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Direct photons

I Small cross section: information on various stages of
evolution

I Prompt (high PT )
I Initial hard scatterings
I Fragmentation

good agreement with pp data

I Medium effects
I Jets + medium
I Thermal photons (QGP, HG) (low pT )

I Other sources?
I Glasma (Chiu,..,Liao, McLerran et. al.)
I B field (GB, Kharzeev, Skokov, Fukushima, Tuchin)

...

2.5 Transverse phase space: equilibrium and the QGP state

Figure 2.17: Schematic light cone diagram of the evolution of a high energy
heavy ion collision, indicating a formation phase !0 (see text).

enters interaction. In the simple case of extremely high Q2 processes the an-
swer is that all constituents are resolved. However, at modest Q2 (dominating
bulk hadron production) the characteristic QCD saturation scale Q2

s(x) gains
prominence, defined such that processes with Q2 < Q2

s do not exploit the initial
transverse parton densities at the level of independent single constituent color
field sources (see equation 2.11). For such processes the proper formation time
scale, !0, is of order of the inverse saturation momentum [61], 1/Qs ! 0.2 fm/c
at
"

s = 200 GeV . The first profile of the time evolution, sketched in Fig. 2.17,
should correspond to proper time t = !0 = 0.25 fm/c at RHIC energy. At
top SPS energy,

"
s = 17.3 GeV , we can not refer to such detailed QCD con-

siderations. A pragmatic approach suggests to take the interpenetration time,
at " # 8.5, for guidance concerning the formation time, which thus results as
!0 # 1.5 fm/c.

In summary of the above considerations we assume that the initial partonic
color sources, as contained in the structure functions (Fig. 2.13), are spread out
in longitudinal phase space after light cone proper time t = !0 # 0.2 fm/c, at
top RHIC energy, and after !0 # 1.5 fm/c at top SPS energy. No significant
transverse expansion has occured at this early stage, in a central collision of A #
200 nuclei with transverse diameter of about 12 fm. The Bjorken estimate [45]
of initial energy density # (equation 2.1) refers to exactly this condition, after
formation time !0. In order to account for the finite longitudinal source size and
interpenetration time, at RHIC, we finally put the average !0 # 0.3fm, at

"
s =

200 GeV , indicating the ”initialization time” after which all partons that have
been resolved from the structure functions are engaged in shower multiplication.
As is apparent from Fig. 2.17, this time scale is Lorentz dilated for partons
with a large longitudinal momentum, or rapidity. This means that the slow
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Direct photons

experiment (PHENIX):

PHENIX has measured the direct photon RAA in such collisions at
!

sNN =
200 GeV for pT " 17 GeV/c, the result is shown in Fig. 3 together with the !0

RAA. No suppression has been observed for direct photons in such collisions, but
the pT range is less than in Au+Au and the uncertainties are larger at highest pT

. As the isospin e!ect scales with xT = 2pT/
!

s, looking at lower collision energies
would make studies on this e!ect available at lower transverse momenta where the
merging of !0 decay photons on the calorimeter does not yet play a role. Therefore,
direct photons in Au+Au collisions at

!
sNN = 62.4 GeV have been measured as

well, the nuclear modification factor is shown in Fig. 4. Unfortunately, the uncer-
tainties of the measurement are too large to draw any conclusions.
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Figure 5: The direct photon invariant cross section (p+p) and invariant yield
(Au+Au) as a function of pT. The filled points are from [9], the open points from
[4], [5]. The three curves on the p+p data are from NLO pQCD calculations [10],
the dashed lines are a modified power-law fit to p+p, scaled by TAA. The black
curves on the Au+Au data are the TAA scaled p+p fit plus an exponential.

At low transverse momenta (pT < 4.5 GeV/c), PHENIX has measured the ratio
r = "direct/"inclusive in p+p and Au+Au collisions at

!
sNN = 200 GeV via internal

conversion. This ratio is consistent with pQCD predictions [10] in p+p collisions
while the experimental result exceeds a binary-scaled pQCD prediction in Au+Au
collisions significantly. The direct photon invariant yield can then be calculated as
dNdirect(pT) = r # dN inclusive(pT). Fig. 5 shows the direct photon invariant cross
section and the invariant yield for p+p and Au+Au collisions, respectively. For
Au+Au collisions, di!erent centrality selections are shown. The results obtained
with the statistical method are added to the plot as well, showing a good agreement
with the internal conversion data in the overlap region. The pQCD calculation is
consistent with the p+p data within uncertainties for pT > 2 GeV/c. The same data
can also be well described by a modified power law function (App(1 + 2p2

T/b)!n)
which is represented by the dashed line in the figure. The p+p curve, scaled
by TAA, the nuclear overlap function, is significantly below the Au+Au data for

6

theory (Gale et al.):

Charles Gale

APPLYING THIS TO THE SOFT SECTOR @ RHIC

!At low pT, spectrum 
dominated by thermal 
components (HG, 
QGP)

!At high pT, spectrum 
dominated by pQCD

!Window for jet-QPG 
contributions at mid-
pT

7
Turbide, Gale, Frodermann, Heinz, PRC (2008);
Higher pT: G. Qin et al., PRC (2009)
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I Enhancement at low pT , steep slope → high T, early time

