LE(m?) + ...

remn remn

mass shift : m? = m3 + ém? + ...

acd)

om?

mass renormalization : £ (m?) = £ (m2) + dm?

+ ...



Two-loop E-H effective actions

Propagator in constant background (Fock, Nambu, Schwinger)
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Ritus (1975) : renormalized expression for L®

Charge and mass renormalization

Complicated two-parameter integrals !



Ritus’s result (simplified!)
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very complicated!!!



Two-loop : self-dual magic (Gb, . Schubert, 2002)

Self-dual background : F , = ﬁw éll F, FH = f2
Y S TSN
spinor Q 9 2[ € (I{) f(l{)]
70
2
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ﬁécglar = o A2 {2 §Q(K’) _ gl(ﬁ")
m? Why so simple?

dimensionless parameter : K =

o . Why so similar?
ubiquitous function :

E(k) = —k (w(ﬁ;) — In(k) + 21%) Why € and &2
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Two-loop selt-dual background

Why so simple?
Self-duality =) F,, F,, = - f29,, ==propagators simplify
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massless scalar  Ggealar(p) =



Two-loop selt-dual background

Why so simple?
Self-duality == F F, =-1 2 0,, C=ppropagators simplify
Self-duality =) definite helicity : o, F (1+y5)/2=0

(massless) helicity amplitudes in QED, QCD, gravity, SUSY,
SUGRA known to be simple

Why so similar ?

‘t Hooft

Self-duality =) Dirac operator has QM supersymmetry Jackiv. Rebbi

scalar 2\ 21

one-loop : £§3mr — —2£(1)1 +1 (ﬁ)z In (%;)

two-loop :  helicity projections of propagators
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1+ 2+

b
Application : two-loop helicity amplitudes N+ mw 3
4+
SD effective action = generating function of “all +” helicity amplitudes
2e)" e
) k1, €7 ko, 655, . ky, e8] = Oﬂr(47r)2m2N — CN}Q XN
spinor helicity elements GD, C.Schubert, THEP 2003
_ N/ ara 2 > ,
XN = "2 {12)°[34)° - - - [(N — 1)N]* + all perms}
expansion coefficients
0(2) B 1 2n — 3 A3 3 nzl Boi.  Boy,_ok
T @ 2n =27 20 2k (20— 2k)

any number of legs ; but low-energy limit

generalize to any helicity combinations  (hep-th/0301022) 12



Effective Lagrangian and 3 - function

Advantages : combinatorics and graph structure  e.g. 3-loop

O O--0-0=0 —Q
@~ G- @= e
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| I
Disadvantage : need background field propagators

standard free case background field case

BUT : self-dual propagators are almost as simple as free ones
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Strong-field limit and {3 - function
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note : assumes well-defined massless limit

(Cf. Gell-Mann-Low)



Effective Lagrangian and 3 - function

Idea : self-dual background appears to be the ‘simplest’
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ﬁscalar ~ @f In (mg) Espinor 2471‘ (m )
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e mis-match for spinor QED due to fermion zero modes
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subtleties at > 1-loop for self-dual background (zero modes
Gies, 2003)



L

Effective Lagrangians beyond two loops ?

&

e n-loop ——> (2 n - 2) parameter integrals (n > 1) @

e recursion for higher loops ?

e background field *“ loop-ology’’

e key question : why & ?
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At 2 loop: why &(k) ? g(k) = —x(y(k) - Ink + 1/2K)

k=m?/(2ef)
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55 dt B D
Gscalar(p) = /0 Coshg(eft) e m<t %ta h(eft)
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At 2 loop: why &(k) ? g(K) = —x(y(k) - Ink + 1/2x)
k=m?/(2ef)

B-6l--0 -0+ 0 -]
scalar: [ — ] = 262 [© _ 0]2_62(27{; [© B O]

_, d'p m? &(k)
© o O — / (27]_)4 [G(p) — GO(p)] — ~(47T)2 Ii
d'p §'(k)

two - loop = ( one - loop) 2 + one - loop
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this 1s very
surprising!

4d ¢* theory

at two-loop

Iliopoulos, Itzykson &
Martin, 1975

TABLE I. Contributions of the various 'diagrams to the value of
the effective potential up to the order of two loops. The potential is
written as

ut Ao hA
Mo =30 ( 2t (4-;)2)

and ¥ and « stand for ¥ = Ag2/2u?, a = AN/ (47)2.

3022 (3(1 4+ x) log2(1 + x2) — 2(1 4+ %)
Xlog (1 + x) + 2x)

Diagram Contribution
x
o < -
6
U1 O (a/4) ((1 4+ x)2log(1 + x) — (x4 3a?))
CD (0/8) ((1 + %) log(1 + ) — )?
(a)
()
(b)




two - loop = (one - loop)-2 + one - loop

first hint : relation to diagrams with no background field

2
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SpINOr:

free spinor QED @ = —6e [Q ]2
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MICO

free scalar QED = 2 e’ [O ]2
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background field “loopology” GD, JHEP 2004

free scalar QED
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background field “loopology” GD, JHEP 2004

self-dual background field scalar QED
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Background field “integration-by-parts™

pure algebra - no integrals !!!




d-dimensional propagator
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background field “loopology”: mass renormalization

© -el=5 (55 {Or -0 +o(?)

complete the square :

OF-I0F=I0-OF+2(01I0 - O]
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mass renormalization 1s a trivial algebraic loop operation

B -©1=5(573)10 - OP+im 25 +ou
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background field “loopology”: charge renomalization

[ _@]massrenzz (3:;) [@ _O]2+O(f2)

found the (one-loop)? part purely algebraically !

only remaining divergence is prop. to f2: charge renormalization

Ol") =4 —ame(ef P | I6W)G(a) ~ Golp)Gula) (p—
= ——2 (ef)? O - Ol no integrals !!!

renormalized 2-loop effective Lagrangian :

©-61=,210-0F-%
$ o,

generic ! non-generic




other connections

4dN=4SYM :

two-loop planar amplitudes related to squares of one-loop

amplitudes
(Anastasiou, Bern, Dixon, Kosower, 2003)

MPe) = 5 (MIE)’ + Fe) MP(2e) — ¢4

suggests possibility of iterative perturbative structure ...
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other connections

4d N =2 SUSY QED : 2-loop HE effective Lagrangian

(Kuzenko & McArthur, 2004)

L(F? F?) = A(F%) + A(F?) 4+ F2F? Q(F?, F?)

‘relaxed’ self-duality condition :

s 1y (W 51 (W)
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similar result for N =4 SYM \

(Kuzenko & McArthur, 2004)

same function &
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Conclusions

e self-dual background is a remarkably efficient probe

* physically : self-duality < helicity < QM SUSY

* renormalized 2-loop effective Lagrangians have very simple form
e loop recurrences : two - loop = (one - loop) > + (one - loop)

e simple graphical interpretation of mass renormalization

e algebraic background field integration-by-parts rules
* higher loops
e nonabelian rules

e Hopt algebra structure, a la Kreimer-Connes ?
28



Number theory application : Bernoulli identities
coth 2x = 1- d(coth x)/dx

n—1 (2n
kgl (%}B%an—zk = —(2n + 1) By,

e Miki’s identity (1978) : ‘exotic’, proved with p-adic analysis

e Euler-Ramanujan :

1 (2k) (20— 2k) k= |2k T Wenth+y)

n—1 BQkBQn_Qk n—1(2n BQkBQn—2k‘ BQ’R
(2k)(2n —2k)

e simple quantum field theory proof and generalizations:
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T = _ngl o 2 GD, Schubert, 2004
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