I Tave=221 MeV , Tin=300-600 MeV (τ0=0.15-0.6 fm)
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Direct photons: azimuthal anisotropy

dN

d2pT
=

dN

2πpTdpT

∞∑

n=1

(1 + 2vn cos(nφ))

experiment (PHENIX) :

Direct photon v2 

 arXiv:1105.4126 

Au+Au !sNN = 200 GeV 

minimum bias 

•  Large v2 at pT < 4 GeV/c where 
thermal photons dominate 

•  v2 consistent with 0 at high pT 
where prompt photons 
domininate 

!  Very surprising result: large v2  
implies late emission whereas 
thermal radiation implies early 
emission 

!  Models have difficulties in 
reproducing simultaneously 
yield and v2 of photons 

Poster 282 M. Csanad 

arXiv:1105.4126

• puzzle: high T ↔ early time , v2 ↔ flow, late time
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theory (hydro, Gale et al.) :

Charles Gale

FICS AND THERMAL PHOTON V2
!The combination of FICs and of 

viscous effects enhance v2 in 
this centrality class (0-20%), as 
for hadrons

!For hadrons measured in 
events belonging to large 
centrality, FICs will decrease 
v2

!HG elliptic flow is much larger 
than QGP elliptic flow, but 
remember net v2 is a weighted 
average. Shapes are also 
different, as before

27
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FIG. 11. (Color online) The thermal photon v2, showing the e↵ect of FICs. The left panel shows the contribution from the
QGP, and the right panel that of the HG. Note that the curve labeled “FIC” also includes all viscous corrections (time evolution
and �f).
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V. CONCLUSION

In this work we have sought to establish the quantitative importance of a finite shear viscosity coe�cient and of
fluctuating initial conditions on two real photon observables: the one-body spectrum and the transverse momentum
dependence of the elliptic flow coe�cient. This was done using music, a realistic 3+1D relativistic hydrodynamical
simulation. Importantly, comparisons between cases with and without viscous corrections were done using conditions
tuned to hadronic experimental data, and this was the case also for studies involving FICs. Results obtained here show
that the combined e↵ects of the viscosity and of the FICs are large enough to make their inclusion mandatory in any
attempt to quantitatively extract transport coe�cients of the hot and dense matter from thermal photon data. It was
not the point of this work to explicitly compare with experimental measurements just yet. Firstly, 3+1D relativistic
viscous hydrodynamics models are in their infancy, and systematic studies of all parameter dependences, in the spirit
of that in Ref. [45] for example, will be useful to establish a more precise quantitative link between observables and the
underlying hydrodynamics. Secondly, in what concerns the photon sources, an inclusive and consistent treatment of
all of them (pQCD photons, photons from jets interacting and fragmenting while losing energy . . . ) with and without
viscosity is still to be done. Finally, exploring the consequences of what has been found here on electromagnetic
observables at the LHC should prove interesting and relevant.

In closing, it is worth mentioning that recently the PHENIX collaboration at RHIC has extracted a direct photon
v2 from measured data [46]. Interestingly, this analysis concludes that the direct photon elliptic flow is comparable
in magnitude to that of the ⇡0. This large photon elliptic flow is a challenge to most approaches, but may contain

Net v2

!Net v2 is comparable in size to 
that with ideal medium. 
Bending down is QGP-driven
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anisotropy 6= flow

background magnetic field → source of anisotropy

magnetic field + bulk modes of plasma → photons!
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Magnetic fields in heavy ion collisions

Strong magnetic fields are generated by the spectators

B ∼ m2
π ∼ 1014T

I Refrigerator magnet ∼ 10−2T
I MRI ∼ 100T
I Levitating frog: 14T (Berry, Geim)

I Strongest continuous field: 45T (NHMFL)

I Strongest non-destructive pulsed field ∼ 102T
I Strongest destructive pulsed field ∼ 103T
I Neutron star ∼ 106T
I Magnetar ∼ 109T

y

x
ϕ

B~m2
π
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Magnetic fields in heavy ion collisions

Strong magnetic fields are generated by the spectators
(Kharzeev,McLerran,Warringa; Skokov, Illarionov, Toneev, Bzdak)

B ∼ m2
π ∼ 1014T
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!
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demonstrating a weak field dependence on the nuclei charge (see similar estimate
in Ref. 17).

In Figs. 2 and 3, the time evolution of the magnetic field strength for SPS
and RHIC energies is shown. The magnetic field is created in the noncentral Au–
Au collision with the impact parameter b = 4 fm. The resulting field strength is
averaged over 100 events to reduce statistical fluctuations. It is clear, however, that
the magnetic field in one individual event can be significant for an observable e!ect.
The nonzero components of the magnetic field strength eBy in a single event are
plotted on the same figures to demonstrate its deviations from the average value,
see Fig. 2. In Fig. 3, the magnetic field strength eBy was estimated also assuming
a collision of two uniformly charged Lorenz contracted noninteracting spheres with
the radius R = 7 fm. The spheres move with the velocity defined by the collision
energy. The results obtained in this semianalytical model and the UrQMD one agree
to each other. The magnitude of the magnetic field estimated in Ref. 5 for an earlier
stage of Au–Au collision at the RHIC energy

!
sNN = 200 GeV and the impact

parameter b = 4 fm is about eB " 1.3 ·m2
!, which is close to our calculationsb. Note

that this magnetic field strength is higher by about 4 orders of magnitude than that
in the surface of magnetar 24. It is impossible to make steady fields stronger than
4.5 · 105 Gauss in the lab because the magnetic stresses of such fields exceed the
tensile strength of terrestrial materials.

In Fig. 4 we show the dependence of the magnetic field strength on the coordinate
y for a fixed time corresponding to its maximal value at y = 0. As it is seen, the
field stays approximately constant up to y # 5 fm, demonstrating the high degree
of homogeneity in the central region.

bWe measure the magnetic field strength in the units of the pion mass squared, using for definite-
ness m! = 140 MeV. However, the magnetic field strength can be translated into the CGS system

(Skokov et al.)

I magnitude: B ∼ √s
I pulse width: t0 ∼ 1/

√
s

Figure 2: The mean absolute value of the magnetic field at t = 0 and !x = 0 as a function of
impact parameter b for AuAu collision at

!
s = 200 GeV. Fluctuation of proton positions

lead to non-zero values of "|Bx|# that are comparable to "|By|#.

ing over events. To study the magnitude of the magnetic field disregarding its
direction from one event to another we consider the average (over events) ab-
solute value3 of the magnetic and electric fields, "|Bx,y|# and "|Ex,y|#. Due to
fluctuations of the proton positions we obtain comparable numbers for "|Bx|#
and "|By|# suggesting that on the event-by-event basis we should expect huge
fields both in x and y directions. Since the chiral magnetic e!ect leads to the
electric current along the magnetic field, our result indicate that, in principle,
the chiral magnetic e!ect may take place not only in the y direction but also
in the x direction.

The results for the electric field are shown in Fig. 3.
The symmetry of the system presented in Fig. 1 implies that at !x = 0

the average value of the electric field "Ex# = "Ey# = 0. However, as seen in
Fig. 3, fluctuations lead to "|Ex|# $ "|Ey|# with magnitude of the order of
m2

!. It is interesting to notice that x and y components of the electric field

3First we calculate, e.g., Bx in an event from all protons and after that we take the
absolute value. Next we calculate average over events.

4

(Bzdak, Skokov)

< Bx >= 0, fluctuations:
< |Bx| >,< |By| >∼ m2

π
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Magnetic fields in heavy ion collisions

Magnetic field + axial anomaly:
I Chiral magnetic effect → Charge separation

(Fukushima, Kharzeev, McLerran, Warringa, Zhitnitsky)

I Chiral magnetic wave → Charge dependent v2

(Burnier, Kharzeev, Liao ,Yee)

I Chiral magnetic spiral → In plane current correlations
(GB, Dunne, Kharzeev)

Photons from magnetic field:
I Photons from local parity violation (Fukushima, Mameda)3

The current from the usual chiral Lagrangian L! at the
lowest order results in

jµ
! = !i

ef2
"

4
tr

!"
!µ ! !̃µ

#
!3

$

" e
"
"!i#µ"+ ! "+i#µ"!

#
+ · · · ,

(9)

which represents the electric current carried by the flow
of charged pions, "±, which is clear from the expanded
expression. There appears no term involving #µ$ in this
part. More non-trivial and interesting is the current as-
sociated with the WZW terms, leading to

jµ
WZW = !Nctr(Q)

32"2
%µ#$%

%
2ie2tr

!
(!# + !̃#)!3

$
#$A%

+ e2tr
!
#$(!# + !̃#)!3

$
A% !

2e

3
tr(!#!$!%)

&
, (10)

The physical meaning of this current will be transparent
in the expanded form using U # 1+i! ·"/f" + · · · . Then
we find that the first term in Eq. (10) is written as,

jµ
WZW =

Nctr(Q)e2

8"2f"
%µ#$%(##"0)F$% . (11)

The second term in Eq. (10) is vanishing and the last
term represents a topological current purely from the en-
tanglement of all "0 and "±. The physics implication of
Eq. (11) has been discussed with the "0-domain wall [9]
and the pion profile in the Skyrmion [26]. Finally we can
reproduce the CME current from the contact interaction
as

jµ
P =

Nc e2 tr(Q2)
4Nf "2

%µ#$%(##A$) #%$ . (12)

We can rewrite the above expression in a more familiar
form using µ5 = #0$/(2Nf) and Bi = %ijk#jAk to reach,

jP =
Nc e2 tr(Q2)

2"2
µ5B . (13)

It should be noted that %0123 = +1 in our convention.
This derivation of the CME is quite suggestive on its

own and worth several remarks.
First, it is known that the contact term LP is not

renormalization-group invariant [24]. This means that
LP and thus jP are scale dependent like the running cou-
pling constant. It is often said that jP is an exact result
from the quantum anomaly, but it may be a little mis-
leading. The functional form itself could be protected
(though there is no rigourous proof) but B and µ5 in
Eq. (13) should be renormalized ones. Indeed it has been
pointed out that interaction vertices in the (axial) vector
channels result in the dielectric correction to B [27]. The
knowledge on the chiral Lagrangian strongly supports the
results of Ref. [27].

Second, to find Eq. (13), we do not need quark degrees
of freedom explicitly but only hadronic variables. This

!"

!

#

!"#

FIG. 1. Schematic figure for the single photon production as
a consequence of the axial anomaly and the external mag-
netic field. The angular distribution of the emitted photons
is proportional to (q2

z + q2
x)/(q2

x + q2
y + q3

z) where qy is in the
direction parallel to B and qz and qx are perpendicular to B.

is naturally so because the idea of the WZW action is to
capture the anomalous e"ects from the ultraviolet regime
in terms of infrared variables. It is clear from the above
derivation, therefore, that the CME occurs without mass-
less quarks in the quark-gluon plasma. (See also Ref. [28]
for another derivations of the CME without referring to
quarks explicitly.) Then, a conceptual confusion might
arise; what really flows that contributes to an electric
current in the hadronic phase? One may have thought
that it is "±, but such a current is rather given by jµ

! ,
and the CME current jµ

P originates from the contact part
that is decoupled from U . The same question is applied
to Eq. (11) if the system has a "0 condensation.

In a sense these currents associated with the $(x) or
"0(x) backgrounds are reminiscent of the Josephson cur-
rent in superconductivity. Suppose that we have a "0

condensate, then such a coherent state behaves like a
macroscopic wave-function of "0 field. Then, a micro-
scopic current inside of the wave-function "0 could be a
macroscopic current in the whole system since the wave-
function spreads over the whole system. In the case of
the CME, $(x) or &0(x) plays the same role as "0(x). In
this way, strictly speaking, it is a high-momentum com-
ponent of quarks and anti-quarks in the wave-function of
"0 or &0 that really flow to make a current, though these
quarks do not have to get deconfined.

This sort of confusing interpretation of the CME cur-
rent arises from the assumption that $(x) and B(x) are
spatially homogeneous. Once this assumption is relaxed,
as we discuss in what follows, an interesting new possi-
bility opens, which may be more relevant to experiments.

From now on, let us revisit Eq. (7) from a di"erent
point of view. If we literally interpret Eq. (7) as usual in
the quantum field theory, it should describe a vertex of
the processes involving two photons and the $ field such
as $ $ '' and $ +B $ ' in the magnetic field. The lat-
ter process can be viewed as the reverse of the Primako"
e"ect involving the $(x) background instead of neutral

I Synchrotron radiation of quarks (Tuchin)

A

V V
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Magnetic fields in heavy ion collisions

Magnetic field + axial anomaly:
I Chiral magnetic effect → Charge separation

(Fukushima, Kharzeev, McLerran, Warringa, Zhitnitsky)

I Chiral magnetic wave → Charge dependent v2

(Burnier, Kharzeev, Liao ,Yee)

I Chiral magnetic spiral → In plane current correlations
(GB, Dunne, Kharzeev)

Photons from magnetic field:
I Photons from local parity violation (Fukushima, Mameda)3
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which represents the electric current carried by the flow
of charged pions, "±, which is clear from the expanded
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The physical meaning of this current will be transparent
in the expanded form using U # 1+i! ·"/f" + · · · . Then
we find that the first term in Eq. (10) is written as,

jµ
WZW =

Nctr(Q)e2

8"2f"
%µ#$%(##"0)F$% . (11)

The second term in Eq. (10) is vanishing and the last
term represents a topological current purely from the en-
tanglement of all "0 and "±. The physics implication of
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4Nf "2

%µ#$%(##A$) #%$ . (12)

We can rewrite the above expression in a more familiar
form using µ5 = #0$/(2Nf) and Bi = %ijk#jAk to reach,

jP =
Nc e2 tr(Q2)

2"2
µ5B . (13)

It should be noted that %0123 = +1 in our convention.
This derivation of the CME is quite suggestive on its
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is proportional to (q2
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x)/(q2

x + q2
y + q3
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Conformal anomaly in QCD

scale transformation:

xµ → λxµ

associated current: dilatational current

∂µS
µ = θµµ = mf ψ̄fψf
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Conformal anomaly in QCD

scale transformation:

xµ → λxµ

associated current: dilatational current

∂µS
µ = θµµ = − β(g)

2g tr(G2)
⇓

quantum corrections
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Conformal anomaly in QCD

scale transformation:

xµ → λxµ

associated current: dilatational current

∂µS
µ = θµµ = − β(g)

2g tr(G2) +mf (1 + γ(g))ψ̄fψf
⇓ ⇓
quantum corrections
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Conformal anomaly in QCD

dilatational current → generates color singlet, scalar states of
mass mσ with amplitude fσ (dilaton)

〈0|Sµ|σ〉 = iqµfσ 〈0|∂µSµ|σ〉 = m2
σ fσ

coupling to electromagnetism: Lσγγ = gσγγσ F
2 (Ellis et al. ’70s)

∫
dxdy ei(px+qy)〈θµµ(0)Jα(x)Jβ(y)〉(p.qgαβ − qαpβ)

Rα

3π
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mass mσ with amplitude fσ (dilaton)

〈0|Sµ|σ〉 = iqµfσ 〈0|∂µSµ|σ〉 = m2
σ fσ

coupling to electromagnetism: Lσγγ = gσγγσ F
2 (Ellis et al. ’70s)
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θ µµ(p+q) α

β

p

q
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Conformal anomaly in QCD

dilatational current → generates color singlet, scalar states of
mass mσ with amplitude fσ (dilaton)

〈0|Sµ|σ〉 = iqµfσ 〈0|∂µSµ|σ〉 = m2
σ fσ

coupling to electromagnetism: Lσγγ = gσγγσ F
2 (Ellis et al. ’70s)

∫
dxdy ei(px+qy)〈θµµ(0)Jα(x)Jβ(y)〉 → (p.qgαβ − qαpβ)

Rα

3π
mσ

(p+ q)2 −m2
σ

θ µµ(p+q)
p

qX σ
f gσγγσ

fσgσγγ = Rα
6π
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Conformal anomaly in QCD

dilatational current → generates color singlet, scalar states of
mass mσ with amplitude fσ (dilaton)

〈0|Sµ|σ〉 = iqµfσ 〈0|∂µSµ|σ〉 = m2
σ fσ

coupling to electromagnetism: Lσγγ = gσγγσ F
2 (Ellis et al. ’70s)

∫
dxdy ei(px+qy)〈θµµ(0)Jα(x)Jβ(y)〉 → (p.qgαβ − qαpβ)

Rα

3π
mσ

(p+ q)2 −m2
σ

θ µµ(p+q)
p

qX σ
f gσγγσ

fσgσγγ = Rα
6π

PCDC (Gell-Mann, Carruthers)

“Partially zero trace” P0T
(Ellis, Crewther)
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Conformal anomaly in QCD

θ µµ(p+q)
p

qX σ
f gσγγσ

fσgσγγ = Rα
6π

identify σ with lightest scalar meson : f0(500)

mσ = 550MeV , Γ(σ → γγ) = g2
σγγ

m3
σ

4π
≈ 5KeV

R ≡ σ(e+e− → γ∗ → hadrons)
σ(e+e− → γ∗ → µ+µ−)

= 5 (PDG 2012)

fix:

gσγγ ≈ 0.02GeV −1 fσ ≈ 100MeV
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Bulk viscosity of QGP part I: introduction

In QGP, conformal anomaly is governed by bulk viscosity (ζ)

• response to compression/rarefaction

θij = P (ε)δij − η
(
∂iuj + ∂jui −

2
3
δij∂ku

k

)
− ζ δij ~∇ · ~u

• linear response:

ζ =
1
9

lim
ω→0

1
ω

∫ ∞

0
dt

∫
d3x eiωt〈[θii(x), θjj(0)]〉 =

1
9

lim
ω→0

GRii,jj(ω, 0)
ω
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Explanation of the mechanism

2

γ

B x

=2 Im γ

x x

γ

B B

[ ]

q0
dΓ
d3q

= 2
(

gσγγ
πfσm2

σ

)2 B2
yq

2
x +B2

xq
2
y

exp(βq0)− 1
ρθ(q0 = |~q|)

B2
x 6= B2

y ⇒ Anisotropy! ⇒ nonzero v2!

anisotropy 6= flow !
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Explanation of the mechanism

q0
dΓ
d3q

= 2
(

gσγγ
πfσm2

σ

)2 B2
yq

2
x +B2

xq
2
y

exp(βq0)− 1
ρθ(q0 = |~q|)

spectral function of bulk modes (hydro) (Hong, Teaney):

ρθ(q0, ~q) = 1
πIm[GRθ,θ (q0, ~q)] = 9q0 ζ

π

+ 9
π (ε+ p)

(
1
3 − c2

s

)2 q0Γs ~q4

(q2
0−c2s ~q2)2+(q0Γs~q2)2

Real photons

q0

Ρ

• real photons (q0 = |~q|) are away from sound peak
(q0 = cs|~q|)
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Bulk viscosity of QGP part II: various results

I Lattice SU(3) (Meyer) difficult to extract

I Kinetic theory (Jeon, Moore, Arnold, Doğan, Dusling, Schäfer)

ζ = Cζ

(
1
3
− c2

s

)2

η

↓
(deviation from conformality c2s = 1/3)

I photons + hot matter Cζ = 15 (Weinberg, ‘71)

I QCD (RTA) Cζ = 15 (Dusling, Schäfer, ‘11)

I QCD (Leading log, pure glue) Cζ ≈ 48 (Dusling, Schäfer, ‘11)

I phenomenological constraints Cζ ≈ 2− 5

I use the most conservative values: Cζ = 2− 5 , η
s = 1

4π
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Bulk viscosity of QGP part III: equation of state

ε−3p
T 2Tc• Lattice calculation of 〈θµµ〉 = ε− 3p

• Effective theory for T = 1.2− 4Tc (Pisarski et al..)

• Mean field potential Veff for q ∼ A0

V =
P
n cn tr[Ln + L†n], (Ünsal,Yaffe)

Veff (q) = Vpert(q)T 4 + Vnon(q)T 2
c T

2

dVeff
dq
|q=<q> = 0 , p(T ) = −Veff (〈q〉) = a T 4 + b T 2

c T
2

cancel here by taking the di!erence between measurements at the same parameter ! but di!erent temporal
extent Nt, i.e. di!erent temperature. The temporal size N sub

t of the lattice used for the subtraction will be
either set to 2 · Nt (corresponding to half the temperature) or Ns (corresponding to zero temperature), as
will be discussed later.

Having calculated the trace anomaly as a function of the temperature, all other thermodynamic ob-
servables can also be reconstructed. The pressure is obtained as a definite integral,

p(T )
T 4

! p(T0)
T 4

0

=

T!

T0

I(T !)
T !5 dT !, (2.3)

where the integration constant can be set using a glueball resonance gas model, see section 6.1. Using the
pressure and the trace anomaly, the energy density " and the entropy density s can be calculated as

" = I + 3p, s =
"+ p

T
. (2.4)

Besides the thermodynamic observables defined above, for the setting of the lattice scale we also measure
the susceptibility #P of the Polyakov loop P , defined as

P =
1
V

"

n1,n2,n3

Tr
Nt"1#

n4=0

U4(n), #P = V
$%

P 2
&
! "P #2

'
. (2.5)

3 Non-perturbative contributions

Figure 1. Our results for the normalized trace
anomaly multiplied by T 2/T 2

c for Nt = 5, 6, 7 and 8
(red, green and blue dots, respectively). Also plotted
are lattice results of [14], g5 perturbation theory [13]
and the HTL approach [6].

Recently there have been interesting observations
about the presence of a non-perturbative contribution
in the equation of state in the transition region [22, 23].
For dimensional reasons, any finite order perturbative
formula can only give logarithmic corrections to the
p(T ) $ T 4 Stefan-Boltzmann law. Instead of such log-
arithmic corrections, lattice data suggests that there
is an approximately quadratic contribution which is
dominant for temperatures up to $ 4 Tc. This non-
perturbative pattern may be explained within a fuzzy
bag model [23], in terms of a dimension-2 gluon conden-
sate [24, 25], in a system of transversely polarized quasi-
particles [26] or within the gauge/string duality [27].
Here we do not go into the viability of such models
and only identify it as the dominant non-perturbative
contribution.

This non-perturbative contribution can be best ob-
served in the trace anomaly I = "! 3p. Specifically, it
is instructive to study the combination I/T 4 · (T/Tc)2,
which is shown in Fig. 1. Our results with the Symanzik
improved gauge action for various lattice spacings are
compared to results obtained with the Wilson gauge action [14], the 4-loop perturbative expansion [13] and
the HTL NNLO scheme. While for the former the renormalization scale µ = 2$T is used (black dashed line
in the figure), for the latter a range of µHTL = $T . . . 4$T is considered (gray band).

– 3 –

• Vnon: strings, monopoles, dyons, bions...?? → fitted to lattice

⇒ use the model for s(T ), c2
s(T )
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• Lattice calculation of 〈θµµ〉 = ε− 3p

• Effective theory for T = 1.2− 4Tc (Pisarski et al..)

• Mean field potential Veff for q ∼ A0

V =
P
n cn tr[Ln + L†n], (Ünsal,Yaffe)

Veff (q) = Vpert(q)T 4 + Vnon(q)T 2
c T

2

dVeff
dq
|q=<q> = 0 , p(T ) = −Veff (〈q〉) = a T 4 + b T 2

c T
2

4

this is illustrated in Fig. (1); for two colors, in Fig. (2). If
p(T ) is the pressure, and e(T ) the energy density, then a
more sensitive test of the fit is also to plot the interaction
measure, ! = e! 3p. Thus in each figure we plot p/T 4,
e/T 4, and !/T 4, both from the lattice, from Ref. ([14])
for two colors, and from Ref. ([15]) for three colors.

The parameters of the fit are

c1 = ! .41488 ; c2 = ! 5.45957 ; c3 = 0.21954 . (8)

for three colors, and

c1 = ! 0.30267 ; c2 = ! 5.97440 ; c3 = 0.18341 . (9)

for two colors.
While our model appears to involve three parameters,

this is misleading. One parameter fixes the critical tem-
perature, Tc. A second is chosen so that the pressure
vanishes at Tc. Thus we really have only one free param-
eter, which is tuned to fit the behavior of the pressure
near Tc.

For two colors, our model exhibits unphysical behav-
ior, as the energy density is negative below " 1% of Tc.
This might be corrected by adding further terms in the
nonperturbative potential, such as higher Bernoulli poly-
nomials.

In any case, since we fix the pressure to vanish at Tc,
within our approximations the confined phase has van-
ishing pressure. How to match to a more realistic de-
scription of the confined phase is an important problem,
which we defer for now.

Given the e"ective Lagrangian, it is then straightfor-
ward to compute the ’t Hooft loop. In the complete QGP,
the potential includes only the perturbative potential,
Vpt(qa), Eq. (5); in the semi-QGP, it is a sum of this and
the non-perturbative potential, Vnon(qa).

For two colors, as q2 = !q1 there is only one indepen-
dent direction, and it is direct to compute the tunneling
path, and its associated action, analytically. The result
for the ’t Hooft loop is

!(T ) =
4"2T 2

3
!

6g2(T )
#(g2)

(1! (Tc/T )2)3/2

1! 0.908 (Tc/T )2
, (10)
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FIG. 1: Comparison of lattice results for SU(3) pure gauge
to the model, for the pressure, energy density, and interaction
measure.

where

#(g2) = 1! 0.16459 g2(T ) .

The factors involving Tc/T are special to the semi-QGP,
so that as T # Tc, the result reduces to that in the
complete QGP [18]. The function #(g2) is the correction
" g2 in the complete QGP; in plotting, we take g2(2"T )
[8].

The ’t Hooft loop vanishes at Tc, as expected for a sec-
ond order phase transition. From universality, the result
in the Ising model is !(T ) " (T ! Tc)2! , with 2$ " 1.26;
lattice results in a gauge theory [23] find 2$ " 1.32 [23].
Our result, 2$ = 1.5, is not too far o", as expected for a
mean field theory. We note, however, that because of the
term in the denominator, that the numerical agreement
isn’t close. This is presumably related to the unphys-
ical behavior of the energy density near Tc, mentioned
previously.

For three colors, in the semi-QGP the vacua is along %3

(using the Gell-Mann notation), while the path for the
’t Hooft loop depends upon a change in %8. The path
was determined numerically, and lies along both %3 and
%8. The action of the tunneling path was also determined
numerically, and the result for the ’t Hooft loop for three
colors is illustrated in Fig. (3). (For N = 2, we take
Tc/#M̄S = 1.31; for N = 3, 1.14. For the same value of
Tc/#M̄S = 1.31, the results unexpectedly coincide.)

Including #(g2), the semi-classical computation of the
’t Hooft loop in the complete QGP agrees with lattice
simulations above " 4.0 Tc; below that temperature, they
agree with the result in the semi-QGP [24]. To obtain
agreement, however, it is necessary to include the correc-
tion #(g2); this is computed in the complete QGP, which
is incorrect. Two things are required to compute #(g2) in
the semi-QGP. First, the potential for constant qa needs
to be computed to two loop order, expanding about the
full potential, Vpt(qa) + Vnon(qa). Second, corrections to
one loop order need to be computed for the kinetic term.
In the complete QGP this brings in new functions, the
&(qa) [18]. Other functions could arise in the semi-QGP.
For now, we defer these involved computations; since the

FIG. 2: Comparison of lattice results for SU(2) pure gauge
theory to the model, for the pressure, energy density, and
interaction measure.

• Vnon: strings, monopoles, dyons, bions...?? → fitted to lattice

⇒ use the model for s(T ), c2
s(T )
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• Vnon: strings, monopoles, dyons, bions...?? → fitted to lattice

⇒ use the model for s(T ), c2
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Explanation of the mechanism: parameters

p0
dΓ
d3p

=
9p0

2π4

(
gσγγ
fσm2

σ

)2 B2
y p

2
x +B2

x p
2
y

exp(βp0)− 1

(
1
3
− c2

s

)2

s(T )

I Bjorken expansion T
T0

=
(
τi
τ

)1/3

I Initial time: τi = 0.1fm/c

I Initial temperature: T ≈ 350MeV

I Equation of state: effective theory

I Magnetic field: spectators + fluctuations, time dependent

I Overall normalization: P0T (σ → γγ)
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Transverse momentum spectrum

I vanishes as p2
T at low pT

I overcomes thermal rate
above 1 GeV

I higher pT : prompt photons

3

FIG. 2: The azimuthal anisotropy v2 of the direct photons
for di↵erent values of bulk viscosity corresponding to C⇣ in
the range of 10 ÷ 15. The black dotes are the data from the
PHENIX collaboration [25] for minimum bias Au-Au colli-
sions at

p
s = 200 GeV.

where Cem = e2

3 R ⌘ P
f Q2

f with Qf ’s are the electric
charges of the quarks, and ⇢V is the vector current spec-
tral function that in the limit of q0 ! 0 and q ! 0 is
related to the electric conductivity:

�em =
Cem

6
lim

q0!0

⇢V (q0, |q| = 0)
q0

. (11)

The spectral function for ✓ and the bulk viscosity was
calculated in lattice QCD [19, 33]. However the extrac-
tion of bulk viscosity from the lattice data is notoriously
di�cult. To get an independent estimate of the bulk vis-
cosity we thus follow [36, 37] and assume that

⇣

⌘
=

C⇣

4⇡

✓
1
3
� c2

s

◆2

. (12)

In our calculations, we adopt the results of Ref. [37] with
an assumption ⌘/s = 1/4⇡ and vary the proportionality
factor C⇣ in the range of 10 ÷ 15. Since it is expected
that the shear viscosity ⌘/s � 1/4⇡, our results provide
a lower bound for the photon production. Note that this
estimate is in line with the lattice result of Ref. [33] for
the bulk viscosity.

The magnetic field in heavy ion collisions was esti-
mated in Refs. [3] and [21]; the fluctuations of magnetic
field were evaluated in Refs. [38] and [39]. In this paper,
we neglect the spatial gradients of magnetic field and
estimate the time dependence in the eikonal approxima-
tion taking into account only the (leading at large times)
contribution from spectators:

eBx,y(t) ' eB0
x,y

1 + (t/tB)2
, (13)
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FIG. 3: The transfers momentum spectra of the produced
direct photons for C⇣ = 10, see text for details.

where eB0
i it the magnitude of the i-th component of the

magnetic field at t = 0 and tB is the characteristic decay
time. The x-component of magnetic field at t = 0, B0

x,
is approximately independent of the impact parameter b,
while the y-component is linear in b. Both components
B0

x,y are linear as a function of the collision energy,
p

s;
the typical decay time is inversely proportional to

p
s.

Here we neglect the transverse expansion of the fire-
ball and assume that it has an almond shape with the
following characteristic sizes in x and y direction: lx =
(RA�b/2) and ly =

p
R2

A � b2/4, where RA is the radius
of the colliding nuclei. We approximate the time evolu-
tion of the temperature at early times using the Bjorken
hydrodynamics T/T0 = ⌧0/⌧ , where T0 is the initial tem-
perature and ⌧0 is the initial time (given by the charac-
teristic thermalization time of the gluons) that can be
estimated in terms of the saturation scale, Qs, and the
coupling constant, ↵s, see e.g. Ref. [22]. For Au-Au col-
lisions at

p
s = 200 GeV we use ⌧0 = 0.1 fm/c.

To evaluate the bulk viscosity (12) we need the speed
of sound, cs and the entropy, s; we use the model
parametrization [41] of lattice results for pure glue SU(3)
theory. Note that the transport coe�cients of the plasma
may be a↵ected by magnetic field; for recent examples,
see [42] and [43].

Our results for the azimuthal anisotropy of photons
calculated using both conventional production mecha-
nism and the one from the conformal anomaly are shown
in Fig. 2 for the minimum bias Au-Au collisions atp

s = 200 GeV. In our approximation (no transverse
flow), the conventional mechanism does not give any con-
tribution to the azimuthal anisotropy. The comparison
with the experimental data from PHENIX [25] indicates
that conformal anomaly could account for a large fraction
of the observed photon anisotropy.
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v2: comparison with PHENIX data
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estimated in terms of the saturation scale, Qs, and the
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To evaluate the bulk viscosity (12) we need the speed
of sound, cs and the entropy, s; we use the model
parametrization [41] of lattice results for pure glue SU(3)
theory. Note that the transport coe�cients of the plasma
may be a↵ected by magnetic field; for recent examples,
see [42] and [43].

Our results for the azimuthal anisotropy of photons
calculated using both conventional production mecha-
nism and the one from the conformal anomaly are shown
in Fig. 2 for the minimum bias Au-Au collisions atp

s = 200 GeV. In our approximation (no transverse
flow), the conventional mechanism does not give any con-
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that conformal anomaly could account for a large fraction
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GB, Kharzeev, Skokov arXiv:1206.1334
data: PHENIX arXiv:1105.4126
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Experimental signatures

I Polarization of photons

I Violation of v4 ∼ v2
2 scaling

I Turn off magnetic field ? → central U-U collision

I Turn off flow ? → non central events without hadron v2

(Bzdak, Skokov) fluctuations in initial geometry

I Impact parameter dependence

need good statistics!!
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Future

I Non-equilibrium dynamics: Glasma + B field → γ

x B

γ

I Photons from glasma (Q−1
s < t < ttherm) (McLerran et. al.)

I Need fluctuations around classical gluonic fields; ρθ(q0, ~q)

I Topological charge fluctuations in QGP + B field → γ
in progress (GB, Kharzeev, Loshaj)

I Anomaly + B field → dileptons

X

x B

I Induced magnetic field in the plasma: MHD
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Future

I Lower energies: beam energy scan at RHIC

I as
√
s ↓, B goes down but t0 goes up

I Mangeto-hydrodynamics

I Bulk viscosity increases near Tc (Karch, Kharzeev, Tuchin)

possible signatures?

I Higher energies: LHC
in progress (GB, Kharzeev, Skokov)

I
√
s = 2.76TeV

I ALICE: Tav = 304± 51MeV

I Initial time and temperature?

Daniel.Lohner@cern.ch Oct 15, 2012

Direct Photon v2 0-40% and Conclusions

Direct photons in 
0-40% have a significant 
nonzero elliptic flow 
below 3 GeV/c

Magnitude of v2 
comparable to hadrons

Unexpected from TEff

Similar results reported 
by PHENIX (RHIC)

20
(D. Lohner, ’12)
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Conclusions

I Anomalies + magnetic fields → observable signatures in HIC

I Conformal anomaly + B → significant contribution to photon v2

I Answer to the photon v2 puzzle: anisotropic emission at early times

I Experimentally distinguishable properties (need good statistics)

I Improvements are on the way: stay tuned!
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